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Ohapter & ^ 

. : ' * I 

, COORmNATia IN A PLANE* « T , 

* 

8-1* . Introduction* ^ ^ ^ ^'^ 

— r ' ■ ' ^ 

In eonneatl5n with our pLscuiiion of di^tarSe we introduced 
the Idea of a coordinate syBtem on a linei.. A coordinate Byi:^m 
on a line is determinedly any pair of points on itj with one 

**poinj of this, pair designated as the ori^n and the other ^ ^ 
designated as the unit-point. A coordinate system oA a lintV 
is a one-to-one correspondence between the set of all real 
numbers ,#and the s^ of all points in the line, such that the 
coordinates. I.e., the numbers associated with the pointSj can 

^be used^ to determine distances between points. 



^ ^ Problem Set 8-1 ^ ^ 

1. On. line *AB* assume' a coordinate system which assigns the 
coordinate 0 to A. and 1 to B . P is a point on 
*AB^ with coordinate ^ . For each listed condition plot; 
the set of all points P detemined by that condition*" 



(a) 


X 




5 . 








(b) 


X 




-3 , 








(c) 


X 




3AB 








(d) 


X 




4AB 








(e) 


X 




i AI 








(f) 


X 




t ^ 


AB 


and 


t is an element 


(e). 


X 




k ^ 


AB 




1 . 


(h) 


X 




k ^ 


AB 


J k > 


0 . ^ 


(1) 


X 




k * 


AB 


J 0 < 


k < 1 , 


(J) 


X 




k - 


AB 


; k > 


0 . 































[1, 4, 0,. |] 
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A eooMlnate system on AB assigns coordinates 0, 1, x 
^ to points A, b; P respectively Plet' the set of ^1 p 
, euch that x satisfies the £lven conditloni, ' ^ 

(a) X > 0 and x "is an fnteger. Describe the set, 
'(b) X < 0 and x is real. 

(a) -2 < X < 5 J X is an integer. How many points 
* ' belong to this set? 
(d) -3 < X < 1 I X .'is real. How many points belong to 
this' set? 
t (e) -5 < X £ ^1 J X Is real, 
(f) Using mathematical terms de*scrlb#the point seta in 

(b), (d), (a). .-^ 

If A^ B,Cf P are on ray , Ap^ and have tfSBpectlve 
coordinates 0, 1^ 3^ x^ what is the value or valTOS of 
X detemined by each of th# following conditions? 

(a) AP - SAC , ^ (d) BP - 3BC\ 

(b) AP m 5AC ! (e) BP - k ^ BC , 

(c) AP ^ k ' AC . ^ (f) BP ^ SAC . 

Suppose a coordinate aystem on a line m is given. If 
sPv and Q are points in m .with coordinates K and q 
rflpec timely, find the distance from P , to Q , 

' § \ 

(a) p -.5 , .8 . ^» (e) p - r - 3 q - r + 3 \ 

(b) p -7 , q - -8 , (f ) p - r 4- § , q ^ r 12^ X 

(c) p ^ 3. , q ^ ^^5 . (g) p a ; q ^ -^a , a > 0 . 

(d) p. ^ , q ^ 4 , *(h) p « a , q ^ b , 

Suppose a coordinate system Is established on line m , 
and P and Q are points on m with coordinates p 
and q respectively. If P^ T^, T^, Q are colllnear 
in that order and represent the midpoint an4 trlsection 
points of W j find the coordinates of Mj T^, Tg In 
the following. Record your results for each problam on 
a separate number line, (Refer to Theorem 3-6,) 

(a) p - 3 / q ^ 12 , (d) p - a , q ^ , b > a . 

(b) p* -^10 , q ^ -1 . (e) p ^ r + a , q ^ r -^^a , a < 0 

(c) p - -2 , q ^ 13 , (f ) p - (r + b) - 2 , 

^ f r + b i + U . 



In eaeh of the following problems Indloata the^lOQatlon 
of^ the objects lettered from 'A thtou^h H by using 
^either a pair or a triple of symbols, 

(a) Seats in an auditorium. 
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(d) Tables In rows In the fl oars in a store. 




(d) Points on the surf ace of the parth. 
45®^ NORTH- ~ 



20^ WEST- 



46^^ WEST- 







1 » — \ 

^ 1 
* 








A 1 1 






I 


1 / 











^EQUATOrt 



70® SOUTH 



(e) Using the data of Part (d), Indicate the position 
or airplanes whlch^ are above each of the listed 
points, Assump the one abov^ A has an elevation 
tff 5000 "jmd that the elevation of each onp ' ' 

frdm A to H Is 200 ^f t , more than the preceding 



one , 



11 ■ 
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8-2, A CQordlnkte System In a piani , 

.■u^ Si^pose rthat 1a plane, *ls given and| totfll fupther notice, 
that all points and'' lines uncter eonslderation lie in this plane 
Suppoee further that a unit^pair of points [AjA^] ^ as 
dlscusBed-in Ghaptet* 3j £i given. All distances are to "be 
coneidered as measurei of distances relative to this unit=pairp 

Let *0X^ and *0Y* be any two perpendicular lines with 0 
their point of intersection, Bet- I and J be points in ^OX* 
and OY ^. respeotivel-y^ such that 01 ^ 1 ^ OJ • Tliere is a 
coordinate system on *0X*^ with the point as origin and the 
.point I as unit point. We call this the x-coordlnate 
system and the 'coordinate in ^.is system of a point of OX 
its x-qoordttia^e , Similarly 0 and j are the origin and 
\inlt point of. a coordinate system on OV , We call this system 
the y-coordinate system and the ^coordlnafe^e In this system of 
a point on OY Its y-coordinate , 

Th^Q m the diagram 'I and J are the unit points of 
*their respective coordinate systems . Point 0 Is the origin - 
of both the and 
y-coQrdinate systems. 
The coordinate of ^olnt 
P is 3 with respect . 
Uo the x-coordlnatfe 
system and the 
coordlnat^e of 5 with 
respebt to trie y-coordl- 
nate system is 2 , 
.Nam^ the coordinates of 
points S and T * Ts 
it necessary to specify 
the coordinate "^sys tern In 
each case? Why? ^ 




8-2 



1 



The llhe, ^OX Is called the x-axlS and OY Is called the 
y- ^xlS j their point, of Intersection, 0 , is .called the orlgini 
"and the plane determined by them is called the xy-plane, 
Because of the way thesHe 'axes' usually are shown In pictilres on 
a chalkboard, if 1^ customary to, call lines parallel to ^the - 
^X-axis horizontal lin^s , and lines parallel to the 'ypaxis 
' vertical 11m 3 , It ttf customary tb think of 1 ^as'lylng^to ' 
the rfght of the origin and of j as lying above the oidgln. 
This means, then, that the points on the x-axls with positive 
coordinates lie to the right of the origin, while the points 
on the x-axls with negative coordinates lie to the Ifft of the 
origin, ^ere do the points on t4^ie y^axis with positive 
coordinates lie? Where do the^ points ,on the y-axls with 
negative coordinates lie? ' ' . . ^ 

^ are now ready to define a coordinate system in the 
xy=plane which is de^aArtned by the x= knd the y^coordlnate 
systems. We consider a particular point first Suppose that ' 
Q Is a point, that, the vertical line t'hrough Q cuts the 
x=axis dp' the point whose x-coordlnate is 3 , and t^e hori- 
zontal lin# through Q cu.ts^ the y-^axls in the/-point whose 
y-coordlnate is 2 , We bay in this case 'that the x-coordlnate 
of Q is 3 , that the y-coordlrtate of Q is 2 , and We pall 
the ordered pair of numbers {3^%JU^the coordinates of Q , 



m 

A 



Q(3,2) 



-I 



8-2 

We are nqw ready for the. general case. Let P be any 
point In the xy^plane. From our pr^yious ^wor^ we know that 
there is exactly one line through >P perpendicular to the 
'^X-axlaJ and exactly one line* through perpendicular to the 
y'-axis, Why?' Tha point P. ^as an ^jc=coc>rdinate and a - ' 

' y=coordinate which we now define. The x-c6ordiHate of'vP, is 
. the^ > x- cQordlr>^te of ^the proJectlon',of]'''- P i^i^to the x-axls and 
the y-coordlnate of P is trie y-coordinats" of the projection 
of P into the y-a^is. We sometimes call the x-coordlnate of 

P and the y-coordlnat'e of P the coordinSttbs of^ P , The 

- - -- - J 

coordinates of the y^c^oordlnate of P are conBidered an or^^ere^ 
pair of real num.bers in which the ^x-coordlnate is the first 
number of the pair and tiie y-coordlnate is the se'^ond. If the 
x-^coordlnate of P is a and the y-coordlnate of P' is b , 
the coordinates of P ane written as (a/b) , Not,© that the 
num.bers in an ordered pair nee^ not be distinct. Thus (5j5) 
Is an o r de red pair o f re a 1 numb^ r si Of c o ux- a e (8^3) and 
t3,8) are different ordered pairs. In fact, (a/b) ^ (^,d) 
if and only if a = c and b ^ d . 



y 
A 



P(a,yi) 



y 




In the diagram.s A is tlie projection of P into the 
x^axls and B is the projection of P Inta/the y-axis. 'Thus 
the x-coordinate of P is a and the y-coordinate of P is 



We call the ordered number pair (a,b) the xy-aoordinates 



'of , P 



bll ^ X 



since the projectj^on of a point Into a line is unique, it 
follows^ that there Is exactly^one ordered^palr of real numpers 
assigned to each" point as Its coordinates . ^^onversely, if 
(a,b)^ Is any ordered pair of real numbers there is exactlr* one 
, .point P in the xy-plane whlch^ hms (a,b) assigned to .it as 

its coordinates. Indeed, there is a unique vertical^ line 
V through the polrjt on the x-ax±s^with x-^coordinate a , and a 
' unique horizontal line^ through the point on the y-axls with 
y-coordinate b . And p is the unique point In which this 
vertical line and this horizontal line intersect. Therefore 
there is a one-to-one correspondence between the"^ set of all 
points In the xy-plane and the set of all ordered pairs of real 
numbers. _ 

Corresponding to any three points 0, I, and j , such 
that 01 _L OJ and 01 = 1 ^ OJ there Is a coordinate system 
In the xy^plane. This coordinate system Is the one-to=one 
correapondence which we deecribed above* Although there are 
many xy-coordlnate systems in a plane, we usually think of 
only one of them In a given problem or theorem. Once a 
coordinate system has been set up we may use ordered pairs of 
real numbers as names for points.. The coordinate pair of. a' 
point is a good name for a point in. view of the one=to-one 
correspondence described above. Thus we may say that the 
point Q has coordinates (-2,4) , or that^'^Q ^ (=2,4) . 
Sometimes we simply write Q(^2,4) , Occasionally we use the 
symbol x^ to denote the x-coordlnate of the point A and 
the symbol y^ to denote the y=coordlnate of the point A , 
Thus (^A^^A^ another name for the point A , 

We' have used "above," "below," '-right," "left," to 
describe the position of a point. These words were introduced 
for convenience and we can get along without them if we are 
-challenged to do so FurtherTnore there are situations (not 
in this book^^ however) in which it Is convenient to take the ^ 
positive part of the x-axls as extending to the left, or the 
positive part of the y^axlB as extending downward, or some 
other variation. > 




In describing the location of a point In the xy-plane It 
Is sometimes .convanlent to specify the portion of the plane in 
which It lies. The lines .OX and ^OY^ form four "angles. 
Every point in the plane lies in OX or in. OY or In the 
interior of one of the four angles whose sides lie on OX and 
OY . The interiors of these angles are called quadrant The 
first quadrant Is the sat of all points whose x= and y-coordl= 
nates are both positive. The se^co^^ quadrant is the set of all 
points whose x-Goordlnate is negative and whose y-coordlnate 
is positive^ The third quadrant is the set of all polnts\ 
whose x-coordinate Bnd y-coordlnate are both negative. The 
fourth quadrant ^Is the set of all points whose x-coordinate Ip 
positive and whose y-coordinate is negative.,. We denote these 
quadrants ffs I// 11% Illj IV, 
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EKLC 



8-S 
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n- 

■ (=,+) ■ 
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I 

/ -x' , (+.+) . 




0 




*»• m ' 






(-.-) ■ 




' (+.-} 



Suppose we wish to describe the location of the point 

P ^ (5^=3) without using the words -'right, "left,^' "above," 

"below. "/We '^might' say that P Is in the fourth quadrant, 

that It^is In a vertical line which cut$ the x-axia in a point 

5 units from the origin, and that it is In a horizontal line 

which cute the y-axis in a point which is 3 units from the 

origin* 

In the following problems 'we ure the words "plot" and 
"graph," To plot a point means to draw^a picture of the axes 
and to mark a dot in the proper place as a picture of the " 
point. A name for thp piDlnt is frequently written beside its 
picture. We use t^ie word graph to mean a set .^0^ points. To 

draw (or plot) a graph ±.s to draw a picture which shows the 

— ^ — ^ - = — p - ■ 

axes and the se^./ of points. If there are Infinitely many 
points in 'a set^ its graph is sometimes drawn by drawing line 
segments^ or by shading. the appropriate region. The picture 
of a graph alwajis shows the axes, but they are not a part ^ of 
the graph unless it is so stated. The label X is placed 

the label, Y is placed 
It Is usually desirable 
to label at least one point on OX other than the origin with 
Its x-cobrdlnate , and at least one point on ^OY^ other than the 
origin with its y-coordlnate . "If we wish to represent a line 
segment including its endpoints, we sometimes emphasize the 
endpolnts as in the following picture. 



along tp/i positive part of the x^axis. 
along the ppsitive part of the y-axls 



2 



If we wish to represent a set which consists of all points 
of a line segment excfept^lts endipolnts/ vm may de-empha^lze the 
endpo-ints as In the . following pfcture. 



* If t\ie B.xeBf' or a portion of them^ are a part of the graph, 
we ^ may Indicate this by making^ "heavier lines%" ^ 

Example 1. Plot the points A(=2,0) , B(:i,- i) , 0(4, l) , 
Y 



y 






i 3 4 






f 





Example 2, Draw the graph of tlie line segment v/lth 
endpolnts (3, =2) and (3,1) . 



- 1 



I Z 3 



(3,= 2) 
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f 



-3 



Example 3. If A ^ (2,2), / B ^ (0,2) , C ^ (0,0) , 
D (2,0) , draw a graph of the set of all points whlffh belon 
to the polygon ABCD or' its Interior, 




Y 
ii 



jc(o,o: 



A (2,2) 



) 0(2,« 



Example Draw a graph of the line segment whose 

endpolnts are ■ (l,0) and (6^0) . 



Problem Set 8-2 

Plot the points (l.O) , (3,1) % (-3,2) , (-5,4) , 
(4, =3.5) ,-(0,-2) . 



Given P 



>,6) 



(a) If Q is the point In which the vertical line 
through P Intersects the x-axls^ what are the 
coordinates of Q ?^ 

(b) If R -is the point in which the horizontal line 
through P intersects the y-axls, what are the 
coordinates of R ? 



516 



Without plotting, name the quadrant. In *.whlch each of the 
;.follQWing points lies: \ (3,7) , .{-.z'-^) (,-6, '+.3) , 

. (Tr,-i) (- -i/a, /3) . ■ ^.-i • , - 

Explain what it mean& to say that 'OuiV'*^;a^ system 
Iri'a plkn0 has ^establisKed a one-t^Tj^^^.correspondence 
betv^en the set of .Oirdered pairs of J:^^ . numbers and the 
^set of points in ,a plane,- ^ 

rf points E, -Q, R have .coordinat^B W^2) r^(3j8):, 
, (3^5) J respectively, * they are colllne;ir 1^ what order? 

Describe the set of all points in a plan^ f or which the 
x-coordinate is 3 ; for which the y=coQ^dinmte is " -5 . 
Describe the intersection of these two setSsp ^\ ' 

Plot the set of all points (x^y) for v;hlch - and y 
are both Integers and x and y satisfy the- following 
conditions: 

(a) x-2,-l<y<5. How many points belong to this 
set? ^ * 

(b) y = -3 , 2 < X. < 6 . How many points belong to this 
set? ^ 

f 

(c) =4 < X < -1 , =2 < y < 3 . This set contains how 
many points? 

(d) 0 < X < 2 , ^4 < y < 0 . This set contains how many 
points? ^" 

i 

Plot the set of all points (x,y) 'In a plane satisfying 

the following conditions* Describe each set using 
mathematical terms. 

(a> l<x<5,y-2. (e) x^4,2<y<5, 

(b) X > 1 , y - 2 . (f ) X - ^3 / y < 2 . 

(^)x-l,y>2. . (g)x<3,y<=l. 

(d) X > 1 . . (h) y < 0 . 

(a) If A ^ (3^0)^ and B - (7,0) , what is the length 
of segment AB. ? Justify yoiar answer, 

(b) If C ^ (3,4) and D ^ (7, 4) , what is the distance 
CD ? Justify your, answer. 



^ 10. Without plotting, arrange the following .points In order 
from lowest to highest. Ignore the yarlation in their 
distance from the y-axls, ' ' , 

, ^ (8,6^ ,^(2;,^3) , (=1.-1) , (3,0) , ( = 5,^0 , (0,l) 

11^, Without plotting/ arrange 'the fDllowing points In order 

from left to ^rlght^, (ignore t^e variation In thelr^ 
^ . distance from the x-axis,) 

■ (2,0J , (=3,4) /(0,8) , (4,^3) , {-iT,6} , "(Tr,^2): " 

*12. ^ l*/hat is the length of the segment^ AB \, given the 
coordinates of its endpolnts as follows -i. ^ 

(a) (3,8) , (3,^5) . (d) ,(a,r.) , (b,r) . 

; . (b) (7,12) , (=6,12) . (e)-(m,t) , (m,5j . ,^ 
(c) (,4,^6) , (i^,^10) . 

\3\ DesGrlbe the set of all point with coordinates . (x^y) 
which satisfy the' conditions in each of the following-i 

- (a) X > Q , y < 0 . ■ ^ \ 

(b) X is positive^ y is non-negative, , 

(c) X and y are both negative, 
. (d) X > -2 / ' - ^ 

y la any real number. ■ 

(e) X is any integer and y is any integer, 

(f) X is any real number and y is any real numb^m 



*14, Plot the poin"ts listed and, in each part give the 

coordinates of the midpoint of the segment detemlned by 
" these points . 

(a) (0,0^ , (0,8) . (o) (=5,-3) , (-10,-3) . 

' (b) (3,7) /(3,11) . (d) (10,4) , (-10,4) , 

<^15. Give the coordinates of the midpoints of the segments 
* Y/hose ahdpoints are^ 

(a) _(.^4,a1^^, (10, a) . (c) ' (2a,G) , (a,c) . 

(b) ^-' (l,a) , (l,b) . . (d) (x^,y^) , (Xg^y^) , 

l6. Describe t^^^osltlon of the point (-7,-8) without 
using the words "right," "left," "above," or, "below," 
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8=3* Basic Theorems, 



Now that a Goordinate system Cor a plane lias- been_def ined, 
v;e may extend our ideas 'about distance to Include distance 
between' points, in a pj^ane . 'In doing thia/^lt^ is convenient ■ to 
Intrpduce ^ne ctoncept af absolute value of, a number, 

guppoBe' A and- are distinct points ^on line A and 
thel^ 'Cpor^iriates arp k >anci p respectively* 'To find AB % 
the* disfeanae ue't vrefen A and 'B, vee t^ke a - b ^ = or b. - a , 
v;ii i c h e V e r is positive,- If v/e do not to_ o w v;l i e t n e r a ' > - b o r 
b > a ^ v/e camiot te,il which is positive. Therafora to 
Indicate that we wish to- c 110030 the 'one whicii is positive ^, v;e 
use the^s5rmbol ^ |a = b| , read "absolute value of a - b 
Of course we want |a - b| ^ jb -^ a| and for this reason we 
maice the following, definition. 



DEFINITION , If a > D then 
and, lb - a I ^ a - b . 



a - b I ^ a - b 



Example If a - 7 and b^b. |a-bi=2 

If a - 5 and h ^ l , - h\ ^ 2 

E:^aniple 2* Show that if x > Q then . |-x]. ^ x 

Solu^ion^ |=x| = |-x = b] . Since 0 > -x , 

. ' . hx ^ 0] - 0 ^ (=x) ^ X . 

Example 3 * Show that | ^6 =h 3 | ^ 3 = 

Solution: 1 -6 3 I - 1-3 I - 3 . . 



Note hov/ the concept of aosolute value simplifies the 
statement of the next theorem* 



THEOREM 8-1 



If P and Q are points on the same vertloal 



line, then PQ - |yp - y^| 



proof i 



1. If P and Q ^'are on the y-axis, then -.he theorem is 
proved by the use of th^ Ruler Postulate * 

2. If P and Q are not on th^y-axis, let A and B 
be the #spective projections of p ^id ^Q^-teto the y-^a;<is. 
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.8-2 . - • . ■ , 

- Then by our^def iriltlon of y-Goordlnates we know that 
and ^- yg Now y^ and y^ are the same as the 
y=^oordinatis of A and and^^erefore AB^^ Iya^ 
since , A^P is a parallelogram, It' follows" that AB = 



and hence that ^ |yp = y = [ 



A 

i 

















3 



THEQHEM If p ^^and Q are points on the same horizontal, 



line, then PQ 



Froor I , A proof similar to that for Theorem 8-1 can'oe 



given , 



THEOREM 8-3 . Every vertical line is perpendicular to every 
horlsontal line. 

Proof : Tills Is a special case of Corollary 6 = 5-2. 

We have seen how to use xy= coordinates to measure the 
distance between two points when those points are on horizontal 
or vertical lines. Wa now proceed to develop a method for 
finding the distance between two points that are on an oblique 
line. We Introduce the me t ho d by me an soft wo, examp 1 e s . 



8-3 



Example 1. Find OA' If 0 = (0,0) and A 
gglutlon : • , 




A(3,4) 



H 



Let B be the ppojection /Df A Into the x=axis. Then 

OB ^ 3 and BA_ - 4 . But ^OBA is a right triangle. Using 

the Pythagorean Theorem we^ get 

(OA)^ - (OB)^ H (Ba)^ 

(OA)^ ^ 9 + 16 

- (OA)^ - 25 . 

OA ^ 5 * 

Example 2, Find PQ If P 

Solution: 



;i,-7) and Q - (8,8; 



8^ 
4 ^ 






.4 0 
^4- 

^8 = 


4/ 


8 - ^ ^ 
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Let R be the point '(8j-7) . Then . PRQ Is a right tr^ane}e, 

PR = |8 = l| = 7 J QR - |8 ». .(-7)1 15 ; and 

\ , ■ ' ' 

('PQ)- = (PR)^ + im)-^= 7^ + 15- = 49 +' ?25 = , ' '^•t ^ 

We proceed to the theorem, which, *once proved, will enable us^ 
to find trie distance' betwean^^ any two points wlt_r\out te^ar^nce 
to\a right triangle. The result of ^-thle theoi^^ Is .o^eh " . . ■ 
referred to as^tne distanca formula for points ^ plj^a . 

THEOREM 6-4. If p^(x^,y^) an^ PgCxgiyp) are two po-lnts' 
ln_ihe xy -plane, tiien 

Proof: Let R = (x^,yg) . If P^Pp is an oblique 
laegment, then Pj^RPg Is a right triangle. Then 

(P^Pg)''^^ - (P^R)'"^ + (f^f , P-,R - |yg = yj , PgR = | Xg = xj 



and since 



( |Xg - -Xjl)" = (Xg 



Pi(»i,yi) 



PlPg = l/(Xg ~ X^)2 + (yg _ y^)'^ 




^ If P^Pg is 'norizontal, Men .y^. ^ R ^ P^^ , a^d 

^2 ^ ^1 " 0 If P^Pg ^is' vertical , then ^ , R ^ p 

^ ana x^, "ifx^ ^ .0. * ^ - , , • ^ 

' . . ^ , ^ ^ ^ ■= : 

^ In either,.caBe the ^relationships . ' - 

\ , "^ r*' (l) .'(Pif2)^ = (P^R)2 +:(Pgft/. and /' " ' 

- are still Valid. ^ • - ^ . 

^ Example 1 , . Fj/id AB if A ^ (7^15) and B -^(7yl3) 

Solution : AB^ V^T - 7)'" + (13 - 15)^' ^ V^-S)^ ^ 2;, 

Example 2. Find CD if C ^ (-1,5) and D - (5>-l) 
Solution: ' ' . 



2 ' 



CD 



Example 3. The vertices of ^ABC are A(-l,=2) / 
B(^,0) , C(2,5) > Prove that ^ABC Is a right isosceles 
triangle. 

Proof: We have to prove (l) ^ ABC is isosceles, 

(2) A ABC is a right triangle, 
We can prove both if we know AB , BC , ^A . 

AB -vt^ ^ ^ij^ ^ (O ^ -{^2^^ -1/5^^^ 2^ ^4/29 . 

BC - - ^0" + (5 - 0)^ - ^=2)2 + 5^ 

CA = (^1^ ^ -h (5 ^ (=2)) ^^ = + - , 



We can see that AB - K and therefore A ABC is Isosceles, 
We can see that (AI 
is a ri^it triangle. 



We can see that (AB)""' + (BC)''' ^*(CA)''' and therefore A*AE€ 



THEOREM 6-5 . If p. ^and Q are two points in tne same 
^' T^rtloal line, then the midpoint lAt of Is tne point 



' ■ c 


I - i 


p 

M 






* 0 

B 




L 


f 1 



froor^i Since and M lie in tne same vertical 

line Xp = ^ * Let and C be the re)lpeGtive 

projections of and M into the y=aj?is. Then 

Yp * ^ ^ and ^ ¥q ^ Since M is the midpoint 

of W it follows from Theorem 7-2 that C is th# midpoint 
of AB * It then follows from the definition of a midpoint 



that ^ 



Tlierefore ^ g - and 



THEOREM 8-6 , ^If ,P and Q are two points on the same^ 

horizontal line,, then the midpoint M ,of 1%^ the 

point 



M ^ 



^P ^ 



Proof '. A proof similar to that for Theorem 8-5 may be 



given. 
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THEOREM 8^7 . If P and Q are distinct points on a line 

which le neither vertiQal nor, horizontal then the midpoint 
M of ^ IB the point ^ . ; 




M 




Proof : Let A, B, C be the respective'^roJeGtions of 
P, 9, M into the y=axls. Let D, Ej P be the reepectlve 
projetftions of P, Q, M into the x-axls,^ .It fqllowB from 
Theorem 7-2 that C is the midpoint of W and F Is the 
midpoint of DE It follows from the definition of a midpolflt 
that 



and - 
F 



Since; ^ and ^ y^ then y^ ^ 



Since = Xp and - then 



Therefore 



yp + yQ 



Theorem 8-6 yp = ^ ^ when yp ^ ^ ^® combine the 
results of the three preceding theorems as follows • 
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THEOREM 8-8 . If f m (x^,y^J ifid Q - (Xg,yg) are any two' 

V - , t distinct pQinti In a^p3^e , \^hen th^ mldpoiht Vm^ ot^ 

±B the point ' \ " ' ' J^-' ^% 

M 



Bxa^ple o;; If P ^ (3>8X Q - (7,4) , find the^ 

. midpoint of PQ. . « \ 



K ,SQ.lutiQn i Let M ' be the mfdEoirjt of 55 / 




Example g. If R - ^(2,5)/ and S - (-5,-3) ^ I'lnd the 
midpoint M of RS , ' ^ / 



Solution: 



M ^ 



Example 3, ^ :If A ^ (b,0) , B * (0,6) and C (S,0) , 
find the length of the median from A to W.. ^ 

Solution I Let, D be the midpoint of W * I^ien 

n . ^ , 0^,. (4.3) . \ ■ ■ 

AD ^ ^ 5 . 



^ J 
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Tt^^Rte 8=9 ,/ 'Let a ' be any real/ number. ThAn the Bet of all 
points in the ^Qr-plane eaoh.of which hae x-coordinate 
• a is a'. Vertical line, ' ' . . 



-yr 
n 



m 







A(o,o) ^ 




a 

, J 





Proof % Let 
at the point A 
two statements I 



m 



be the vertical line which cute the x-axls 



whose x-coordinate Is a 



We must establish 



1. If a point Ilea in m ^ then Ite x-coordlnate Is a . 
2* If a point has x-coordinate a ^ then it lies In m 

m first of these stateTnents follows Immediately from the 
definition of x-coordinate , The second statement is proved 
indirectly. Suppose^ contrary to Statemetit (2), that there is 
a point P whose x-coordlnate is a and which is not in m . 
Then the vertical line through P. contains A Then we have 
two vertical lines containing A \ m •and PA . But this is 
impossible* Why? Therefore every point with x-coordlnate a 
lle^ in m , ' * • . ^ 

^ .a 
THEOREM 8-10 , Let b be any real number. The set pf all ' 

polrTts In the xy-plane with y-coordlnate b is a 

horizontal line. 

■ 'proof: A proof similar to that for Theorem 8-9 can be 



given. 



I 



'1 



Problem Set 8-3 



1. Use 


the dlBtanoe 


formula to 


find 


the distance 


between 


^ (a) 


' (0,0), 




.(.6.1%. ■ 


(s) 


(10,1). and 


. (49,81) . 


(b) 


(0,0) 


and 


(-6,io)r. 


(h) 


(-6,3) and 


(4,-S) .. 


• . (c) 


(1,2) 


and 


(6,14) . 


(i) 


(3|,4) and 


(=l|,0) . 


(d) 


(8,11) 


and 


(15,35). . 


(J) 


■(•0,3) and 


i-^hoy. ' ■ 


(e) 


(3,8)- 


and 


(=5,-7) . 


(k) 


(8.1,6) and 


.(•5.9,4.9) 


(f) 


(-2,3) 


and 


(-1,4) . 


(1) 


(37r,7r) and 


(-STr,«.7r) , . 



2. Find the .midpoint of AB If A and B thp 
respective aoopdiriatei . . 

(0,0) an4 |6,10) , (e) '.(-5,-2) and (-5,6) . 

(0,0) ani (-6,10:) . (f) ((1,7) and '(3a, -3) . ' 

(1,2) and. r6,'l4).. (g) (r,s) and (-3r,5s) . 

(-2,3) and-. (1,4) . . -.^ 

Write a formula for the square of the distance 
between (x^,y^) and (xg,yg) . ' . 

Write the following statement as an equation: 'Hie 
square of the distance betwean (0,0) and (x,jr) 

Is 25 . , ' 

T. Show that the triangles with vertices as given are right 
triangles. Use the distance formula to find the lengths 
of the sides of each triangle, 

U) (0,0) , (3,4) , (3,0) 

(b) (^6,2) , (5,-1) , (4,4) . 

(c) . (-2,-3) , (4,5) , (-4,1) . ^ 

(d) (1,3) , (-5,6) , (4,-1) .. - , 

(e) (13,-1) , (-9,3) , (-3,-9) , 
, (f) (-4*0) , (0,6). , (9^0) . 

5. The vertices of a quadrilateral are A(o,0) , B(5,0) , 
C(5,4) and D(0,4) . - ^■ 

(a) Show that AC = BD ^. 

(b) Show that ithe midpoint of *'W and the midpoint of 
BD is the same point. 
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(a) 

: (b) 

(d) 
. (a) 



(b) 



vertices of a triangle are A(-2,l) / B(0,5) and 
C(2,-l) . Find the midpoint of K^. Find the length of 
' ^he madlaii to S? tf^?> : ' ' 

The verl-ioes of a triangle are R(^4,»2) ^, S(5,10) and - 
T(4^-2) , *Plnd the lengthe of the medians to iT and 
RS . 

Find the coordinates of the midpoint C of AB IS 
Aw (^L,o) and B ^ (7,4) , Then use the'dlatanoe 
formula to verify that AC ^ CB ^ ^AB . ^ ' 

(a) Show that A(6,ll) is equally distant from B(-l,2) 
and C<3^0) . - ^ 

(b) Show that two of the medlane in ^ABC are equal in . 
•length. ^ ^' . 

Use the distance formula to show that A(0,2) ^ B(4^8) 

and C(6^11) are colllnear* ( Hint : Show that 

AB + BC ^ AC ,) ' ' 

If the distance between 1(6^^2) and P(0,y) is 10 
find the possible y-coordinatas of. F . 

Find the coordinates of the points on the x^axis whose 
nstance from (1,6) is 10 * 

^ ing the distance formulas^ prove that AD BC if 
, A - (0,0) , D (b,c) , B - (a,0) , and C ^ (a + b, c) . 

The vartlQes of a square RSTP are R(a,a) , s(-a,a) , 
T(-a,-a) ^ 3?(a,-a) . Show that its diagonals are 
congruent. 



15. , d^eyf are two eoordlnate systems In this diagram. One hB,B 
axei labeled 3^^ a^id Y . Thm other hai axes labeled x» 
and Y' • All axes have the same seale, Istlw^^e^ 
eoordlnatee of P and of ft In the xy-sytftdih arid then, 
oaleulate the length of f5 . ^en estimate the 
cpordlnateB of P and ft In the x*y*-iystem and again 
ealculate the length of . Do you think that the 
length of R Is independent of the eholoe of ftsgts? , 




8-4 , The Set - Builder Notation . 

In our discussion of sets in Chapter 2 we eonsldered the 
set of all poiltlve Integers > The underlined phrase clearly 
defines a certain set of numbers. In general, a set Is 
defined by a list of its elements or by a prbperty of Its 
elements. If a set h|is an infinite number oj elements, we 
cannot list all of its members so we use a property or 
properties of its elements to define it. 

Consider the following property of a real number* 
between 3 and 5 , Some real numbers which have this 
property Ire"l".5~, ^ , ^-5 , 3,1 , ^.9 , 3.001 , ^d 4,999 . 
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Some real numbers which do not have this property are 3,5, 
' -7 ^ ^6 , 0 , -4,3 Vr 5.7 , 5-001 , and 2% The sat of all 
real numbere between 3 5 is a clearly defined set; A 

s^bol which ^denotes this set is {x i 3 < x < 5) , We read 
It", the set of all x such that x is between 3 and 5 , 
There are three parts within the braces* the set of all of 
Bomething, before the colonj the colbni which Is read "such 
that;" and a stated property after the colon, \ « 

Consider next the following property of a point (x,y) : 
its x- Goordlnate is 3 , and its y- coordinate is a real number, 
Some points in this set are fs/s); > (3,-137) j (3,0) , 
(3,105732.4) J and (3,3) . Some points not in this set are 
(5*3) , i^^O) , (-7>2);/, A symbol which^ denotes this set i?^ 
((x^y) 1x^3)* We read it^ the set of,:all joints (x,y) 
.>^such that X ^ 3 Frequently, as in this example, we urider-^^ ' 
Stand that x ahd y are real numbers even if It' 'is not 
indicated in tht symbol , l - ^ ' 



In general,' the s5mibol [a i property] / which we call 
the set - builder sjnnbol on notation*, denotes the set of all 
elements a each of which hafe trie stated property. 

Example 1^ Use a set-builder symbol to denote the set of 
all points in the first quadrant. 

Solution i (P ■ p is a' point in Quadrant I] 

Alternate solution s t^^^^J ^ x > 0 and y > 0] , 

Example S, Use a set-builder symbol to denbte the set of 
all points whose x-coordinate Is 7 and whose y-coordinate 
is a number greater than 5 , 

Solutioni . ff__ _s .. \ 
^ i(x,y) I K ^ ( ^nd y > 5] , 

■ Alternate solution : {(7jy) * y > 5} • 
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Example Plot the graph of the set , 
ii^MV) ' 3 £ y £ 5) V wThe set Inoludes all points' In the 
Infinite strip betwefen the two horizontal Itnee and on these 
llnee. ^ ^ 















1 0 





Sample 4, P4ot the, set {(x,,y) i x<l or x > 3) , 
The eet contains all points in t^^ two halfplanes whiGh are 
suggested by shading, and all points in the edge of one of 
these halfplanes. 
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8-5. Compoalte Conditions , . ' ' 

.- • 

In Example 2 above, the set {(x^y) i x = 7 and y > 5) 

was dleeussed and in Example the set ' : 

l{^»y) ^ X < 1 or ''x > 3). , In the set-builder notation used 
to indicate these ^ete we note that the property listed In each 
case is a compoBlte - opndltlon ^ that is to say/ a combination of 
conditions. In ^calnple 2 the conditions ; x ^ 7 , y > 5 are 
connected by the word "and" j in Example 4 the oondltlQns 
X < 1 , >|3 are connected by the word "or." 

Our pumose Is to illustrate briefly how theee cqmpoBlte ^ 
conditions should be interpreted in so far as they are used in 



bur. work, 
statement 



Let 



be the Statement x ^ 7 and 



the 



,y > 5 , Let H^a)^^ G^] 



Sg ^ {(x,y) i^Cg} and ^ ((x^y) 



and 



(7,0) 



••X 




(a) 

As shown In the dlagramB above 
and Is a half plane. Do you, see 

Which Sn has to S=. and 




is the Intersection of 
statement x < 1 and 

^ C(x,y) 
T3 - ((x,y) 



^2 ' 
and 



is a ^vertical line 

the special relationship 
^ the Interior of a ray. 



Now let 



T 

J -Q 



=3^ 



°3 



the statement x > 3 
[{x,y) : cu] and 



^3 



be the 
Let 
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Ja) ^ . (b) . Tg (c) T3 

Describe j Tg . Now describe . Notice that in thle 

case Tg is the union of and Tg , 

In general when working with the set -builder notation you 
should remember the following* 

(1) A set v^ose defining propferty is a compo.site condition 
using the connective '' and '' can be considered the Intersection ^' 
of the sets determined by the Individual conditlone of the 
composite, L 

(2) A set whose defining property Is a composite condition 
using the connective "^'' can be considered the^ unlon of Vthe 
sets' determined by the individual conditions of the composite. 

Example 1, What are the points in the set 

^ — — ' — ' — ^ ~ =^ ■ . 

[(x,y) : X > 0 0^ y > 0] ? 

This is the set of all points (x,y). such that x > 0 , or 
y > 0 , or both x > 0 ^ y > 0 . Bet contains all points 

in the plane except those In the third quadrant ^ in the 
negative x-axls,^. in the negative y-axis, and the origin* Note 
that the graph ^s the union of the graph of x > 0 ^ and the 
graph of y > 0 • 



- ^is ie the set of all polnte Inside and on the 
rectangle whose vertices are (3,1) , , (5,4) , 4nd 

(5,1) , 



S 

44 

3 
2 



(3,4)^^^(5,4) 




,0,l)*^^^^(5,l) 



I 2 3 4 5 6 7 



When dealing with sets defined by a oomposlte ccndltlon 
using the conneoilve "and," a corrmia often Is used Iri^ place of 
the word "and," Thus the set [(x,y) i x - 5 y >^3j Is 
understood to be the same' as the set 
((x,y) : X 5 and y > 3) . 



Problem SatC8-5 

I&aqitify the quadrant proiper Roman numeMl. 

M ((x^y) I X > 0 y < o) li Quadrant ^ 

(b). {(x,y) ; X < 0 ^d y < 0] Is Quadrant , 

(s) ((x^y) : X < 0 and ^ y > 0) la Quadrant ; , 

(d) [(x,y) I X > 0 and y > 0] la Quadrant , 

M iif^y) : y > 0 and X < to) is Quadrant ^ . 

(f) C(x,y) I xy > 0) IB the union of QUadranta 

and , , ^ 

(|) [(x,y) I xy < 0) IB, the union of Quadrant b _^ ^ 

mid , 

i^) ii^My) ' xy ^ 0] -is the union of . 

(i) C(3c,y) : X > 0 and y ^ 0) Is the union of ^ 

(J) C(x^y) • i > 0 and ^ < 0] I^b Quadrant . 

M t(x,y) : X < 0 and y ^ |x|J Is Quadrant , 

Find the coordinates of the endpolnte of all poBSlble ^ 
Begments which satisfy the given conditions. 

(a) AB lies on the y-axls with the origin at its 
midpoint; AB ^ 7 . 

(b) AB" is a subset of the x-axls| A, B are colllnear 
in that order and AO ^ -gOB j AB ^ is , 

(c) W is either horisohtal or vertlaalj A is at the 
origin; AB ^ r . 

(d) AB II to the X-axis and TO is 5 unlta above the 
x-axlS] the y-axls bisects H j AB*= 8 , 

(e) AB ^^5 ; A lies on the x-axlsj B lies on the 
* y=axisj OA = OB , 

(f) AB is in the y-axlsj A is at the driginj "AB ^ 6 ; 
OT 11 I CD d| AB i C' IB 2 lanita above A and 

3 imlts to the right of A . . .j^ - 

Find the coordinates of the vertices of the Indicated 
polygons I ^ - \ ■ 

(a) A coordinate system places Isosceles triangle ABC 

so that the origin is the midpoint of base Al ^ JKB 
is a subset of the x-axis. Guiles above the 
x»axls, AB - 6 , OC ^ 4 ' 

'33 



(b) An Isoseeles triangle whose altitude li 3_ 

and whose base has Itngth g . TOie base is a sutiet 

of the'^y-axls^. and the opposite vertex, C , Is ob 

the positive x-axls, ^ * " 

(o) An IsoBceles triangle - ABC has/ AB ^ 6 

AC ^ BC ^ '5 . The origin is at the midpoint of the ' 
^.basej the x-axla contains the base^ and C is^libove 

the X-axis, - ' I 

(d) A parallelogram AK^D for which AB - 7 A and 

D have coordinates CO^O) and (3|5)/ respeotlvaljr^ 

and aB' on the x=^is* - . 

In each of the following find the coordinates of the , ^ 
vertloes of the polygon! ' ^ ^ 

(a) ^ A right triangle ABC has £c a rlghti angle, 

CA ^ 21 and CB ^ 10 , A coordinate system plkcJBs 
C at the origin and B in the negative x-axis, - 

(;b) An isosceles triangle AK has, base . AB of length r 
%^ and altitude to^t AB of length 3 , A coordinate 
system places A' at the origin and B in the^ 
positive X-axis. ^ * * 

(o) Same as (b), except that C Is at the origin. A 

Is in Quadrant I, and AB is perpendicular to the J 
x-axls , - . . '"^ ^ * , \ ; 

(d) An equilateral triangle Abc has aide of length 10 
A coordinate ^stem is established with the x-axls - . 
containing ffi and the positive y-axls containing' 
C . ^ _ , . ; 

Find thff^^coo^inatea of the vertices of the polygon 
determined in each of the follpwing: ( 

(a) A right triangle ABC has a right angle, 

CA ^ a and CB - b , A coordinate system places C 
at/ the origin, B^. in the negative x- axis, and A In 
the positive y--axis. 
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(b) 



An Isosceles .triangle ABC has base AB of length 
b , and altitude of length a , A coordinate system 
places A at the origin, B in the positive x-axls 
and C above the x-axis. 

The triangle In (c) Is placed so that C Is at the 
origin and the altitude lies along the positive 
X-axis, 

An equilateral triangle has side of length s and 
a coordinate system is established so that one aide 
lies along the x-axls and the opposite vertex Is in 
the positive y-axls. 



(c) 



(d) 
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Equations and Inequali ties . 




[(x,y) : x ^ 3) is a line* It contains, all those points 



and only those points in the xy-plane whose x-coordlnate is 3 
and whose y-^coordinato Is any real number. We say that x - 3 
is an equation of the line or think of x =^ 3 as a condition 
imposed upon (x,y) . The condition x = 3 places a 
restriction on the x=coordlnate but no restriction on the 
y-coordlnate , Thus the line [(x,y)S x = 3] contains 
infinitely many points, such. as (3,-^173*447) , (3,-2) , 
(3,-1) , (3,0) , (3,25) i (3,127.3) , Of course there are 
Infinitely many points not on this line, such as (2,3) , 
(2.999,-7) , (0,-3) . 

[(x,y) : x > 3) Is a half plane . We say that x > 3 is 
an Inequality for the halfplane. This half plane contains all 
those points and only those points in the xy-plane whose 
X- coordinate Is a real number greater than 3 and whose 
y^coordlnate is a real nimiber, is (5,-5) In this half plane- 
Is (-5,5) In this halfplane? Is (3,3) in this halfplane? 
What set-builder notation could you use for the edge of this 
halfplane? 

In some textbooks the set [(x^y) : x ^ 3] is called the 
locus of the aquation x ^ 3 j ((x,y) | x > 3] is called the 
locus of the Ineqviallty x > 3 , In general a locus is a set 
deterTnlnad by a condition or k combination of conditions. 
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Thus the locus of all points In the xy-plane which are equl-. 
distant from the lines [(x^y) : y = -7) y and ^ 
C(x,y) : y ^ 13} is the line ((x,y) ^ V = 3] . In our text 
"however we will use the expression "the set^ of aid' points such 
that" rather than the term locus, ■ 

Consider the sets S and T given as follows: 
^ S ^ C (x,y) : ^x ^ 5) and T - [ (x,y) : x + 1 ^ 6) A ^polnt 
'(x^y) satisfies the condition x - 5 if anAt^only if It 
satiafies the condition x + 1 ^ 6 . In other words. If (ajb) 
is a point in T ^ it is also a point in S ^ and convet^sely, 
Hertce w^" may write S - T * The equation S ^ T is an aquation 
involving sets (of points in the xy=plane) and you should recall 
that two sets are eqiaal if and only if they have exactly the 
same members * This '^occurs If the sets ai^e defined by 
equivalent equations . The equations x ^ 5 and x + 1 ^ 6 
are examples of equivalent ©QuatJ.on.s, In algebra you learned 
how to derive equivalent equations in the process of solving 
equations, Thus 

2x + 3 - 4x + 13 

3 ^ 2x + 13' • ^ 

-10 ^ 2x 
2x - -10 
X ^ -5 ^ * 

are five equivalent equations. Each of them becomes a true 
sentence If x Is replaced by =5 j each of them becomes a 
false sentence If x Is replaced by any number diffarent from 

Problem. Set 8-6 
1. Find the d Is tan^y between lines [(x/y) i x ^ h] and 

_2 . Write the coordirates of three points on the line 
[(x,y) : y - 3} . ' 
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/ 3. Plot th^s#t 

(a) ((x,y) : X - 2] . . = 
'(to) C(x,y) : y ^ 3) . 

.^escribe the union of the two sets In Problem 3. May 
^ this be written as the set ((xjy):x ^ 2 or y ^ 3] ? 

5. What is the intersection of the two sets in Problem 3? 

May this be written as the set ' [(x^y) : x ^ 2 and y ^ 3)? 
As the set ( (x,y) : ^ 2 , f m 3] ? 

6. Plot the set [(x,y) : x - 2 arid 0 < y < 3] . 
' ' What geometric object does this set form? 

(0) Howmany elements does it contain? 

7. Plot the set of "points v/hose coordinates are tiiven bolQW 
and describe the graph in each case, 

(a) (x X ^ 3) , 

(b) {(x,y) : X < 3} . 

(c) Cy : y < 2 or y > h] . 

(d) [(x,y) : y < 2 or y > j^.) . 

8. Plot and describe each of the graphs given below- = -■ 

(a) The union of [(x,y) : x > 3] and [(x^y) i y <^ 3] . 
Express this union with one set-builder symbol, 

(b) The intersection of [(x^y) : k £ 2] and 

C(x,y) : y > -£] * Express/ this set with one set- 
builder sjrmbol* 
^ (c) ^The set {(x,y) i x y 0 and y < 3} . 

(d) The set C(x,y) i -4 < x < 2 and =2 < y < 5) . 

9. .Express in set-builder notation the set of all points in 
the xy-^plane which satisfy the following conditions: 

(a.) A set of points at a distance of 5 from the line 
whose equation is y ^ 2 , 

(b) fi set of points 4 units from the y=^ajcis, ^ 

(c) A set of points 3 units above the x=axis and 
5 units to the left of the y-axis. 

' (d) A set of polnts.^the same- dlotance from the point 

A(0,3) as from the point ,B(0,-3) , If P is any 
point In this set^ prove PA = PB , If p ^ is any 
point such that PA - PB , prove P is In this set. 



10. Whloh of the following are pairs of equal seta? 

(a) {(x,y) : ,3x + 6 = X + 8} and tix,y) : 2x = 2} . 

(b) ((x,y) ; X + 3 > 7) and C(x,y) : x > 4) . 

(o) C(x,y) : 5x - 2 < 2x + 4) and iix,y) : 7x < 21], . 

(d) C(x,y) : -2x + 4 < 8) and C(x,y) • x < 2) . 

(e) [x- : I > 3] and [x : 6 > 3x] . 

♦11. AnBv/er the que&tlonB indicated by filling in the blanks 
in each of the following^ 

(a) ' If ^Ocl ^NBp %iA are 

' parallel and AB - 3 j 
- BC ^ 6 I MN ^ 2 , 

Then K - k AB k ^ 

NO ^ t M I t ^ ; 

AC - k« AB ; k' ^ ^ 

and MO - MN / V 




\ 




5^1 



8-^6 



(d) If a Goordlnate system 
on ^ assigns the 
coordinates 2, 8 
t© A, P 
respectively, 
A»P7 ^ Z A»B» . 




(e) The (A,B)-Qoordlnate 
system on line ^ 
aBslgns Goordlhate k 
to point p , 
AP ^ k AB , Then 
A»pr ^ k: A«B» ^ k 1 4 
Why? 

OP* ^ ? . 

X - ? 



(f) AP ^ k AB , 
A^'P'^ - k 15 

OP" ^ ? 
y - ? . 



- 3 




Why^ 




542 ^ ... 
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•(g) A ^coordinate system on line £, assigns coordinates 
■ 0, 1, k to A, B, P reapeotively . Where doe^ P 
lie' if k has values as indicated below? 

(1) > 1 . ■ (4) k < 0 . 

(2) k - 1 . (5) k = 0 . 



i 




/ 

8^'7 , Finding the Coor^dinates of the Points of a Line . 

We h&ve^eeen that ((x,y) : x - 3] is a vertical line. 
It Is understood that y 'may be any real. number* 

^ It>^^s-^ natural to ask If there is an expi*esslon something 
like this^or an oblique line. Actually there Is^ and it is a 
useful toql In geometry, ^ 

To 'Show ho^ to find such an expression we consider a 
particular llne^ the line AB where A = (l^S) and B = (S^S) 
Since the line AB is determined ^^y the points A and- B ^ 
it seems reasonable that we should be able to find the 
coordinates of other points in *AB^ . For example ^ If p is 
In AB and if AP = 2AB \ve should be able to find the 
coordinates of P . 
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If Q is in AB and, AQ ^ ^ AB , we should be able to find 
the coordinates of Q . If R is in the ray opposite to 51*" 
and if AR ^ AB ^ we should be able to find the coordinates of 
R . Actually, P - (5,8^., Q - (2, si) , R ^ (-1,-1) . We 
can get these coordinates by working an Individual problem for 
each point, mt our objective here is to derive an expression 
\ from which the coordinates of R - or folp that matter any 

other pplnt on AB can be obtained by simple replacements. 

In Chapter 3 we studied a coordinate system on a line. 
At the beginning oT the present chapter we . defined an 
xy^coordinat^^ system In terms of two coordinate systems on 
lines ^ the x-coordinate system on the x-axis and the 
y^coordinate system on the y^^axls. We wish now to consider a 
coordinate system on the line AB . We call It the 
(AjB) -coordinate system. In this coordinate system, the 
^coordinate of A Is 0 and the coordinate of B is 1 , For 
the poinW A, B, P, Q, R we have coordinates as tabulated. 
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V,. ^ 

1 

x-coordinate 


, y-cpordinate 


(a, b) --^coordinate 


A 


1 


2 


0 


- B 


V 


5 


1 ^ 


P 


\ 


8 


2 


Q 


2 






R 




-1 


-1 




0 


i f : 


k 



The expression v/hich we shall derive ^shows us how to compute 
the X- and ^^coordinates of a point in terms of its 
(A^ B) -coordinates * 




The (a, B) -^coordinate system on AB^ established a one-to- 
one correspondence between the set of all real ^umbers k and 
the set of all points in. AB . If k > 0 , the corresponding 
point is in - AB (but not A Itself) j If ^ = 0 , the corre- 
sponding point is A i and if k < 0 j the corresponding point 
is in the ray opposite to AB . 

Let k be any real number and P(xjy) . the corresponding 
point in ^AB^. Then AP ^ k AB if k > 0 , AP - -k AB if 
k ^ 0 • Let P'j A' J be the respective projectiona of 

'P, a/ B into the x-axls. Let p^', A'S B" She the respective 
projections of A, B into^the y-axls. (if P is in the 

X-axis ^ then P ^ P» j if P is in the y-axil^ then P - P'' 
Prom Theorem 7^3 it follows that the segments formed by A'^ 
BS P' on the x-axis and the segments fomed by A"j B" j P" j 
on the y-axls aaye proportional to the corresponding segments 
in the line AB Therefore 

. \ 



) 



8 



-7 if k 


> 


0 


if k 


< 


0 




AP 




k AB 


AP 

(1) A»P» 




-k AB 




(l) A*P» 




k A»B» 




-k A*B» 








k|3 - l| 


|x - 1 j 




-k|3 - ij 




Sine a x 


> 


1 


Since . x 




1 ^ 




X - 1 




2k 


=x + 1 




-2k 




X 




1 + 2k 


x 




1 + 2k 




(2) 




k A''B" . 


(2) ^ ^ A"P" 




-k A''B" 








k|5 = 2| 






-k|5 - 2j 


** 


Slnoe y 


> 




Since y 




2 > ; 








3 k 


-y + 2 




-3k 




y 




2 + 3k 


y 




2 + 3k 





It follows that P - (1 + 2k, 2 + 3k) and that 
AB ^ [(x,y) : x ^ 1 + 2k, y - 2 + 3k, k is real} , 

The equationB x ^ 1 4= 2k, 2 + 3k are called 

parametric equations for the line ^ AB^j the symbol k is 
called the parameter « Each value of the parameter yields- 
exactly one point on the line, the point (1 +.2k> + 3k) . 
The value of k is the (A^ B) -coordinate of the point; it tells 
us that the point is in AB if k > 0 , In the ray opposite to 
AB if k ^ 0 , and that' P is |k| times as far from A as 
B is. ThB following table shows several values of k and 
their corresponding points. 



k^ 1 


X = 1 + 2k 


y = 2 +_ 3k 


P(x.y) 


0 


1 




(1,2) 


1 


3 


5 ' 


(3,5) 


=1 


-1 


-1 


(-1,-1) 




5 


8 


(5,8) 


7 


15 


23 


(15,23) 


2 

~ 1 . 


1 


0 


(- ^,0) 


1000 


2001 


3002 


(2001,3002) 






i:) 
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If we think of A(l,2) as (x^,y^) and B(3,5l as - 
(xg,yg) , then the parametric equat'lons for AB can be written 

as 

X - + kCxg - x^) , y - + kCy^ - y-^ ) , 

Note how these formulas resemble that of Theorem 3-6, 

« Are these formulas true for any oblique line determined 

by two points (Xj^.y^) and ix^,y^).h Although we could 
provethat they are by constructing a proof similar to that 
for AB In the above illustration, ^e shall not write It out 
here* It is natural to ask whether we can wite parametric 
equations for horizontal and vertical lines. You will find 
that we can in the next problem set. These results are con- 
solidated in the following theorem,^ 

THEOREM 8^11 . If P^(x^,y^) and PgCxg.y^) are any two 
points, then 

P^Pg - ((x,y) I X ^ + k(xg ^ x^), y - y^^ + k(yg ^ y^), 
k is real) , 

/ 

According to Theorem 8^11 every line jdn the xy-plane can 
be "represented" by a pair of parantetrlc equations, A natural 
question is- Does every pair of parametric equations represent 
some line? l^ie answer to this question is no. Consider, for 
example, the set 

S - {(x,y) : X ^ 1 + k*0, y ^- 2 f k*0, k is real) 

It is easy to see that x ^ 1 and y ^ 2 -Xo£_#very value of 

k and hence that S is a set whose only element is the 
point (l>2) , 

However there Is a method of identifying those parametric 

Equations which do represent a line In' a plane. We state it 

43 our next theorem, , . , 
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THEOREM 8-12 . If a, b, c, d are real numbers such that b 
and d are not both zero and If 

C(x,y) ix^a + bk, y^c + dk^ k is real] , 
then s is a line. 

Proof I Taking k.= 0 and k = 1 we get two points In 
S : A(a,c) and B(a^^ b, c + d) * Prom Theorem 8-11 it 
follows that: 

^AB*^ [(x,y)" : x ^ a + bk, y y c -\- dk, k Is real)j 
therefore ^AB*^^ S and S is a l^e. 

Example , j 

If T - C(x,y) : X ^ -^2 + 3k, y ^ 7 + 2k, 4 Is realj , 
then T is a line. 



proof - If k - 0 , then x^-S.y-J, If k=l, 
then x ^ 1 , y ^ 9 , Thus a(-2,7) , and B(1,9) are two 
points In T . Using Theorem 8-11 we get 

^^AB^^ [(x,y) ; X ^ -^S +;31<^ y ^ 7 + 2k, k is real) , 
Therefore AB^ T * and T is a line. 

We can use parametric equations for a line In expressing 
the coordinates of the points of a line se^ent or a ray. If 
k^, kg> kg correspond to p^, Pg, P^ , respectively, then 
kg is between ^ k^ and kg if and only if pg is^ between 
p^ and pg , Ttils follows from the properties of coordinate 
systems on a line as discussed In Chapter 3. Thus we get 
segments or rays simply by restricting the values which k 
may have. For example, TS , where A ^ (1,2) and B ^ (3,5) 
is^ [(x,y) : x^ 1 + Sk, y 2 + 3k, 0 < k < l) , Similarly, 
AB^ is [ (x,y) : X ^ 1 + 2k, y ^ 2 + 3k, k. > 0} 
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Example 1^ 

Given A ^ (3,0) , B - (-1,2) , Uslrig Theorem^ 8-11 
express, using set-builder notation, 

(a) "a^, 

(b) AB , / 

(c) AB^ 

(d) the ray oppoBlte AB*"; also find ^ 
. (e) the midpoint of AB , and 

(f) the point P such that A is between P and B 
' - V and ,. PA ^ AB , 

Soiutilonj : In this problem we take x-j^ = 3 , y^. = o , 
Xg = -1 , yg . Thus Xg - = -4 , yg = y^ , | . Then 

(a) *AB*= ((x,y) : x = 3 - , y = 2k , k Is real) . 

(b) AB = C(x,y) : X - 3 - 4k , y = 2k , 0 < k < 13 . 

(c) - Ai*'= .{(x,y) ■ X =. 3 - i+k y = Sk , k > 0] . 

(d) the raj^bppoBite AB^ Is / 

, ((x,y) : X = 3 - J4k , y a 2k , k £ y) . ' '"- 

(e) the midpoint of AB (set k = i) Is 

(f) the point p ^eet k is (7,-2) . 



Example 2, 



Given A ^ (0,4) and B ^ (3,0) , Flni the point C on 
AB whose x-coordlnate Is --2 , 

Solution - In this problem we take 0 , ^ 4 , 

^ 3 Yg - 0 . Than Xg = x^ ^ 3 , y^ - y^^ ^ -4 and 

*AB*- ((x,yj : X - 3k , y ^ 4 - 4k , k le real) , 

We set x'- -2 , Then -2 ^ 3k , k - - | , and 

y^4^4(^|)^4+|^^^6|. Therefore C - ("2,6|) . 
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. In Example 1, Part (e), we found the midpoint of a 
partlGular segment AB . The midpoint of ^ AB^ Is o^^^n^d fa 
setting k = ^ In the parametric equations* In general 

^ + - ^A^ =-^A ^ ¥a ' ¥a + ¥b = ^^-^ 

y = + f (ys = ^a^ = ^a I^b ^\¥a ^ ¥a "^'^b = ^ a ^° 

and therefore the midpoint is 

^a * yi 



Notice that this result cheeks with the result derived In 
Theorem 8-8. 



, Problem Set 8-7 

Using parametric equations and set-bullder notation 
express AB , AB , AB , and the ray opposite to AB if 



(a) , 


: A = 


(1,^) , B = 


(2,6) . 


(b) 


A = 


(-1,3) , B = 


' (2,0) , 


(=) 


A = 


(0,0) , B = 


(3,2) . i 


(d) 


A = 


(1,1) , B = 


(4,^0 . 


(e) 


A . 


(-1,3) , B = 


= (i,=s) . 


(f) 


A = 


(-3,-2) , B 


- (0,1) . 


(g) 


A - 


(a,b) , B = 


(cjd) , c ^ a . 


(h) 


A = 


(a, 2a) , B = 


: (3a, 4a) , a ^ 0 . 


Find 


the 


coordinates 


of the midpoint of 



Problem 1(a) i 1(b) . 

Using the midpoint formula find the coordinates of the 
midpoint of the segment with= the given endpolnte. 



(a) 


(5,7) and 


(11,17) . 


(b) 


(-9,3) and 


(-2,-6) 


(a) 


(|,8) and' 


(|,'-3) . 


(d) 


(3.5,-6)' anc 


1 (1.7,-6) 


(e) 


(a,-b) and 


(-a,b) . 


(f) 


(r + a, r - 


s ) and 



4. In each of the following the endpoint and midpoint of a 
segment are gl^en^ln that order. Find the coordinates- 
of the other endpoint. 

(a) (4,0) and' (9.0) , (d) (6,2) and (2,-1) / 

(b) (3,0) and (5.2) . (a) (a,b) and (5a,3b) . 

(c) (^2,3) and (3,5) . (f) (3r,s) and (q,4a) ^ 

5* Find the cdoj^dlnates of the trlsectlon point of M ^ 
nearer A in Problem 1(c) ; i(d) . 

6. Find the coordinates of the trlsection point of' AB ' • 
nearer B In Problem 1(e). . - 

7* Find the coordinates of P in AB in Problem 1(b) 
such that 

^(a) AP ^ 2AB . Mc) AP -yf AB . 

(b) AP - lOOAB . (d) AP - TT AB , 

Find the coordinates of P . in the ray opposite to " AB^ 
In Problem 1(e) if 

(a) AP - 2AB . ^ (c) AP ^ 3^5 AB , 

(b) AP ^ 20AB . . , (^d) AP ^ i AB . 

Find the coordinates of p in ^AB^ If A ^ (-1.5) and 
B - (3.-2) . and 

(a) AP ^ 3PB . (o) BA - i BP . 
""(b) BP - 4pA . (d) PA - 5BA . 

. (a) Let C ^ (-1.2) , D - (5.2) . Is vertical, 

horizontal, or oblique? use Theorem 8=11 to express 
CD , Try three different values of k to^ see if 
the three points are on CD . ^ 

(b) Using C - (x^,a) , D ^ (x^.a) , x^ ^ x^ , show that 
Theorem Skills true for horizontal lines. 

■(c) Using E p (a,^ ) , F ^ (a,yo) . y. ^ i show that 
. Theorem o^Uls. true for vertical lines. 

Using parametr\j equations and set^bullder-. notation 
express the sides of the triangle whose vertices are: 

(a) A(O,90^ . B(0,3) , C(U,o) . J' 

(b) D(^3,0) , E(0,3) , F(3,0) . ' 
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12. Draw the graph i 

is real) 



(a) 


C(x,y) 


; X ■ 


1 +-2k , 


y - 


2 - k ,f k 1 


. (b) 


((x,y) 


1 X = 


Sk , y « 


k , 


0 < k ^ 2) . 


(c) 


{(x,y) 


: X 3 


-1 + k , 


y - 


-k , k J 0) . 


(d) 


((x,y) 


j X 


H , y = 




k ^ 0) . 


(O 


((x,y) 


1 X = 


3 , y - 1 


* » ■ 


-a ^ k ^ 3), . 



13, aiven A ^ (-1,3^' , B (2,-2) , and C is on AB ^ 
(a) find the y-coordlnatt of C if its x-eoordlnate 

( ys Is 5 . 

\y (b) find the x-coordinate of C if its y-eoordinate 
Is 8 . 

(o) find the y-coordinate of C if its x-coordinate 
is 29 . 

(d) find the coorMnate of C if it is on the x-axis, 

(e) find the coordinate of C If It iP on the y»axiB. 

""rt. The vertices of a triwisle are A(0,0) , B(9,0) ^ C(3,6) , 
Find the coordinates of D , the midpoint of W j 1 , 
the midpoint of W j and F , the midpoint of SI . Show 
that a trisectlon/ point of each median of triangle ABC 
is a(4,2) . j " 

15. Given p ^ [(x^y) ix*a+Qk,y^b+dk^k Is real] . 

(a) Show that p is a vertical line If c - 0 • 

(b) Show that p is a horizontal line if d ^ 0 . 

(c) Show that p contains the origin if a - 0 ^ b * 



8-8, Slope. 



We are now ready to study one of the Important properties 
of a line which corresponds to the idea of the steepness of 
inclination of a line In the world of everyday affairs. The 
steepness of a stairway depends on the relationship between the 
rise and the run of a step* 

APsRISi 
PB « RUN 
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If one stairway hae ^teps with a Gertaln rise and run and 
another stairway has steps with rise and run each twice as 
large, is It clear that the Bteepness of the two stairways is. 
the same? In other words, a rmi of 2 with a rise of l glvae 
the same steepness as a , run of 4 with a rise of £ . 




^The steepness or pitch of these stairways may be defined as 
the number obtained by dividing the rise by the run, ^ In 
either case. 

The concept of the slope of a line Is based on the idea 
of "rise divided by run." If we think of one step connecting 
two points ?^{x^,y^) and PgCxg^y^) on a non-vertical line, 
then .the rise is - and the run Is |xg - x^^ | , 

Y 



A 




•X 
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We^ gould def ine the slo]^ of thb segment Pj^Pg ^® I'is© divided 



by rim J i.e.. 



1^2 ' *1| 
gegmant ^ Pj^Fg > is def tned -as ^ 



Bit we do not , The slope of a 

. The formula without 



^2 " ^1. 

2 



the absolute value la easier to handle^ and it tiiraa out to be 

"more ^useful * The absolute value of the slope conveys only the 
ma^ltude of the slope, TOe sign of the^ slope conveys the 
additional idea of ^'Slopes up or doim^' as suggested in the 
figure,'/ . ^ - ■ 



ISLOKS UP) 



'(1,3) 



StOPE = 



III. .4 

1-4 3 
(SLOPES DOWN) 



■(4,3) 



^Starting with the eonoept of the slope of a segment we 
now develop the eoncfpt of the slope of a line. Consider the 
line "^AB*^ where A m (1,2) and (3*5) * Ihen 

^B*^ {(x>y) • X ^ 1 + 2k ^ y ^ 2 + 3k ^ k is real] , 

Let us compute the slope b of several Be^ents F^Pg on ^AeP^. 



as the point correBponding to k^^ 



Tajce 

point corresponding to k, 



and ^ P^ as the 



5. 
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k . 






. . Pa 


glope of 77W^ 


0 


1 


(1.2) 


'(3,5) ' 




0 


3 


(1.2) 


(7,11) 


11-2 9 3 

7 = 1 - W = 


0 


-3 


(1.2> 


(=5,-7) 




h 


-4 


(9,14) 


(=7,-10) 








-7,- 9 ^ 1 

" 1 






(1 + 2k,, 2 + 3k,) 


(1 + 2kg, 2 + 3kg) 



J* 



Note that th#' slope of every eegmant of ^ff" Is ^ Note also 
that^ 3 and 2 are the coefficients of k In the equations for 
y and x respectively* Let us check the last line of the table. 
Suppose k^ and k^ aria any two dlstlhct values of k , Sub^ 
stltut^lng In the parametric equations we get 



if k = 


k,. 


=^1 


= 1 + 


2k,, y. 


- 2 + 


3k,, 


P,^ - (1^+ 2k,, 2 + 3k,) 


If . k = 


kg. 


Xg 


a 1 + 


2k2, yg 


= 2 + 


3kg, 


Pg = (1 + 2k2, 2 +,3k2) 


Then 


















Xg 


^ ^1 


= (1 


+ 2kg) . 


- (1 + 


2k,) 


= 2(kg - k,) , 






= ^1 


^(2 


+ 3kg) ^ 


' (2 + 


3k,) 


- 3(k2 = k,) , 








yg 


^ ^1 


3(k, - 


k,) 


3 








Xg 


= ^1 


yckg ^ 







Does every nonvertleal line have the property that all of Its 
segments have the same slope? We show that this Is Indeed the 
case. 



Let c be any line and let C^(x^,y^) and 0^{x^,y^) be 
any two points on c . Then 

C(x,y) ^ X - + kCxg - x^), y - y^^ + kiy^ ^ y^), 
k is real ] , 
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As in the exwnple above we take two dlBtlnct values of W , 
say p and .q , GorreBpondlng to two distinct pointi p and 
ft ^n CjCg J and find ' , 

Xp ^ + p(xg - x^) and yp ^ y^ + p(yg - y^) , 
^ + q(Xg - x^)' and y^ - y^ + q(yg = y^X . 

yp - yq * [yf + p(yg - y^)] - [y^ + qCyg ' ^1)]^ (p q)(yg^ 

Xp - ^ [x^ + p(Xg ' x^)] - [x^ + q(xg -^x^)] (p - q)(x2 = 

Before we divide yp ^ ^ by x^ - x^ we should assure our- 
selves that Xp - ;^ 0 . If Xp - x^ ^ 0 , then Xp ^ x^ 

n » ' _ ^ ^ 

and C^Cg Is a vertical line. If C^C^ is a nonvartloal 

line, Xp - x^ ^ 0 , x^ - Xg |^ 0 j and 

yp * yq yg ^ 

Xp ^ X^ - X^ 

^^ils proves that all segments of a non-vertical line have the 
same slope. We may then write the following definition and 
theorem. 

DSFINITIQN , I^ie slope of a non - vertical line ' Is 
equal to the slope of any of Its segments; the 
slope of a non - vertical ray is the slope of the 
line which contains the ray* 



Notation . Itie slope of AB^ Ab7 AB Is denoted 
"^"^^^ "*aS * respectively. 

•I 

TIffiOREM 8-13 . The slope of a non-vertical line p Is 



y^ - y^ 



^ , where P^Pg ^- ^'^^ sapient of p and 



1 



JJBim Th^Qrmm 8-11 we' can write parMietric eguatlens for a' 
line wMah parses through two glvan points. In the foljowln^ 
theorem we sea how to wrfte parMietric equations for a line 
passing thrlDUgh a given point and having a given slope . 

"nmOBm B^lk . it p is the line through (Xj^^y^) With 
slope m ^ ^ , then 

' P ^ H^mY) ^ X = + kg , y = + kf , k is real] 

and ' " 

2, p ^ ((x^y) I X ^ x^ + k ^ y ^ y^ + tan , k Is real) . 

Proof : Suppose h is a number such that (x^ + g ^ y^ + h) 
is a point on' p . ^en the slope of p ^ is 

+ gj - g ' 

Since the slope is ^ by hypothesis^ it follows that ^ ^ j 
and h ^ f . Therefo^ (x^,y^) and (x^ + g ^ y^^ + f ) are 
two points on ^ and It follows from Theore^i 8-11 that 

(i) p ^ {(x,y) I X ^ x'^ + kg , y ^ y-j^ + kf , k is real} . 

Next let n be a number such that (x^ + 1 ^ y^^ + n) is 
a point on p * Than the slope of p is ^ 



(y^^ + n) = y^ 
ix^ + 1} - 



^ n 



Since the elope is m by hypothesis , It follows that m ^ n . 
Iherefore (x^,y=j^) and (x^ + 1 , y^ + m) are two points 
on j£ amd it follows from ^nieorem 8-11 that 

(2) p ^ t(x^y) •x^x^+k^y^y^+ton, k Is real) 
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We noVr eonsldar three possibilltitB for the slopa of- a 
lln© | it Is positive J It is zero, or it is negstiifa. Let 
^l^^l'^l^ and Pg(xg,yg) bp two .points oJP a llne.d.\ We 




suppose that the points are named so that has the larger 

x-ooordinata. We dleregard thei possibility x^ - , since 
this would imply that P^Pg is a vertical line. 



and 



Possibility I. The ^ slope is positive. Then y^ - y^ 
^2 ^ ^1 both positive or both negative. Since we 



named the points so that Xg > it follows that Xg - x^^ 

and yp ^ y^ are both positive. This means intuitively that^ 

- — — ^ 
as a particle moves along P^^Pg from left to fight (from the 

point with x-coordlnate to the point with x-ooordlnate r 

Xg), it is going uphill. 



Possibility £. The slope Is zero, Kien 
TOiis means intuitively that, as a particle moves along the 
line ^P^^P* it is moving on "level ground," (The y-QoordlnateB 
of all the points of the line are the same,) 



Possibility 3, The slope Is negative. Then one of the 
numbers > y^ - y^ and x^ - x^ ^ is positive and the other 
one is negative, 
it follows that 



Xg x^ 

Since we named the points so that x^ > x^ 



is positive and 



^2 ^1 



Is 



"2 ^1 

negative, that Is^ < Yt * This means intuitively that, as 

a particle moves along ^^^2 ^^^^ left to right, it is going 
downhill. 
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TOiis seetlon oloses Witft^ several exmnples Involving the 
ilape ideap 



Given A ^ (5>-8) and B ^ (-2,8) 
Solutfldn i m^^^ ^|) - - ^ - 



Find 



Exampla 2, A line r passes through (l>3) and has 
^lope 5 , Find the point on r whoie x^coordinate Is -3 , 

^ Solution : r ^ {(x^y) : x ^ 1 + k , y ^ 3 + 5k , k is real] 
Set X ^ -3., Then -3 ^ 1 k / k ^ -4 ; y ^ 3^ - 20 ^ =17 . 
Answer: (-3>-17) . * ' ■ 



Example 3^, Find the slope of the line 
{(x,y) X ^ 3 + 4k , y ^ 2 , k is real) , 

Solution i Set k ^ 0 and 1 to get two points on the 



line. 



k - Oi (x,y) - (3,2) J 
k - 1: (x,y) m (7,2) , 

Then the slope is ,^ _ | ^ Q 



equations, Xg ^ A ^ and y^ - y^^ ^ 0 . Therefore 
m ^ ^ ^ 0 . 



Alternate golut^on i By inspection of the parametric 

Problem Set 8-8a 

Find the slopeybf the segment Joining the points in each 
of the foUovjing pairs. 



(a) 


(0,0) 


arra 


(6,2) . 


(f) 


(|,3) and (3,|) . 


(b) 


(0,0) 


and 


(6,^2) . 


(s) 


(-2.8,4) and (4.2,-1) . 


(c) 


(3,5) 


. and 


(7,12) . 


(h) 


(|,0) and (0,= 4) • 


(d) 


(0,0) 


and ; 


. (-^,-3) . 


(i) 


(1000,-500) and (1001,-499) 


(a) 


(=5,7) 


and 


(3, =8) . 


(J) 


(a,b) and (b,a); (a ;^ b) . 
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a,. Replace the "?" ' by' a number bo that the ilne through 
"wthe two points will have the tlo^ given, ( Hlnt i ■ 
Substitute In the slope fonnula,) 

(a) (5i2) and (?,fi) '/m = 4 . 

(b) (=3,1) and {kS) , m = | . 

(c) (6,-3) and (9^) , m - - | . 

(d) (7,12) and (5,12) , m * 0 . ■ , 

3. .Plot the points A(-l,o) , B(6,2) , 0(4,5) , d(-3,3) . 
./teaw ABCD' . Find the slope" of each side of ABCD ; " ^ 
( Which two ildei have the same slope? 

4, Plot the quadrilateral P^S with vertieea E(0^4) , 
Q(2,3) \ R(-i,^S) , S("3,-l) * Wiioh p^rB of sides , 
have the same elope? 

5. Without plotting tell whether the slope of the segment 
Joining the points in each of the foljowlng pairs has a 
positive I zero J or negative slope. Then tell how you 
would interpret the sign of a slope, 

(a) (-3,4) and (2,0) , (d) (3,2) and (5,0) . 
Ub)( (-3,4) and ^(2,4) . (a) (5,0) and (3,2) , 
' (c)\ (-3.4) 'and (2,8) . (f) (^1,4) and (0,10) , 

6, Vftileh of the se^ent| Joining the points ^in eac^ of the 
following pairs is steeper? 

(0,0) and (100,101) or *(0,0) and (101,100) ? 

J, Find the slope of the line segment Joining (a,^) and 
(b,|) If a ^ b . 

3. Glveni ^AB*^^ {(x,y) : ^ 3 = 2k, y ^ ^1 + 3k, k is real). 
What is the^ slope of AB ? 

J. Parametric equations of a line are useful In plotting the 
graph of a line when one porint and the slope are given. 
Consider, for example, the line ^ through P(l,2) with 
slope 2 ^ ' 

((x^y) J X ^ 1 + 2k, y ^ 2 + 3k, k is real) . 
If k ^ 0 , then (x,y) ^ (1,2) . 
If k * 1 , then (x,y) - (3,5) . 
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If k - 2 , than (x,y) (5^8) . \ 
^ If 3 / than (x,x) - (7^11) . ^ ^ ^ ^ . ^ 

Note that as k Is assigned ^ valuas ^ 0^ 1, 2, 3, , 
(Buacesalve Inoreasei of 1)^ the oorraspondlng 
=4l^ x-valuas are 1, 3, 5, 7, *^ , (sucaesslyas InQraases of 
2), and the eorraipondlng y-values are 2, 5^ 8, 11^ 
(guooasaiv© increases of 3), Nota that 2 apd^3 are 
the coefflalents of k In the paramatrlo aquations, and 
that ^ is the slope, Ttim numerator and denominatOF 
of the "slope fraction" tell us how-to get from one point 

to another on the line as suggested in the figure, 

Y ■ 
4 




Use this method to plot the lines datermlned In aach of 

the following; 

(a) P 

(b) P 

(c) P 

(d) P 

(e) P 



= (-3,2) ] slopa = I 
I =, (0,0) J slope = I . 
= (2,-4) ■ slope = - I 
= (-1,-3) ; slope = 2^ 
= (0,0) J slope = I . 



10. 



Plot the graph of lines through the origin having the 
following slopes: 

r (c) 4 . 



(a) I 



(b)., 



3 
5 



(d)- 



i r < 0 
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11. 'Write tha parametjle equationa for tha llnas In 
Problem 10. 



Our next theorem glvas ua a relation between the eoneept 
of parallal lln^ and the eoneept of slope* ' ^ 

TOEOREM 8-15 # Two non-vertical lines are parallel ^If and .only 
* if their slopes are equal * 



Proof 
bfe given. 



We hi 



t two dlstlnot non-vertieal lines p and q 
ave two things to prove i j 



(l) If p j I q. J then their elopta are e 



(2) If the elopee of p and q ar 



are equal. 1 
e equal, then p I I ft 




Let P-|^(x^,y^) and Pg(Xg,yg) be two points In p . Let 
vertical lines through^ P^ and intersect q In ^ 

Qj^(x^,y^ + h) and Qg^^a^ya ' respectively . Then 

s 

p^Q^QgPg is a parallelogram. 'Rierefore P^Q^ ^ • 

Since P^Q^ ^ \^\ 9 Pgftg ^1^1 > and since h and k are 
both positive or both negative. It follows that h ^ k , 
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Bat the slope of p is . 

and the slope of q is 

(yg + kj - (y^^ + h) ^ jTg + h - = h yg " ^1 

Therefore the slopes are equal, 

(2) Next, suppose there Is a number m which is the 
slope of both p and q . We want to prove that the lines 
are parallel. We do this by showing that if they have one 
point In oonsnon, then th©|r are the same line. Suppose then 
that they have a point, say R(x^,y^) , in conmon. Sine© p 
is not vertical, it contains, a point PCxg^yg) such that' 
^2 ^ ^1 • Since q is not vertical, it intersects the lint 
lfx,y) I X m Xg) J that Is^ " q contains a point ^{x^^y^) 
such that Xg ^ Xg p Since the slopes of PR and ® are 
the same, . ^"^^ 



— — ni ^ 



Xg X^ - 



) 



Since x^ - x^ , the denominators x^ = and x^ - x . 

^ ^ d 1 3 1 

are the earner Hence y^ - ^ ^3 - . or y^ - y^ / This 
means that Q ^ P , in other i^rds, if p and q inte^seet^ 
then p and q are the sraia line and therefore parallel. If 
p and q do not Intereect then they are parallel by 
definition. This completes the proof that if the slopes of 
p and q are equal, then p and q are parallel, 

A natural question to ask is the following one. If the 
slopes of two se^ents are equal, and have a point in conmion, 
are they collinear? This suggests the test for collinearity 
stated in the next corollary. 



r 



Corollary 8-15 > O^iree polnte ' A, B, C are ealllnaar 
If and only If m m m ^ or thty lie on a vertlsal llnS, 



This "If ^and only If" statement is a short statement 
combining the two itatementsi 

(1) If m ^ m , then ^A^ B, C are aollinear, 

(2) If A| B, C are bolllnear, and do not lie on a 

vertical line, then m = m . 

H ST 



Proof I Let A, C be three points and let « m 



mp ^ m 

- BC 



Then 



B* ^ t(x,y) ;x^Xg+k,y^yg+ toi^ , k is reah) 

^BC^^ [(x,y) I X ^ Xg + k ^ y ^ yg + to^ i . k is reaij- 

If - mg , then ^BA^^^a"^ and A, B, C are eollinear, I: 
A, B, C are collinear, then it follows directly from 



Theorem 8-1 5 that m^ ^ 



a/ 



8-8 



^ " ^ ' ^ Problam Set 8-8b 

1. Show that ^AB^I I^CD^ and that *AD*^ I | *BC* if 

(a) X - , B - (5,1) , C - (6,6) , D ^ (-2,3) . 

(b) A - <5,-3) , B - (15,-2) C - (26,^2) , (l6,-3) 
(o) A m (r3>0) , B m (1,5) ^ c - (10|2) , D ^ (6, =3) . 

2. ;^ Show that ; AB is not parallei to if A^ (6,2) , 

m - ("1*^) ^ C - (-1,2) , D> (8,0)_ . / - 

3^ (a) Is ^fife point B(4,13) on the line Joining A(l,l) 
to C(5,ir) ? ^ ^ 
(b) Is the point (2,-1) oollinear with (-5,^) and 

(6;^8) ? . 

(o) Given: A - (Ml,102) , (5,6) and c ^ (.95^.94). 

Determine whfether *AE^-*BC* , 
(d) Given: A - (101,102) , b" - (5,6) , C - (202,203) 
^ and D ^ (203,204) , Are ^A^ and *Cd' parallel? 
Are they equal? 

4. (a) Given = A m (3,8r^^^d the slope of line p 

2 

containing A is ^ . Find the coordinates of 
three more points on p , 
(b) Given B ^ (-1,0) and the slope of line q 

containing B is - ^ * Find the coordinates of 
three more points' on q * 

5* (a) Write a pair of parametric equations of the line 
^ containing (3,4) whose slope is ^ ^ 

' (b) Write a pair of parametric equations of the' line 
containing (-lj3) whose slope is -1 , 
( Hint : -1 ^ ~ ,) 

6. Given: AB ^ iix,y) i 3 2k , y - -1 + 3k , k is real 
What is the slope of AB ? Express ^CD^ In parametric 
equations if *CD* | | l^B* and ^CD* contains (0,0) , 

7. Given a - C(x,y) :x^l+2k,y^2-k,k is real) , 

b ^ [(x,y) : X ^ 3 +^ 2h , y ^ -1 | h , h is real) , 
show that a j j b , As part of your proof, show that 
a ;^ b , , 
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8. Given p ^ C(x,y) : x ^ 1 + 2k, y ^ 3 + 4k, k Is real) , 

q ^ C(x,y) : X ^ 1 - 4h, y ^ 3 - 8h, h Is real] . 
Show that p = q . 

9. Given m - C(x,y) i x - 1 + 2k, y ^ 2 + 3k, k Is real) , 

n - C(x,y) :x^l-2h, y-2+ 3h, h is real) , 

(a) Show that m and n intersect in one point, 

(b) Find the coordinates of t^at point, 

10* Pour points taken in pairs determine six segments. Which 
pairs of dl^^tlnct segments determltied by the following 
four points are parallel? A(3,6) , B(5,9) , C(B,2) , 
D(6,^l) . 

11, Show by considering Blopes that a parallelogram is 
formed by drawing segments Joining in order A(-l,5) , 
B(5,l) > C{6,-2) and D(0/2) . 

12, Show that if one of two payallel lines is^vertieal^ then 
the other is also. 

13, Given A(=2,=4) , B(4,2) , C(6,0) . Let H be the 
midpoint of AB and E the midpoint of W , Show 
that DE is parallel to W . 

l4 It is aBserted that both of the quadrilaterals whose 
vertices are given below are parallelograms, ' Without 
plotting the points determine whether or not this is true. 

(a) A(=5.=2) , B(=U,2) , 0(4,6) , D(3,l) . 

(b) P(-2,-2) , Q(4,2) , R(9,l) , S(3,=3) . 

15. Show that the line through (3n,0) and (o,n) is 
parallel to the line through (6n,0) and (O^Sn) . 

■ Assume n ^ 0 , 

16. p - (a, 1) ^Q - (3,2) , H^(b^l)^, S - (4,2) , prove 
that PQ: ^ RS and that ^PQ* | |'*RS*" if and only if ' 

a - b - 1 , 
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8"9' Other Equations for Lines, 



In the preceding sections we have used parametric equations 
to express the coordjLnates of the points of a line. In this 
section we find anotiier expression which "represents" a line. 
We lllustr'ate with a particular line, 

Conslde;* the line AB where A - (2,5) and B ^ (^,8) , 

Then ■ptx.y; is colllnaar with A and B If and only If' 

P ^ A or m ^ m , Since m = ^ ^ | and 

t AP "AB a'p X ^ ^ \ 

8 = ^3 

M ^ ^ ^ ^ P(^.y) is colllnear with A and B If and 

AB ^ ^ " ^ 

only If 1^ - I , or (x,y) - (2,5) . If - | , then 

^ g ^ ^ —-3-- . If (x,y) - (2,5) then x -..2 - 0 , 

y ^ 5 = 0 , and _^ . Conversely If ^ ^ ^ - ^ ^ 5 

then ^ 3 i f 0^ (x,y) - (2,5) > It follows that P(x,y) 

is colllnear with A and B if and only If g- ?- ^ ^- ^--5 ^ 
Therefore 

If we think of A as (x^,y^) and B as (xg.yg) , the 
expression appears as 



AB - J(x,y) 



X - X. y - y, 
A ■'a 



= ^A ^B " J 
This suggests the following theorem. 

THEOREM 8-16 . If P = (x ,y ) and Q = (x,-,,y,,) and If 
is an oblique line, then 
/(x,y) 



^2 " ^a" = J^i 
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Proof s The point R{x,yY is colllnear with p and Q 

If and only if H - P or ^ ^ ^ , that Is, If andf only if 

(x,y) = (x^,y^) or P« 




that is, if and only If 



5c - y - y^ 



^2 ^ ^1 ^2 ^ 



Corollary 8-16-1 , If PQ Is the line, of Theorem 8-16, 

then 

({x,y) : y - y^ - ^_^(x ^ x^)) . ^ 



Proof i To prove this we show that the equation of the 
X - y = y_ 

-theorem, ^ , Is equivalent to the aquation 

Xp - X y^ = y 



of the corollary, 

To get the second form from the first, multiply both sides of 
the first by - y^ ; to get the first from the second 

divide both sides of the second by y^^ = y^ , 



Corollary 8-16-2 , If p is the line which passes through 
F(x2,yj^) with slope m , then 

P ^ [(x,y) ; y - y^ - m(x - k^)). 
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Proof I If m ^ 0 ^ this follows Immediately from 
Corollary 8-14-1 since p also passes through 
(x^iyg) = (x^ + Ij y^ + m) and then 

If m ^ 0 , the equation reducas to y = y^ * 

X - X. y = y. 
DEFINITION. The equation ■ - " — 



- yg - y^ 

is called the two -point form for the aquation 



of an oblique line , where 



DEFINITION , The equation y - y^ ^ m(x - ) 

is called the point slope form for the equation 
of a non-vertical line with slope m knd 
passing through (x^jy^) . 

Example 1. If C ^ (7^-3) and D ^ {^,-5) , then 
C(x,y)" : ^ 3 = ii^>y) ^ = ^] 

((x,y) . ^^^L^] 

■Example 2* Write an equation for the line through 
(-5,-2) with slope ^ . Answer: y + 2 ^ 4(x + 5) , 

Example 3^^ If A - (2,1) , B = (3,4) , C ^ (5,-2) 
D ^ (0,-l) , find the point of intersection of "^AB* and 
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= 2-f45 = ^i^'V) ^ 3x = y = 5) . 





Solution: 








((x,y) : 


X 


- 2 


3 


- 2 




t(x,y) t 


X 




0 


= "5 


Also 






1 



y + 2 



-1 + 2 1 

Since these 



# I 

Slopes are unequal the'^^lnes intersect In some point (x^,y^) 



Then 3x^ = ^ 5 , "+ ^ y-j5 ffultlplying both sides 

of the first equation by 5 and at ing to the sides of the 

second equation we get iSx-^^ = 20. ^hen x^ - , y^ ^ = ^ , 
, Therefore W -^n^"^ uv - r^- i: . ^ ^ point (5^,5)^ 



problem Set 8-9 

1, Write an equation in two-point form for the line 
determined by the given pair of points, 

(a) (1,U) and (4,3) . (d) (-3,2) and (5,-4) . 
(to) (C^)) and (-3,0)^. (e) (0,o) and (f,-8) . 
(c)n(0,^5) and (3,0) . (f) (-1,1) and (l,=l)., 

2, Write an equation in point -slope form for the line which 
contains the given point and has the given slope , 

(a) (0,0) , i . (d) (-3,-2) , 2 , 

(b) (^3,5) , I , (e) (-3,2) , ^1 . 

(c) (^2,7) . - I ^ (f) (0,-5) , 3 . ^ 

-3. Write an equation in point-slope f^lrm of the line that 
contains the , given point (5,8) ari4 is parallel to the 
line found in Problem 2(c). ^ 

4. In triangle ABC , A ^ (0,o) , B*- (1,6) , and C ^ (5,2) 

(a) Write an equation for ^AB^, 

(b) Write an equation for ^AG*^.. 

(c) Write an equation for the line that contains the 
median from A . 



(d) Write an equation for the line that contains the 
midpoints of AB and AC . 

(e) Write an equation for the rine ^BO^ . 

(f) If D = (7/7) , find the coordinates of the point 
of Intersection of *AD* and *BC* . 

Below are equations of lines. Which of these lines 
contains (2,3) ? 

(a) 2y ^ 3x , . (d) y ^ 2x^- 1 . 

(b) 3y - 2x . Ce) I + f - 1 . 

(c) y ^ 3 ^ 2(x ^ 2) . (f) ^ I . 

Write an equation of the line that contains ^ (-^2,4) and 
whose slope is the given number. 

*^ 

(a) S . (d) =1 . 

(b) 1 , ■ ^ (e) I . : ■ : 

(c) 0 . (f) = I . 

Given below is a set of four lines . State whioh pairs 
of lines are parallel. 

P - [(x,y) : X = 2y - 8} , q - C(x,y) ^ 2x + y -1} , 
r -.((x,y) : 4x + 2y - 3) , B ^ [(x,y) i 2x - 4y ^ 11) 

For each pair p and q deternilne whether P | I q > 
p and q Intersect in one point, or p = q . 

(a) p - ((x,y) : X - 2y ^ 8) and q - [(x,y) i 2x + y ^ 1] 

(b) p ^ [(x,y) : X - 2y - 8} and q ^ [(x,y) i 2x - %-l6} 

(c) p - ((x,y) IX = 2y ^ 8} and q. - [(x,y) i 2x -4y ^10) 

Given two non-zero numbers a and b , show that 

X y - - ^ 

^ + -j|'^l is an equation of the line that contains 

(a,0) and (0,b) , This form of a linear equation is 
called the intercept form . 

Given two numbers m and b ^ show that y ^ mx + b la 
aji equation of the line whose slope is m and which ' 
intercepts the y-axis at a point whose y-coordlnate is 
b , This form of a linear equation is called the slope- 
intercept form . 
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SrlO* Perpendicular Lines. 

We have seen that two non-vertical lines are parallel if 
and'only if their slopes are equal. In this section we develop 
a condition in terms of slopes for the perpendicularity of two 
lines* If one of two lines is vertical, then a necessary and 
sufficient condition that the lines be perpendicular is that 
the other one be horizontal. The following theorem ie a state- 
ment about the perpendicularity of two non-vertical lines in 
terms of their slopes. 

TOEOREM 8-17 . Two non^vertlcal lines are perpendicular if and 
only if the product of their slopes is --1 * 

Q 

Proof g Let the given lines ^ be demoted by p^ and 
and let their slopes be and ^ i^espectlvely , We have 

two statements to p^ove . " 

(1) If 1 ^ then m^mg - -1 . . 

(2) If m^mg ^ -1 ^ then P^^ 1 Pg . 

We prove both statements together as follows. v 

Let be the line containing (0^0) which Is parallel 

to . Let be the line containing (0,0) which is 

parallel to p^ . The slope of is m^ and the slope of 

q^ ^,ls m^ . Let q^^ and q^ intersect the vertical line 
C(x,y) : X ^ 1) in H(l,r) and S(l,s) respectively. 



\ 


\ 


R(l,r) 


m 




y 1 




J(l,s) 
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Then ^ m - ^-^ ^ = r 



on 



nig - m 



OS 



There 



fore R - ilfm^) and S ^ (l^nig) 





Y 


Rd.m,) 


^1 




1 * 

3^ 



Then 1 pg If and only if J_ q^^ , and \^ if and 

-only if OR J_ OS . 

Prom the Py^btiagprean Theorem and its con^/erse it then 



follows that 



?! 1 Pg o-^ly if (OR)" -H (OS)^ ^yRS)^ , 

Using the distance formula we get j^^ 

(OR)^' - 1 + m^^ , (OS)- - 1 + m^- > (RS)" - (m^ ^ m^)^ 

Then _L Pg ^^^^^ If 1 + m^^ + 1 + m^^ ^ (m^ - m^)^ 



if and only if 2 + m.^^ + m^^ = m.^' 
if and only If 2 ^ =2m.m^ , 



if and only if m^m,-^ ^ -1 , 



which completes the proof 
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Example 1. Qlven A = (2,5) , B(-l,7) , C = (4,1) , 
D = (8,7) , show that '^B*"J_'*CD*. 



Solution : m = 1 " % 

— -^g» ~1 - 2 



= 7-1 _ 6 3 



Since - I • f = "1 it follows that 



Example 2. Given P - (4,-15) , Q = (-17,3) , R = (0,5) , 
determine whether' or not ?5 la perpendicular to W. . 



Solutions 



3+15 _ 18 _ 6 „ _ 3 - 5 2 



-rr^ - -IT = = 7 • 



17 



r =1 . Therefore ^PQ,* Is not perpendJ 



to m 



Example 3. If A = (0_,0) , B = (4,3) , C = (8,9' 
Da (-5,11) , prove that the diagonals of quadrllater.- ABCD 
are perpendlculai' . * 

Solution : Since m = | , m__ - f, = - S d since 



AC ° BD 



§ • (-^) = -1 , it follows that AC J_ BD . 

Example 4. Given A ^ (5>-7) , B ^ (o,0) , C - (1 ^ 
determine whether or not triangle ABC Is a right triangle. 

Solution : SlnGe m ^ - ^ , m = 6 , m ^ S ^ it 

AB "AC BC ^ 

follows that ^ M andihence ABC is a right triangle ^ 
with right angle at B . 
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Example 5. Given A - (-1,3) , and B ^ (5j=l) /find an 
equation In point-slope form for the parpendicular bisector of 
AB In the xy-plane. 

Soil! t Ion I Since the. slope of ^AB*^^ ^ ^ ^ ^ f * 
follows that the slope of the perpendicular bisector Is . 

The midpoint of M Is ^ 5 ^ ^ ^ (2,1) . Then the 

equation of the perpendicular bisector Is y = i = ^(x = 2) , 
or 3k - 2y ^ h , 

Alternate solution: The midpoint of AB is (2,1) and*? 
the slope of the perpendlcular^^clseotor of TO is ^ as fn 
the above solution. Then parametric equations for the 
perpendicular bisector are 

X ^ 2 + 2k , y - 1 + 3k . 

Then 3x ^ 6 + 6k , 2y ^ S + 6k j 3x - 6 - 2y - 2 ; 

3x^'= 2y ^ H . It follows that 3x - 2y ^ k is an equation 

for the perpendlGular bisector of AB in the xy-plane , 



Problem Set 8-lQ 

2 - 1 

1, ^^ Lines p, q^ ^r, and s have slopes ^ , ^4 , -1^ , and 

^ J respectively. Which pairs of lines are perpendicular? 

2, The vertices of a triangle are A(l6jO) , fi(9,2) , and 
C(0,0) . 

(a) What Is the s|ope of TO ? 

(b) What Is the slope of a line tjrat Is perpendicular 
to TO ? ^ C " ' 

(c) What is the slope of W ? 

(d) What is the slope of a line that Is per^pendicular 
to M ? ^ 

3, Show that the line containing (0,0-) and (3,2) is 
^.perpendicular to the llpe containing (OjO) and (=2,3) , 
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Show that AB I BC if A = (a,b) , B ^ (0,0) , and 
C ^ (-b,a) where a ^ 0 . and b 0 . 

Given the points P(l,2) , Q(5,-6) , and R(b,b) , 
determine the value of b so that £PftR is a right 
angle . 

Given ""ab"^- C(x,y) : x ^ 1 + 2k and y ^ 2 + 3k , 
k is real) , and ^CD^^ C(x^y) : x - 1 = 3k and 
y ^ 2 + 2k , k is real] . 

Prove: (l) and ^OD^ Intersect in (l,S) . 

(2) ^AB*i^CD*. 

Given^A^^C (x,yj-^ ^ =1 + ^k , y ^ 2 = 3k , k is real 
If Cn ^ AB and *CD* contains (=2,2) ^ express ^CD*^ with 
set notation symbols and parametr^ic equations. 

The vertices of triangle ABC are A(0,0) , B(3,2) ^ 
and C(^,^i) , Using parametric equations express: 

(a) The line through B that is parallel to *AC^ , 

(b) The line through B ^.that is perpendicular to ^AC^. 

(c) The line through A that li^^^arallel to ^BC^, 

(d) The. line through A that irf\erpendicular to . 

(e) The coordinates of D if d^4b on ^BC^ and 
^AD^J^'^BC* . 4.. 

Using slopes, show that the quadrilateral A(8,o) , B(6,4) , 
C(-2,0) , D(0,-4) has four right angles. 

Express in set notation the perpendicular ^iBector of the 
segment that Joins the following pairs of points. 

(a) (3,3) and (1,1) . ^c) (-3,^1) and (3,5) . 

(b) (-3,2) and (3,-1) . (d) (0,0) and (a,b) . 

Show that if (a,b) and (c,d) are distinct points, 
the line p containing them is perpendicular to the 
line q Joining (b,G) to (d,a) ! 

Given A - (0,0) , B - (4,2) , (3,-3) , D - (x,-2) , 

(a) Find x so that "^AB^^^CD* 

(b) Find x so that ^AB*| | *CD^, 
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13. Given: A(3^5) and B(\l,-2), Calculate the slope of the line 
perpendicular to Al th>cush A and draw the line. 

1^. Given P(=3,l) , Q(0,=5) , and R(5..0) , Calculate m , 

(a) Through R draw a line parallel to ^PQ^ , 

(b) Through R draw a line perpendicular to *PQ* , 

15/^^he elope of a line p through (2,3) is ^ ^ . ■ 

(a) Give the coordinates of two other points on p . 

(b) Give the coordinates of two other points which are 
^ contained in a line throu^^h (2,3) perpendicular 

to p , 

l6. Given a quadrilateral A(a^b) , B(a + c^b) , c(a + c_,b -+ c) 
D(a/D + c) . / 

(a) Prove that AC ^ TO , 

(b) Prove that AC BD * 

(c) Prove that aF and BD have the same midpoint. 



8-11. FarallelogramB , 

This section i^pntains several definitions and theorems 
relating to parallelograms. In Chapter 6 we defined a 
parallelogram as a quadrilateral each of whose sides is 
parallel to the side opposite it and pr^oved two theorems. 
They are 

1. In any parallelogram each side is congruent to the 
side opposite it* (Theorem 6-6) 

2. If two -^eides of a quadrilatera : are parallel and 
congruent^ then the quadrilateral Is a parallelogram. 
(Theorem 6=7) 

In Probp.ems 2 and 5 of Problem Set 6=7. and Problem 5 of 
Problem Set 6=8b, we proved statements which we now introduce 
formally as theorems. 
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8=11 \ . . 

THEOREM 8-18, A quadrilateral Ip a parallelogram\lf each of 
its sides' Is congruent to the side opposite It. 

THEOREM 8-19 * A quadrilateral is\a parallelogram if and only 
if e^ch angle is congruent to frhe..^gle opposite it. 



We now consider cases of special parallelograms which / 
have properties not common to all parallelograms, ' / 

' DEFINITION . A parallelogr^Jl.s a rectangle if 
and only if it has a right angle, . • 

Perhaps you think of a rectangle as a quadrilateral havlne 
four right angles. It is possible to start with this as a . 
definition or the one given above. In either case the other/ 
statement becomes a theorem, . ^ ^ " 

^^NITION, A parallelogram is a rhombus if and 
only if two consecutive sioles are congruent, 

DEFINITION , A parallelogram is a square if and 
only if it has a right angle and two adjacent 
sides that are congruent. ' 

You should notice that every square is a rectangle and 
also a rhombus. We might say that the set of squares is the 
intersection of the set of rectangles and rhombuses. We can 
picture roughly the set relations as follows: 
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In this diagram the region marked P r*epresents the set 
of parallelograms; the region marked , the eat of 

rec tangles j the region * ^he set of rhombuses; the region 

marked S ^ the set of .squares. 

The following theorem is a direct consequence of our 
, definition of a rectangle and Theorem 8=19. 

THEOREM 8-20 . A quadrilateral Is a rectangle if and only if ^ 
it is equiangular-. . . : 

The proof Is left as a problem. 

As a -direct consequence of the delMnition of a rhombus 
and Theorem 8-l8,'we also proved . . . 

THEOREM g-21 > A quadrilateral is a rhombus if and only If it 
Is equilateral. 

' f ■ . 

Problem Set 8-11 

Does a rhombus have ajl the properties of a par^llerogram 
Does a parallelogram have all the properties of a rhombus 
Explain p ' , 

2p Define a squaW in terrns of: (a) a rhombus^ 

■ . (to) a rectangle. 
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3. (a) Write the parts of Theorem, 8-20. 
(b) Prove both parts of the theorem, 

4. (a) Write the two parts of Hieoreift 8-21, 
(b) Prove both parts of the theorem , 

5. Identify the following statements as true or false .y^ Be 

able to Justify your answer for each statement* 
* 

(a) If a quadrilateral is a raotanglei it la equiangular 

(b) If a quadrilateral is equiangular ,h it is a rectangle 

(c) If a quadrilateral is a rhombus, it is equilateral, 

(d) If a quadrilateral is equilateral, it is a rhombus, 

(e) If a ^quadrilateral Is re^lar, it is a square* 

(f ) The two triangles determined by a diagonal of ^ 
parallelograin are congruent, 

(g) If the triangles detemined by one diagonal of a 

. , quadrilateral are congrnient'^ the quadrilateral is a 
, parallelogram. . ' 



8-12* Using Coordinates in Proofs , ^ * 

We have seen that the xy-eoordini%e system is a useful 
tool in solving problems in geometry* As we pointed out in 
the beginning of this chapter, there are many ooordinate 
systems in a plane. It is natural to expeet that a coordinate 
system selected to "fit a problem"u^mlght be a better tool than 
one set up without reference to the\ problem. And this is 
indeed the ^ase, as we now lllustrMe, 

Example . Prove that if 'a line segment Joins the midpoints 
of two Bides of ^ triangle, its length is half the length of 
the third side . 

Proof I". 
- # 

Supppse a triangle and a line segment Joining the mid- 
points of two of its sides are given. Label the givin triangle 
ABC so that the given segment Joins ,the midpoints of sides 
and W . Call these mid^lnts D and 1 'respectively* 



V 
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■ . We now Bet up an 3Qr-coor41nate system in the plane of 
^triangle ABC which aeems to fit the problem. We choose line 
OX as the line ^AB*, We choose- point A as the origin / The 
l^ne *0Y* is taken as the line In the plane ABC which is 
perpendicular to ^OX^ at A . Then A ^ (0,0) , B m (b,0) , 
C = (c*d) , for some real numbers b, d . (We know that 
b 0 since A and'' B are different points. We know that 
d ;^ 0 , since A, B| 0^ ^are noncollinear points,) 



Then we use the midpoint formula to get 




l^en DE and AB are hor^^ntal lines and 

\C| lb I 



jb + c 
I 2 



I 



AB - |b - 0| - |bj . 

- 1 % 

It follows that DE ^ ^ AB , and this completes the proof 



Proof II:. 

In the above proof we labeled ^our figure and set up a 
cobrdlnate syN^m to fit the problem. We now give a proof 
using a coordina^-_^yBtem wt^ch is not set up to fit the 
problajn. Scan this proof ta^see.how it compares In diffiiculty 
with the above proof. 
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Suppose a tri^gle ABC Is given and that D,^!, F are the 
mldpolnte of W, W, JS, raspectively . Then uelng the 
mldpoin% formula we find that ' 



D ^ 



^A 



Using the distance formula we get 



C 



X N 2 



But 



Therefore DE - ^ AB. . Similarly EP = AC and DF BC 
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As yovL can see from these two proofs an xy=eoordinate 
system which is set up to fit the problem simplifies the 
expreseions Involving coordinates which are used in the proof* 
In Proof I we fpund that ^ § ^ • This proves that DE 
is horizontal and hence that TO j j TO . 

It might appear in our first proo^ that we are proving 
only a special case. Actually the pr;oof applies to all oases. 
The X-axis and the y=axls can be chosen anywhere In the plane 
so long &s they are perpendicular to each other. For con- 
venlence we chose AB as the x-axlfa. We cannot then choose 
AC as the y-axis. For then AC AB ^ and this would mean 
that the proof is for the special case of a right triangle. 
After selecting a line for the x-axis we may select any point 
In It as the origin' We chose A as the origin. Then ^DY^ 
Is/taken as the unique line In the plane of triangle ABC 
which Is .perpendicular to X at A . The proof Is general 
since we can sat up such a coordinate system starting with, 
any triangle and the segment Joining the midpoints of two of 
Its sides-^ * 

We state as a theorem what we have proved, 

THEOREJ^^gg , A line segment which Joins the midpoints of two 
sides of a triangle Is parallel to the third side and Its 
length Is half the length of the third side, 

problem Set 8-lS 

Prove Theorem 8--17 If the coordinates of the vertices' of 
AABC are-, A ^ (0,0) , B - (2b^0) , and C ^ (2c, 2d) , 
. Is there any advantage In choosing these coordinates 
rather than the coordinates In Proof I. of the example? 
If there Is an advtatage, explain. 

Given a ABC with AB"= 6 , BC = 8 , and AC ^ 10 . 
Find the perimeter of ^DEF , if D, E, and F are 
midpoints of the sides of the triangle.. * 
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It Is desired to measure the dlBtanct between two trees on 
opposite sides of a building, 
if the two trees are represented 
by points X and Y r then 
locate a third point Z from 
whieh both X and Y may be 
seen. Flaoe stake* a^ M and 
N ^ the midpoints of "X? and 
W . How oan you find the 
^distance between *X and Y 
after measuring W ? 




In Problem 1^ if o ^ 0 
triangle , Explain , 



then 



is a 



Prove that the midpoint of the hypotenuse of a right 
triangle is equally distant from the vertleee of the 
triangle. * 

aiven ieoseeles triangle ABC , Set up a ooordlnate 
system with the vertex of the triangle on the y=axls and 
the corresponding base of the triangle on the x-axls. 

Prove the statements If a triangle is Isosceles, the 
medianB .to the two congruent sides of the triangle are 
congruent. [ Hln^ i Let vertices A and B be contained 
in^he X-axis and vertex C be contairied in the y-axis* ] 

^rove the statements If the medians to two sides of a 
triangle are congruent j the triangle is Isosceles, 

Write a single ^statanent which combines the statements in 
Problem 7 and Problem 8, 



It Is desired to measure the distance between two trees on 
©pposite sides of a building. _ - 

if the two trees are represented 
by points X and Y r then 
locate a third point Z from 
whieh both X and Y may be 
seen. Flaoe stake* a^ M and 
N f the midpoints of "X? and 
W . How can you find the 
/^dlstanoe between *X and Y , ^ 
after measuring W ? 
Explain. 

In Problem 1^ If o ^ 0 , then is a 

triangle. Explain, 

Prove that the midpoint of the hypotenuse of a right 
triangle is equally distant from the vertices of the 
triangle. * 

Given isosceles triangle ABC . Set up a coordinate 
ay St em with the vertex of the triangle on the y=axls and 
the corresponding base of the triangle on the x-axls. 

Prove the statements If a triangle is Isosceles, the 
medlanB .to the two congruent sides of the triangle are 
congruent. [ Hin% : Let vertices A axid B be contained 
in^he X-axis and vertex C be contairied In the y-axls.] 

^rove the statements If the medians to two sides of a 
triangle are congruent j the triangle Is Isosceles, 

Write a single ^statement which combines the statements in 
Problem 7 and Problem 8. 
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TmOREM 8^23 , Given quadrilateral ABCD with A ^ (0,0) , 

B ^ (a,jO) J D ^ (b,Q) , then ABCD is a ^rallelQgranfi if 
and only If C ^ (a + b,c) . 



Proof I There are two thlnge to prove i 

(1) If ABCD la a parallelogram, then G ^ (a + b,cj . 

(2) If C ^ (a + b,c) , then ABCD la a parallelogram. 











D(b,c) 

/_ 


C(x,y» 

/ . 


' 0 


A!o,o) 





(1) Suppose AKD Is a parallelogram. Let C ^ , 
Since ^AB* Is horizontal j then ^DG* is also horizontal* There- 
fore y " G . If b ^ 0 then neither *AD* nor *BC* Is 

vertical. Since AD | | BC It fol^ws that m ^ m and 

G V ^ TO BC 

hence that ^ ^ x - r - ' y ^ c , Therefore x - a ^ b ^ 

X - a + b , and C ^ (a + b,c) . If b ^ 0 , then D Is In 
ttee y-^axis and AD is vertical. Since K | | Id ^ BC is 
also vertical andc x ^ a ^ x - a + b.. , and again C ^ (a + b^c) 

V J 



C(a+bjC) 



A (0,0) 
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(2) If * C ^ (a + b,c) then W Is horizontal and henee 
parallel to W . Also DC m |a + b - b| ^ |a| ,/ 
AB ^ |a - 0| ^ |a! , Then DC ^ AB and W \ \ ^ , it 
follows frhat ABCD Is a parallelogr&n. ' 
-. \ . 

Corollary S-gsil , If the coordinates of the vertices of 
a parallelo^am are A ^ (0,0) , B ^ (a,0) , C ? (a + b,c) , 
and D ^ (bje) , then the parallelogram Is a rectangle If and 
if 6 - 0 , 



Proof I T^ere are two things to prove i 

(1) If ABCD Is a rectangle, then b ^ 0 , 

(2) If b 0 , then /ABCD is a rectangle. 



C(d+b^e) 




PART (1) 



£(o,c) 




PART (2) 
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(1) If ABCD la a rectangle, then £a Is a right - ' 
e and J_ W . Therefore, D la In the jr-ajtls and 
0 . 

(2) If ABCD Is a parallelogram and b ^ d * then 
^|(0^c) . Since D is on the y-axls/ we imow that 41©^^^ 

/A Is a, right mgle* ipherefore, ABCD ii a reotai^le. 



Corollary 8-23-2 , If the coordinates of the vertloes of 
.a parallelogram are A ^ (0,0) ^ B = (a^O) , C - (a + b,c) 
and D ^ (b,c) where a > 0 , then t he parallelogrMi la a / 



rhombus if aind only If a 



Proof : ^ere are two things to prove i 

(1) If ABCD is a rhombus /^han a ^ y4* + c^ , 

(2) If a ^ + c , then* ABCO is a rhombus. 




D{b,G) 



f PART (1) 



Y 
ii 



D(b,c) 



C( /b^+c^ + b,G) 




FART (2) 
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(1) If ABGD ,1s a rhombus, 'then by def inition AB ^ AD . 



' EST the distance formula AB ^ a , and 
substitution property of equality a 

(2) 




% the 



5^ the dlBtanee 



It li given that 
formula AB ^ a , and AD m y^b" + . ^ the substitution 
property of equality AB = AD , Since two "adjaoent sides of 
the parallelogram' ABCD) are congruent, the- parallelogram is a 
rhombus . 

\ We shall use the results of Theorem 8-23 and its 
coroMarlei to prove certain properties of thi diagonals of a 
parallelogram, a rectangle/ and a rhombus. The following 
experiment will help us to discover these relations. 

Experiment 

Draw several pictures of a parallelogram, a rectangle ^ a 
rhombus, and a square. Use a protractor and a ruler to 
discover the properties that appear to be true with respect to 
the diagonals of each of the given quadrilaterals. Record 
your findings in the chart by checking the quadrilateral which 
has the .listed property. 





Diagonals 
bisect each other 


Diagonals 
are _[ 


Diagonals bisect 
the angles 


Parallelogram 








Rectangle 








Rhombus 


i J- . 






Square ' 


'] . 






THEOREM 8^24, 


A quadrilateVal 1 


s a parallelogram If and only 



if the diagonals blaect each other. 
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Proof I T^ere are two things to p^ver 

{l) If ABCD ii a parallelogrMi^ then AC" and W 
biasAt each other. ^ 

(2) If AC and IB bisect each other/ then ABCD 
la a parallelogr^. 



EKLC 





i 


i 


















C(o+b,c) 










- / 




----- 














0 






B(a,o) 


-» 




\ 


f 


PART (1) 








1. 



PART (2) 
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8-13 ^ ; ' ; ^ 

. (l) You will be a^ked to provt Part (1> of Theorem 8-24 
ih^he' next problem set. 

(2) l^t the coordinates of the quadrilateral be ' 
A m (0,0) , B * (a,0)> , C ^ (x,y) , and D m {b,Q) . Since 
A? and TO bisect eMh other they have the same midpoint. 
Thus V I = . » • , ■ 



,and 



X + b »^ § ^ ^ 



m. 



Prom this we see that a + b and y ^ c . Therefore 

C ^ (a + b,c) ^nd by , Theorem 8^23" ABCD is a paTallelograj 

You will be asked to prove the following theorems' in the 
next problem set. You should note that there are two parts 
to the proof of each theorem. You should write put the two^ 
parts ^of the etatement which must be proved before beginning 

your proof. . * 

/ ■ 

Theorem 8^23 and the two corollaries will help you set up 
the' coordinate system for Theorems 8^25 and 8-26. 

THEOREM 8-25, A parall^ogram is a rectangle if and only if' 
the diagonals are congruent. = , 

THEOREM 8-26 ^ A parallelogram 13 a rhombus if and only If the 
diagonals are perpendicular. 

THEOREM 8-27 . A parallelogram is a rhombus if and only if a 
diagonal bisects one of Its angles. 

^ : Problem Set 8-13 

l\ Prove Part (l) of , Theorem 8-24. 



2. \ Prove Theorem 8-25i ^ 

3. / Prove Theorem 8-26j 

4. Provfe Theorem 8-21 



5^ -List the properties of a rectangle that are not true 

all parallelograms. ■ .\ - . 

6. List the propertiti of. a rhombUi that are not 'true 
parallfilograrna, . ^ 

7. Keeping in mind It^definltlpn^^ may a equjre be oonsidered 
a reetangle? a rh^bua? Then a square "Inherits" the 
properties of - ^ ^ > ^ and 

8. Make a chart like the following and cheek which figures 
have the listed propertlef. = % 





parallelo- 
gram 


rectangle 


rhombus 


square 


oppositgssldes are | | ^ 










opposite sides ^^^^ 










opposite are ^ 










consecutive are supp. 


f 








diagonals bisect each other 










diagonals 'are S - ■ , 






i 




dlagonais are ^ 










diagonals bisect' angles 


E 








It Is" ^equllataral 

- ■ - ■ '—^ ^ - 










'it is equiangular 










It Is regular 











9. Starting .^with t'he set of all quadrllaterars explain how 
*^^the set' of parallelograms ^ rectangles^ riiombuses and 
squares may be considered as subsets* 




8-14, 'Tya^Eolda , 



DEFINITION , A quadrilateral with one 'pair of ^Ides . 
paFAllel arid thi other pair of sides not parallel 
Is oalled ,a trapezoid . %^ ' . ^ ^ . . 



ALTITUDE 



LEG' 





BASE 

.* * 








. MEDIAN 





PEFINfTION , The parallal Bides of a trapezoid are 
callad the baeys of the trapezoid] the other two^' 
aides are ealled the lefee of the trapezoid, 

definition / If Al la a base* of trategoid ABCD 
then A and B are a pair of bftse angles of the 
trapezoid, ^ 

. • ■■ ■ '^-^ 1 

DEFINITION , A line sepnent which Is perpendioular 
to the lines containing the bases of|r the trapezoid 
and which has its endppints 'In^ these lines Is 
balled an altitude of the trapeioid, ' 

^ - -^^ ■ ^ 
DBPiNITION , Wii line; jsepient which connects the 
midpoints of the lege of^ a trapezoid la called 
the medlg^n of the trapezoid, . ^ 



DEFINITION , 
is called an 




peeold whose legs are congruent 
eles trapezoid. ' 
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* Problem Set 8^l4 » ' - _ * 

Prove tliat the median of a trapezoid Is' parallel tg'ltsf 
bases and tfiat ItlSlength is hQir the ^ sum of the lengths 
of Its base J. Hint I Let be the trapezoid >ith 

A - (0,0) , B - (2a,^) ; C - (2b, Sg) , D ^ (2d,2o) ^ 

Using the result of Problem 1, find the length of the 
segment marked x or y in the following diagram. 
Parallel lines are indicatfd by arrows^ lengths by 
n\imbers, and congruent segments by dashes. ^ * 




One angle of a trapezoid measures 100 . , Can you find 
the measures of its remaining angles? If, in addition, 
you were told that the opposite angle has a measure of 
70^N^ could- you then find the measures of the two 
remaining angle0. mmX are they? 9 

Prove that a pair of ba.se angles of a trapezoid are ^ 
congruent if .^d only if the trapezoid is isosceles, 
(Decide first whether you will or will not use 
coordiriatee . ) 
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^ Trove that, the diagonals ^ 
of a trapezoid arei oongmient 
If and only If It is 
isoBdelee. (If you uee 
coordiftates you might 
c4iooae ooordinates as 
shovm. Then you have to 
proya; two statements*) 

(1) If d m , then the 
diagonals are Qongruent 
*(2) l^^he diagonals art 
congruent, then d ^ 

Proves ^e segment joining 
the midpoints of the 
diagonals of a trape^ld . 
is parallel to^ the bases 
and equal in length to 
half the^ dif ference ,of 
their lengths. 





8^15 • Concurrent Lines. 



In this section we prove several statements which contain 
the phrase *'the set of all points," Membership In the set is 
determined by a condition or a comblna^on of conditions, ilie 
^ proof of such a statement consists of .two parts* We must 
prpve that t - ... 

- 1. Any point belonging ^to the set satisfies the given 
condition. 

2. Any point that satisfies the given condition belongs 
to the set . 
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TmOTmi 8-28 , The set of all poiMs in a plane'whloh are^ 
' equldlstartb from two given pon^s in the plane is the 
peripendloular bisector of the sep^ent Jolnir^ the given 
points. 



J 



proofs Given two points A and B and 'a plane which 
eontains them. Choose *AB* as ^the x-axia and thi midpoint of 
TO as the origin. ' . ^ 



Then there ^Is a real number a , a 0 , ^such that . ^ 
A - (-a,0) and B - (a^O) . Then the y-axls ii the 
perpendicular bisectpr of AB , ^ere are two parts to the 
proof. 

(1) If P is in the y-axla, then AP ^ PB , 

(2) If AP ^ PB ^ and P is, in the xy^-plane,^ ^then P 
'is in the y-axis, ^ ^ - ' 



(1) If p is in the y-^axis, then P - (O^b) for some 
number b and 

(AP)^ ^ (-a -^0)^ + (0 ^)^-- a^ + b^ , 

(BP)^ ^ (a - of + (0 - b)2 ^ + b^ , /; 

and AP p BP . 

^ -(2) If P(x,y) is any *polnt^such that^ AP ^ PB , then 
it follow^ from the dista^e formula that 

. ■ ^ ir 

2 2 2 2 

^ (x + a) + y ^ (x - a) + y^ 

2 2 2 2 2 2 

X t 2ax + a" + y * x - Sax + a + ^ 

4ax - 0 , and since a ^ 0 j 

i . ■ 3^ ^ 0 . 

Therefore P is in the y--axle* 
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-15. 
have 



For the purpoees of the next corollary It is convenient to 
a definition of concurrent lines. 



DEFINITION . The lines in ^ set of lines are called 
concurrent if and only if there is exactly one point 
which lies in all of them; the segments in a set of 
sepdents are called concurrent if and only if there 
is exactly one point, which lies in all of them, / 

^ ' ' . ^ . . ■ . . ^ \ 

According to this definition and our earlier definitions, 
we note that concurrent rays lie on Goncurrent. lines, or in the 
special ease of two opposite rays, they lie en the same line. 

Corollary 8^g8^1 , The perpendicular bisectors of the sides 
of a triangle are concurrent at a point equidistant from the 
vertices of the triangle, * 




Given triangle ABC , Let p, q and r be the 
perpendicular bisectors of ,AB> BC and A? j respectively. 
Either , p and r intersect or p is parallel to r * If 
we assume p | | r then AB r . ■ But r ^ AC by hirpothesls. 
What theorem does this contradict ? The assumptidn that p is 
parallel to r is false. Therefore p Intersects r at a 
point. * 

If 0 is the point of intersection of p and r ^ then 
OB ^ OA and OA - OC by Part (l) of Theorem 8--28. Therefore, 
OB = OA ^ OC by the transitive ' property of equality. There- 
fore j 0 is in q by Part (2) of Theorem 8-28. This proves 
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8-^15' i ■ ■ . ; . 

that pg q,:and r are oonourrent at A point .equidistant 
from B» and C, the vertices of the trlariglei 

TOfflORi^ 6-29 . The aet of all points in the interior of an 

BiiQli which are equidistant from the lines which epntain 
the Bides of tjie angle is the Interior of the mldray of 
the angle* 




. Let 



(1) If P is in the interior of BD^^ then the distance 
from P to *AB* equals the distanse from P to ^Bc' 

(2) If P is in the interior of ^ABC and if the 
distance from P to *BA* equals the distanea from 
P to *BC*^ then P is" in the Interior of ED*, 

(1) Suppose P is an interior point of BjD , Since 

m /ABC < l8o , then m /PBC < 90 and it follows that the foot 
of the perpendicular from P to ^BG* is some point on BC*^ 
call it . Similarlyj the foot of the perpendicular from P 
to *BA* is some point in BA* , call It E * ^BPE & ABPF 
by S,A,A. and PE ^ PF . Hence the distances of P from *BA* ■ 
and *BC* are equal, 

(2) Since P is in the interior of the angle and 
TO 1*BA*, W 1%C*, and PE ^ PF , then AFm ^ aPBF and 
m /FBP - m /EBP , Ilierefore BP Is the-midray of /ABC , 
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8^15 



CQrollapy 8^29-1 * lines whleh aontaln the angle , 

bleectors of the angles of a triangle apf Goncurrent at a "point 
equidistant from the sides of the triangle. 



Proof 




Let A ABC with angle bisectors BE* CP* be given. Now 

Afli^jid CP (except for the points A and C) lie in the 

.-Bame= -half plane with- edge - AC "^Al so" Ad" and CP* are not 
parallel (since the measures of /CAD and /PCA are each less 
than 90 ), Let i be their point of intersection. Prom 
Part (1) of Theorem 8^25 it follbws that I is equidistant 

^ f rom ^AB* and ^AC* and also equidistant from ''ac* and *CB*, 
It follows that I is equidistant from ^AB* and *BC* and by 
Part (2) of O^eorem 8-25 that I lies in ^H*'. This means 
that ^Arf^ ^EeT and ^CP* are concurrent In the point I , and 
I is equidistant Irom *AB^ \o^, and *CB^. " 



Problem Set 8-15 

Given A(-3,0) , B(0,4) , C(5.0) . Plot points A, B 
and C and^ show by a drawing how to locate a point D 
such that DA ^ DB ^ DC . ^^plain your drawing and state 
the theorem (or corollary) that suggested it^ 

Given A(-2,0) , B(0^-6) , and C(3,0)* Using a protractor 
find a point D such that the distances from D to *AB*, 

and ^CA^ are equal. State the theorem (or corollary) 
that suggested your drawing. ^ 

Given A(-3,0) , B(5,0) , and c(0,4>. Use a .ruler and 
protractor to: 

(a) Find a point X such that AX ^ BX and the distances 
from X to AC and W are equal . 
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0 (^) Find a point on the ^-axla that Is eqiially distant 
from A and B . ♦* , 

(e) Find a point on tha .yraxls that li equally distant 
from *AG* and *BC* , ' " = 

In trlangle^ ABC ^ D le the midpoint of W j 1 the 
midpoint Of , and F the midpoint of Al . 

(a) If AB ^ 12 CB m g ^ and AC ^ 10 I find DE, EF, 

(b) Prov® ttmt m \ \ W i that^ W \ \ W ^ that ^ ^ 
' TO I I Cff ' , 

(c) The perpendicular "bisector of TO Is also 
^perpendicular to ? / The perpendicular ^bisector 
of BC .iB also perpendicular to ^? . ^ ^e 
perpendicular bisector of CA Is also perpendicular 

- (d) Are the- lines that contain the altitudes of triangle 
DEF concurrent? Explain, 

We^ sketch two proofs of the following statement* 'The 
lines that contain the altitudes of a triangle are 
conGUf£*Fent , You are (to fill in the missing parts of each 
proo^^^^^Jhen decide which proof seems to be more 
satisfying, ^ . 

Proof It 

Let ABC be the triangle. Consider the line through A 
parallel to j the line through B parallel to TO" i 
the line through ^ C parallel to , Let these lines 
meet in ft^ R as shown in the diagram, ShoW that 
^PAB n ^CBA and that PA ^ CB . Similarly show that 
CB ^ AQ , It follows then that PA=^ Aft , In the same 
way PB ^ and RC ^ CQ , Ihe altitude from A to 
is contained In the perpandloular bisector of ^ff , 
Complete the proof. * ^ 
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/ 



PrQof II I 

Let the trlar^le be ABC 
and choose axes so "that 
A = (a,0) , B -^(0,b) , 
iuid C = (c,0) * Then the 
Y^bxIb oontaihs the V 
altitude from B to AC ; 



CB . AB 



Therefore the slope 
of the altitude, h^ from 
A la and the slope of 

the altitude from C ^ h_ * 

Xb I . Why? 

The line 'that contains h^ 



f 








/ V 










/ / 

f / 


\ ^ 


A(e,o) © 




1 





((x,y) :x^a + bk,y^O + ck,k Is real} ; 



the line that contains 



[(x,y) 

Setting k 
in h 



X ^ c + bp , y 



is 

i 0 + ap , 



^ # we find that 

D 



.(0. - ^) 



p Is real) . 

is contained. 



■a I 

is also contained in 



Setting p ^ - 4 we find that (0, - ^ 



b """" b 
Why? Since the x-coordlnate 



of this point is 0 > the point is on the y-axig^ which 
contains h. . Therefore the lines which contain the 

D 

altitudes are concurrent. 

Prove Corollary 8-28-1 by coordinates. 



; * ■ 601 



8»l6. ' Summary . ^ * 

In this chapter 'we defined coordinates In a plane and we 
used them as a tool in formal geometry. We have seen^ some 
"neat" proof e Invplving coordinates. In other situations we 
haVe decided to write proofs without coordinates. In i 
constructing a proof using cQordinates it is usually w^se to 
set up a coordinate system which makes the expressions involvir 
coordinates ma slhiplfc as possible* - ' 

]|fe developed. several expressions for the coordinates of 
the points^ ot a line, with ^onslderlLbie jpphasls on the use of 
set ^builder notation and pariunetriG equations. We defined the 
slope of a non^vertical line and used it to get conditions for 
perpendlcularltjr'and parallellam of .oblique lines i 



p I q if and oniy,.lf m ^ m ^ -1 , 

. P q * ^ 

p j| q if and only. if m ^ m . 



I 



We developed, several, equation^ for lines* 

^ the two -point form^ 
the point-slope fom. 

We developed several formulas: 

the ^l^ance formula, 
the midpoint formula. 

The chapter Includes se^ral theorems on triangles* 

^one about a line Joining midpoints of two'si^dee^ ^ 
■ one about concurrence of angle bisectors, • 
one about concurrence of perpendicular bisectors .of^ sides t 

The following table surmnarlges several definitions and theorems 
which are concerned with quadrilaterals. Each line in the 
table yields a statement of the form- An A Is a B if and 
only if C , Proofs for statements with no reference listed 
are easy. 
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In-: 



A • 


B 


C 


by 


quadrilateral 


parallelogram. 


opposite sides are parole,! 




quadrilateral 


parallelogram 


opposite sides are congruent 

i 


Ch. ,8 


La CL <J-L -L J, -L Ci .L 




. congruent 


Ch . 6 


r quadrilateral 


parallelogram 


'diagonals bisect each otheis 


Th.8-24 






a1 1 ^irtp^ arp nonffriipnt 




t 




all rIcIpr ar^p ronfffnipnt and 

all' angles are right angles 




quadrilateral 


trapezoid 


exactly one pair. of. sides 


Defn. 

J 

1 n * M u 


JL ^ W ^ii4 






in , o=d± 








Th . 8-25 


parallelogram 


rectangre 


dll angles ^are right angles 




parallelogram 


rhombus 


diagonals are perpendicular 


Th,8-26 


parallelogram^ 


rhombws 


diagonal bisects one angle 


Th,8=27 


rectangle 


square 


* 

all sides are oongruent 




rhombij^ 


square 


^all angles are oongruent 
— — = J 





Review Problems \ 



1, Plot th,e' graph of each of the following. 



(a) 




[(x,y) : 


X = 


2 


5 


0 < 


y < 3/.,^ 1 
X < 3 ) . ' r ^ 


(b) 


q = 


t(x,y) I 


y - 


2 


J 


0 < 


(c) 


r = 


C(x,y) : 


X ^ 


1 


+ 


2k , 


y = 1 - 2k ■ k Is an 






iuteger 


and 




= 2 


< k 


< 2) . 


(d) 


s - 


C(x,y) : 




y 




3 , 


0 < X < 3 and 0 < y < 3) 


(e) 


t = 


[(x,y) : 


X + 


y 




3 , 


-3 < X < 0] . 
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IB the folloi*lng Information sufflelent to prove 
quadirllateral ABCD a parMlalogram? ■ - 7 

(a) AB a DC J SI I I K . ■ ^ 

(b) AB = DC J AD i BC . f ^' 

(c) AB I I J AD* I i' S . ■ 

(d) AB = D%j I I M . 

(e) ^ . , 
(f ) IC blse^ts^ ID , 

(g) AC bisects^^ ; BD bisects Ic A, . , 

(h) AB J_ AD J TO J_ AD~j K J_ CD . ♦ . , 



AABD = AJBD . 
(J) AABD % ACDb . 
(k) Ik ^ IC I aFnI I W . 
(1) ^A « ^c y AB = DC 

ThB dlagdnals of a rHpmbus are 16 emd 30 / Find 
the perimeter, of the rhombus. * \ ^ 

The ratio of the lengths of two .aidee of a rectangle 
is 3 i 4,,. The length of the diagonal of the rectangle* 
'is 4o i find the lengths of the sidee of the rectaSngl^. 

Three vertices of rectangle ABGp are A(-l,-i) , ' 
B(3,-l) , and ^(3,5) . ' ' .-^ 

(a) What ii.^the fourth vertex? , 

(b) ^ What is the midpoint of AB ? 

(c) What is the midpoint of .Iff ? 

(d) What is AB 7 ^ , , ' 
(eO Whatsis AC, ? Show that AC ^ BD . 

(f) Write ^AB^ using' parametric equations. 

(g) Write AC using parametrio equations* 

(h) Find Q on AC such that AQ * 4 AC ^ 

(l) Writt parametriG e^^ti^s for the line through C 
that is perpendiculg^ to 'W 

An isosceles triangle has vertice/^ (0,0) , (W,0) ^ f 
(2a, 2 b^) 

(a) What is the slope of the median from (0,0) ^ if any? 

(b) What- is the slope of the median fram^ (4a, 0)., if any? 

(c) Find th?i slope ot the median frpm ,(2a,'2b) , if any. 



r 
t 



, in square ABCD , R Is the midpoint of W and S ^ 

1% the midpd^nt. of OT , < M ^^intarsects II in T . 

(a) Proye that BS ^ AR * , 

(b) Prove that M M . ^ ^ . ^ 



*(c^Prove that TD ^ AB ' ^ . ' 

" Hint i Let ' .A ^ (0,0) ' B ^ (2a, O) * - 

. 8. Prove that^^tha median of%^ ti^ezoid biaeots a diagonals 

9* (a) Waiit is am equation of the x-aixis? 
(b) Wriat is an equation of the y-axis? 
(e) Show that all points of both axes satisfy the 
^ equation xy ^ 0 

10. A rhombus ABCD hA ' A at the origin and ^5 tri the^"; 
positive x-axis# ^ /A -,60 * AB ^ 6 , C is in 

^ Quadrant I. " ^ ' " ^ 

(a) What are the ooordinates of ' C ? 

(b) What ape the ^ooordinates of D ? 

(o) Find' AC . . . ^ 

(d) Show that AC 4/J BD . . 

^ (e) Using paramftrlc equations express AC J , 

11. Write an equafcion for the set of points 

- 1 (a) Whose distances to (-3,0) and (5*0) are equal, 

(h) whose dlsiances to the x-axls is^ 3 / 

(e) whose dlst^ces to the x- and y -axes are equal, 
'* (d) whose' distances to the horizontal lines y ^ -2 

eLnd y - 8 are equal * 
(e) wHose x^coor&inates are 12 , 
-(f) whose y-coordlnates are --8 * 

12. Show that triangle ABC^ is a right isosceles triangle 
if A - (3,4) , B - (-1,5) , C -;(-2,i) . 

13* Using parametric equations ^press^^the set of points 

equaily distant from A(0,4) ^ and B(-8,o) . r 

The point A(c,6) is equally ^stant from 3(1,1) 
and' C(3,5) . Find the value of c . ^ 



15* The dlstance/:from v(h,3) to the x-axls is twice its 
distance to the y-axis. Find h . (Two answers.) 

16. -ABCD is' a parallelogram. Show that the segment that 
Joins' to the midpoint of aS trisects SC 




t . ^ ■ ' " ' Chapter y . 

jERPENDicuLARITY, PARALLELISM, AND COORDINATES IN SP'ACE 

9=1. Introduction. ' j . 

( 

Our first contact with polfit^s, lines, and planes, in space 
was in Chapt'er 2^ but sinc^ then our work ha^'b^en ^nibBt 
completely restricted to points and lines in a single plane. 
Now^ having investigated plane geomatry In some detallj we are 
rea^.y to turn our attention to space geometry. In particular. 
In this chapter we extend the ideas of perpendicularity and 
paralleiism to figures which may not be contained in a plane. 

^ Most of tlie reWlts we are going to discuss are familiar 

to us from our past experience. e However, we often miss the 
essential features of" things we have seen a hi^mdred times, and 
certain results which are true in the plane are not true In 
space. Moreover, without practice It is hard to visualize 
geometric relations in space and harder still to represent them 
by drawings on a sheet of paper. To save time, It therefore 
seems wise to omit the pi*oofB of most of our Uheorems and 
concentrate instead on getting a thorough understanding of the 
results themseiyes. Fortunately, the proofs of the theorems 
in this chapter are quite similar to the deductive argum^ents 
we have seen in previous chaptei^s, and a few samples will be 
an adequate indication of how the rest can be constructed. Of 
course at any time you are free to use any theorem that has 
been previously stated, whether It h^s been proved in the text 



or n6% , 

In preparation for the work which follows ^ it wll 1 be help- 
ful for you to review t>fa slftlpie"' space relations introduced in 
Sections 2-5, 2-6, anc^ 2-7 s and then to go carefully through 
the exploratory prdblems which are given below. The ability to 
make ^and interpret drawings of three-dimensional conf rguratlons 
will be of great value to you through the rest of this course. 
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Be sure that you can do these two things , Appendix V offers- 
many suggestions which may be helpful to you. 



Exploratory - Probleinft ^ 

In the following sketch of a reGtangular blockj certain 
combinations , of edges, considered separately, suggest 
certain configurations of lines and planes. 




In each of the following, copy the drawing of the block 
and darken the appropriate edges to suggest your idea of 
the indicated configuration, 

(a) Two dlBtinct intersecting lines, * 

(b) Two distinct parallel lines, 

(c) Two lines which are neither intersecting nor 
parallel. 

(d) Three mutually perpendicular lines. 

(e) Three parallel lines whloh ar*e not coplanar. 

(f ) A line intersecting one of two parallel lines but 
not thrf other, 

(g) Two di^Stinct lines which are perpendicular to the 
same line and parallel to each other. 

(h) Two lines which are perpendicular to the aame line 
at different point.s but are not parallel to each oth 

(i) A line parallel to' a plane. 

(j) Two distinct llnQS which are parallel to the same 

plane and parallel to each other, ^ 
(k) Two lines which are parallel to the same plane but 

^ not parallel to each other, 
(l) Two distinct parallel planes. 
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r{m) Two perpendicular planes, 
(n) Three mutually perpendicular planes, 
(o) A plane - perpendlGUlar to each of two distinct 

parallel planes. 
(p) ^ Tvo distinct lihes perpendicular to the s^me plane, 
(q) Two distinct pteite perpendicular to the same line, 

. ^Without including any unnecessary lines, make drawings of 
your own to suglest the configurations in Parts (d), (h)> 
N^i), (J)/ (k), (1), (m), (n). h). (p). (q) of the • 
preceding problem. ^ ■ ' 



9=2. Pet^pendlcularlty Relations . 

. In Section k^B we defined what we mean by two perpendicular 
aines. In this ^sectlon, we are going to discuss the perpen- 
dlcuXarit-y relation between a line and a plane. Before wey' 
define this formally^ however,^ you should study ^the follDwing 
experimenb-a and frdm the clues they give you^ you, should try 
to make up a definition of your own. '-^'-^ - 



. Experiments .. ^ 

In Section ^-10 we learned that in a plane there ,is a 
unique line which Is perpendicular to a given line at a 
'given point. is this true in space? Hold two pencils so 
that they appear perpendicular to each other. Can you hold' 
one of the pencils in a different position and still have 
it appear perpendicular to the other at the same point? 
How many different positions can one pencil assume and 
remain perpendicular to the second pencil at the same 
point?: Do you think these "perpendiculars" might lie in 
the same plane? Would such a plane be perpendlQular to 
the other pencil? ^ 

Place a sheet of paper on /our desk. Hold ypur pencil so 
that it p.ppeart perpendicular to the paper. With a second 
pencil^ draw a line on the page that appears to "be 
perpendicular to the first pencil." 



\ 

(a) Can^ you shift your first pencil so that It remains' 
perpendicular to the line at the same point\but Is 
not perpendicular to paper? ^ 

(b) Draw another line, intersecting^the first, Now^ 
place your pencil so that it appears perper^dlcular 
to both lines at their point of intersection. Does 

\ the pencil appear to be perpendicular = to' the plane 

/ " of the paper? Can you hold ypur pencil so that It 

i ' ^is perpendicular to ^he paper? . . 

(c) . Draw additional lines through the point of ^^,^ter-- 

section. Does the pencil appear to be perpendicular 
to each of them at that poiiit? ^is it still perpen- 
dicular to the plane? 

(d) What do you think would be a good definition of a 
line perpendicular ' to a plane? 

The prece'dlng experiments lead us to the following definition: 

DEFINITION , A line and a plane are perpendicular to 
each other if and only if they intersect and every 
line lying in the plane and passing through the point - 
of intersection is perpendieular to the glve^ line* 

^ The following figure suggests 'the .relations described /by . 



this definition: 



( 




PA ^ PB , 'PC , 
-to ^PQ^ . 



all lying in plane ^ are perpendicular 



610 



II 



The results which we obtain Irx^^hls chapter can all be 
derived withoiit additional postulates. However, our develop- 
ment proceeds much more easily If we accept as postulates two 
tj^eorems whose proofs are long and rather involved. 

p _ The first, Postulate 24, should remind us of Theorems 4=21 
and 5^11 which ^ deal with the existence of a line containing a 
givelt-polnt and perpendicular to a givenr-line . This postulate 
is all ^ttiat we need at present. ^The'Second, Postulate 25, 
we snaliy introduce in .Section 9-4, 



^- Postulate 24 , There Is a unique plane which 
contains a given point and Is perpendicular to a 
given line. 



We should understand clearly that in this postulate no 
restriction is placed on the given point. It can equally well ^ 
be a p^int on the given line or a point which is not on the 
given line. The postulate says simply that wherever the point 
may be, there is always one and only one plane which contains 
the point and is perpendicular to the given line. 

From, the definition of perpendicularity, we know that if a 
plane 7^ Is .perpendicular to a line >^ at a point F , on 
' ^ , then every line \n ^ which passes through F is 
perpendicular to However, we do not yet know whether 

there can also be lines perpendicular to at F which do 

not lie In * The following theorem answers this question 

for us , 

THEOREM 9^1 * The plane v/hich is perpendicular to a given line 

at a given point contains every line which is perpendicular 
to" the given line at that point. 

Proof J Let ^ be any line and let be the plane which 

is perpendicular to at the point F ^ What we must show Is 

that If ^ ^ Is any line perpendicular to at 1^ , then 

^ » lies In^ ^ , - . 



t 



Now the intersecting lines ^ and determine a planar say 

^* , and by Postulate 9 this plane intereects the plane ^ 
in a line J say jl " . 

Moreover, since lies in the perpendicular plane ^ , 

it must be perpendicular, to ^ at F . ^ Hence, in the plane 
^ ' ' both and are perpendicular to ^ at the point 

F , 

But by Theorem 4-21, In a given plane there is exactly 
one perpendicular to a given line at a given point. Hence 

and must be the same line. That ds, must' lie 

in the perpendicular plane ^ as asserted. ' 

According to our definition^ before we dan say that-a 
line M is perpendicular to a plane ^ at a point F ^ vje ' 
must he sure that ^ is perpendicular to every line in ^ 
which passes through F * Tt\B next theorem tells us thaj we do 
not need nearly this much information t6 be sure that^^iine Is 
perpendicular to a plane. . 

THEOREM 9^2* I^' a line Is perpendicular to each of two inter- 
secting lines at their point of intersectionj it is 
perpendicular to the plane determined by the two lines. 



iio 
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Proof: Let 



and m * 

intersect at the point P 
perpendicular to both m and 



be tyt^ distinct lines Wl-mch\ 
and let ^ be a line which' -is* 



m' at F , Let ^ '^<^: the '.. 
plaLne determined by the intersecting lines ^ m apd^- ip* and 
let ^ be the plane which is perpendicular to pj^-^^^^ . ( 




771 * 





According to the last theorem both m and m* must lie in 

^ . Hence the planes ^7 and ^ have both m and in 
common. Therefore, by Theorem 2-10, 7^ and ^ must be the 
sam.e plane; that Is^ the plane determined by the two lines, 
m and ^ is the plane which is perpendicular %o ^ at F , 

as asserted. 

Postulate 24 asBures us that there is a unique plane which 
is perpendicular to a given line at a given point, but it does 
not answer the corresponding question of the existence of a 
line which is perpendicular to a given plane at a given point. 
However, this is settled by the following th^eorem. 



THEOREM 9-3 . There is a unique Iji^e which Is perpendicular to 
a given plane at a given po^ft in the plane. 



We shall omit the proof of this theorem. The general > 
outfiBle is suggested by the following figure. ^ Is the plane 
which is perpendicular at the given point, F ; to any 
particular line, p ^ 'wFilch lies in the given plane, ^ , 
and passes through F . The required perpendicular ^ is the 
line in ^ which is perpendicular at F to the line^ r ^ 
in which intersect * 



The , corresponding theorem dealing with the existence of a 
li^e which passes through a given point not in a plane and is 
pefpendicular to the ^ plane is hiore conveniently handled a little 
rater af te^ 'we have discussed parallel relations In space. 



Problem Set 9-2 

In each of the following problemE 
as part of the. proof. 

1. In the figurfe. If ^PQH Is a 
right angle and Q and H 

^ are in ^ , shduld you Infer 
^ . from the definition of ^^a line 
perpendicular to a' plane that 
i Justify your answer, 

2. In the figure, points 
B, R, K and^ T are in 
plane ^ /. and ^AB*X 
Which off the following 
angles must be rlghtl 
angles f ^ABR , ^ABK ^ 



draw your own diagram 







In the figure, plane ^ 
contains the noncollinear^ 
points s, P, but ^ 
does not contain T . 

(a) Do points R, S, and 
T determine a plane? 

(b*) If S'P is perpendicular to the plane of T , 

which angles in the figure must be right angles? t 
Why? 

In the figure, the point A 
and the square PRHB are 
not coplanarj ' AB J_ PB , 

(a) ^ How many planes are 

determined by pairs of 
segments in the figure? 
Name them. 

(b) At least one af the segments 

in this figure is perpendicular to one of/the plane 
asked for Ixi Part (a). Which segment? ^Ich plane 
Justify your answer. 

In the figure, point R 
and triangle kBF .are not 
coplanar, A ABP is Isosceles 
with vertex B , H is the 
midpoint of AF , and 

ml ^ ra , 

(a) How many different planes 
are determined bjr pairs 
of segments in the figure? 
Name them . 

(b) Find a se^ent that is ' 
perpendicular to a plane. 
State the perpendicularity 

and the theorems which j(ustlfy your statement, 
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In the figure, '^f^l £ at P 
and . Must lie 

In plane £ ? Why? 




Planes ^ and intersect in 

"KQ i as shown in the f igui'^e . 
"aB^X d , ^BR* lies in 6 , 

plane ABR Intersects 



(a) 
(b) 
(e) 



A"H X BR" ? 



Why? 
Miy? 
Wliy? 




In this figure^ PS ^ plane ^ 
and In A RAB , which lies in 
plane ^ , BR ^ BA . Prove 
AkBF - A RBF and /FAR ,5' /FRA 



Given the cube shown ^ with 
BR ^ BL , Does KR - KL ? 
Prove that your answer is 
correct . 
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(since we have not yet given a precise definition of a 
cube, we statd^ here, for use In your proof, the essential 
properties of the e^_ges of a cube: 

The edges of a cube consist of twelve congruent 
segments, related as^shown in the picture, such that any 
two Intersecting' segments are perpendicular.) ^ = 

9-3. ^ -garall el Relations, 

ft - ^ ^ = B 

-In this section we are going to investigate parallel 
relations between lines and planes In space, and this requires 
that we ftrst define what we mean by saying that a line and a 
plane, or two planes, are parallel. The following definitions 
are natural extensions of the definition of parallel lines 
which we gave in Section 6-2. 

DEFINITION . A line and a plane whose Intersection 
does' hot consist of exactly one point are parallel 
to each other. 

DEFINITIONS , Two planes (whether distinct or not) 
whose intersection is not a 'line are parallel planes, 
and each is parallel to the other. 

With these definitions in mind, the following experiments 
should help you to visualize the properties we are going 
to discuss, 

( . 

Experiments 

1. Draw a link on a sheet of paper on your desk. Now hold 
two pencils a^bove your fiesk so that each appears parallel 
to the line. ^,Do the pencils appear parallel to each 
other? Can you hold them so they are parallel to the 
. line and not to each other? 



\ 

(a-') If two distinct- lines ^ife parallel, to a plane, are 
they necessarily parallel |bo_ each ^ther? The 
Parallel Postulate t#lls ys that there 1b a^ unique 
' line which contains a given point and Is parallel to 

a given line. Do you think there is a Unique line^ 
. which coR^tains a given point and^ls -parallel tp d 
given plane? Hold two pencirs so that tj^iey .'^interseo^ 
Can you hold them so that both of them are also^ 
^parallel to the desk top? ^ ' 

(b) Hold the two pencils ao-^- that 'they represent sk&if^ " 

(noncoplanar) lines. Can you hold them so that fehey^ 
are both parallel to 'the desk-^€op? 

(a) We have learned that^ in a' planey if a line intersects 
one of two parallel lines in a pointy it intersects 
the other in a point also. Is this true in space? ' 
Draw two distinct parallel lines on a sheet of 
paper. Can you hold a. pencil so ..it will.. intersect . 
one of the parallel lines but not the other? 

(b) Suppose a plane intersects one of two parallel lines 
in a point. Do you tfiink it must intersect the other 
also? 

(c) Suppose a line interseat^s one of two parallel planes 
in a point. Do you think it must intersect the 
other plane also? . " 

(d) Sketch diagrams to illustrate Parts (a), (b)^ (c). 

Suppose a plane Intersects one of two parallel planes. Do 
you think It must Intersect the other plane also? If a 
plane Intersects each of two parallel planes ^ what can you 
say about the lines, of intersection? In your classroom 
consider the parallel walls "Intersected" by 'the floor. 
Are the lines of Intersection parallel? Think of a book- 
case . The shelves are parallel planes, the end panel an 
intersecting plane. What about-tfie lines of intersection? 
Draw a diagram of two distinct parallel planes intersected 
by a third plane . 
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As Experiment 3 (a) in the preceding list suggeste, in 
space geomtetry it is not true that if a third line meets one 
of two pai^allel lines it must meat the other one also. However 
there are analogous tfieorems which are true In space, and to 
the^^ we now turfi our attention, ^ 

THEOREM 9.-^ . . If a-plane InterBects one of two distlnsft parallel 



lines in a poln^: it Intersects the other line in a point 
. also . 



Proof* Let ^ ^ gind be two distinct parallel lines, 

contairied in a plane ^ , and let ^ be a plane whloh lnter = 
eectyone of the llriis, say,^.^ , in a single po:ls#it • 

-^Clearly, ^ 



canno 



t contain ^ becai 



^ ^ ^^oause otherwise, by 

Theorem 2=9j It would coincide with , and hence contain 

, contrary to the hypothesis that it meets in Just 

one point. Therefore ^ can have at most one point in common 
with . 



Now by Postulate 9, since ^ and ^ have a point, 
i^^ common, -> 




they must have a line, say p , in comnion. Moreover, Blnce 



meets each of and In at moat one point, p must be 

distinct from both and , 
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Now' ill the plane , the line p meets one of the two 
parallel lines, and , in a single point, , Henoe 

it mUst fiiso meat the other line , in a point/ say pg , 

Slnee the line p la oontained in the plane j the 
point Pg is also eontained in . Therefore intersects 
^2 ^ single point , as asserted, 

Thm next theorem follows easily from the preceding one, 
and we shall l^ave its proof as a problem, 

THIoREM 9-5 . If a plar^llB^^rallel to one of two parallel ^ 
lines. It is also parallel to the otAer. 



THEOREM- 9-6, If a plane Interseots eaoh of two distinct 
parallel planes, the intersfictions are two distinct 
parallel lines. I 

Proof I Let and be two distinct parallel planes 
and let ^ be a plane which Int^ei^ects both and 
Since and do not intersect, must be distinct from 
both ^ and By Postulate 9 the intersection of ^ 

an* ^ is a line, say' r , Likewise the intersection of ^ 
and is a line, say s , 




Moreover, these lines lie In the same plane, namely , and 
have no point In comnon, since the planes and no 
point in □ommon. Therefore, the intersectlohs, r and b , 
are dletlnet parallel lines as asierted, ■ V/* 

_■ > ' 

We should observe that the preceding theorem, contains the 
hypothesis that the plane intersects each of the parallel 
planes, and .0^ , Actually, it is possible to prove the 
stronger result that if a plane Intirse^ts one of two distinct 
parallel planes (and does not coincide with it) then it inter- 
sects the second plane also and the intersections are parallel - 
lines. . ^ . 

T-HEOREM 9-7 *,,^jf a line Intersects one of two distinct parallel 
planes in a single point, it intersects the other plane in 
a single point also* 

THEOREM 9-8. If a line Is parallel to one of two parallel , 
planes. It is parallel to the other also. 

The assert ions of Theorems ^9-7 and 9^8 are Illustrated by 
Figures (a) and (b), respectively. We shall omit their proofs, 
however. 




Problem Set 9-3/ 

Make a;Bteteh to* illustrate the hyppthesle of &8loH Qp 'thm 
fpllowlng statements. Indicate whether eaeh statement la 
True (T) or False (p)* 

(a) If two distinct lines are parallel^ every plane 
► containing only one of 'them is parallel to the 

other line . ' , " 

(b) If two distinct lines are. parallel, every line 
intersecting one of them interaacts the other* 

(c) Ifv.^twp planes are parallel, any line in one of the 
pi^es is parallel , to the other plajii 

(d) If two planes ar^^-fi^allel, arty llrte. in one of the 
planes is^ parallel to^^y line ill the other plane. 

(e) If a plane and £ line are both perpendicular to 
the same line, they are parallel ,to each othert 

(f ) If a plane and a line are both parallel to the "same 
line they are parallel to each other, 

(g) If each of twQ distinct parallel planes interiects a 
third plane, dhe lines of intersection are 
perpendicular.^ . 

(h) If two planes are parallel to the^same line they 
are parallel to each other, 

(l) Two lines parallel to the sama plane are' parallel 
to each other, ' / , ^ 

(j) If a plane intersects two interseeting planes/ thi - 
lines of intersection may be parallel. 

Hypothesis: Planes ^ , ^ 
and are parallel as 
shown, with CE in ^ , 
and A in ^ , M 
intersects ^^at B and / 
AE intersects ^ at D , ^ A- --^ P 



^ I A 



/ 



Prove: m ^ BA 



622 , 



9-4 



Prove Theorem 9^5/ ( Hlntl Let ^ be a plane whioh'is 
parallel^ to one pf two- parallel lineal and , 

Then^®ii# bf the fQllowin^^ust be trua. (WiyT) 

(a) is pwallel %©^^^g . 

(b) intea^sects in a elngla point* 

Use Theorem 9-4 to prove J:hat (b) is impossible. - 



9^4. Relations Involving Perpendicularity ijid Parallel is: 



In Sections 9-2 and 9-3 we considered relations in space 
which involved, respeotlvely^/only perpendicularity and only 
parallelism. In this section we shall investigate configura- 
tions, which Involve both perpehdicularlty and parallelism* 
Since we shall omit the proofs of most of our theorems, you 
should perform carefully the following experiments and make 
sure that you understand and can vlsu^llie the relations they 
suggest. 

/ 

' ^ Experiments * 

1. If two planes are parallel to a third plane, do you think 
they are parallel to each other? Illustrate by holding 
two books so that. each Is parallel to the top of your desk^ 
Do the books appear to be parallel? Draw a diagram of 
three parallel plgLnes. ^ * 

_ t- 

2. Do you think there can be more than one plane v^ich 

, contains a given point and is parallel to a given plane? 
Why? 

3. If two distinot planes are perpendicular to the same line, 
do you think they can intersect? Illustrate your 
Oonfclu&lon by piercing two sheets of cardboard (or small 
sheets o'f paper) with a pencil, toaw a diagram of two 

istinct planes perpendicular to given line. 



4. Take a piece of eard^oard/ pierce; It with your pencil «id 
' place it so that it appeaVa perpendicular to the pencil 

at the midpoint of the pencil . Mark a point on? tha 4^ard^ 
board aridVf ind the di|ttanoe £t^^ that point to each fend 
of the pencil. Are the distances approxiinatel^ thte same? 
^ Choose another point and make a second measurafent-. Draw 
■ a diagram of a plane perpendicular to a se^er^t at the 
midpoint of the eepnent . 

5. If a line le parallel to a plane and is not contained In 
the plane, do you think all the perpendiculars Joining.-^ 
the line to the plane^ire, ooplanar? Are these perpen= 
dlcular segments equal in length? Are sepnents which are 
perpendicular to each of two dlstirtct parallel planes' and 
have their endpoints In the planes equal In length? 
Illustrate with a diagram* 

THEOREM 9-9 * Two planes which are perpendicular to the same 
line are parallel* 

Proof I ^ ■ Let and. >^ be two planes each of which is 
perpendicular to a line ^ , There are two possibilities to 
considers 

(a) ^ Is parallel to ^ '* \ ' 

(b) ^ intersects ^ in a line. 

If we can prove the second case impossible, the theorem will, 
be established. 

Suppose therij that ^ and ^ Intersect in a line* Thus 
^ and ^? are distinct. By Postulate 24 the points^ say P 
and R , In which intersects the respective planes ^ and 
^ p musti be dlstlhct. 

^ Let L be a point In both of the planes and ^ 
but not on From the definition^ of a pl4he perpendicular 

to a line, .it follows that *LP^ is parpendioular to ^ at P 
and *LR* is perpendicular t0 M &t R . H^Scej since P and 
R are distinct points, we have two_ lines each containing L 
and each perpendlctilar to ^ . 



TOlB is Impossible, aooording to Theorem henoe the 

^possibility that ^ mid Intereeot In a lln# leads to^a 
contradletlon and ntust be rejected. Thus and are 
parallel, as asserted* * 

THiOREM 9^10 , If a line is perpendleular to one of two 

distinct parallel planes it is perpendioular to the other 
also, , 




Proof I iM^f^ wid ^ be two parallel planes, and let ^ 
be a .llni wMah If ^erpOTdlTGUlar to one of thsm, say ^j 
at the point F . Bien by Am 9-7, ^ must also lnt^s#a|| 

^ In a point, say R * ^ ^ j 

Let R» be any point of distinct from R let 0^ 

be the plane, datemlned by R» and ^ , Than InterseGts 
^ In the line wid, by Theorem 9-6, must Intersect ^ 

In a line, ppv , whieh is parallel to , 

Thus In perpendleular to one of two parallel 

lines, namely PF' (Wiy?) and hence. It must be perpendloulai 
to the other also, slhce R» was at^ point in ^ distinct 
from R , it follows that ^ Ip perpendicular to every line 
in ^ which contalni R , Hence, by definition, ^ is 
perpendicular to the plane ^ , as asserted, 

/ We shall omit the proofs of the remaining theorems in thi 
fcec(^tion, but since some of them are asked for in the next /^"^^ 
problem Set,. it is neetssary for us to Introduce he^ tha 
second O'f tha postulates wa refem*ed to In Section 9-2. You 
will find that with this postulate, the raissljig proofs are not 
difficult to construct. 



Postulate £5 * Two lines which are perpendicular 
to the same plane are parallel. , " 



TOEOREM 9-11 * If a plane is perpendicular to one of two 

distinct parallel lines, it la perpendicular to the other 
l^ine also* 



The assertion of this theorem is Illustrated In the following 
figure I 
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TytEORm If two Itoes are each parallel to a third line ^ 

th^are parallel to ^ch other. . * , . » 

This theorem eompletee the discussion we began In Chapter 6 
^are we showed that in a. plane if each of two lines la parallel 
to a third llne^ they are parallel to each other* Tlie present ' 
theorem aesures that, this result is true without the restriction 
that the three lines lie in the same plane. > - \ 

THEOREM 9-13 * Given a plane and a point not In the plane, 

there is a unique line which passes through the point and 
is perpendicular to the plane, \, ^ 

This theorem dompletes trie discussion we began in 
^Theorem 9-3.^^ T^ese two theorem^ together tell us that through ^ 
any point there Is a unique line which Is perpendicular to a 
given plane. ^ ' , . 

. The naxt two theorems describe propirties of planes which 
are obvious co^terparti of fajniiiar properties of lines. 

TmORfiM 9-14 , There is a unique plane parallel to a given 
plmtm through, a given point, 

TlfflpREM 9-15 . If two planes are each parallel to a third plane , 
they are parallel to each other. 

Theorems 9-12 and 9-15 provide the final steps In 
establishing that the relationship of parallelism has 
characteristic properties like those of equality^ congruence, 
and similarity. The relationship of parallellBm for lines in 
space has the reflexive, symmetric, and transitive properties , 
Likewise the relationship of parallelism for planes has the 
reflexive, symmetric, and transitive properties i 

■In Chapter 6 we considered a line and a point not on the 
line.' We proved that the shortest segment Joining the point 
to the line 1^ the segment perpendicular to the line. As we 
migh^ expect, a similar result holds in space. 




p 
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THEOREM 9-16. The shortest segment Joining a point to a plane 

. ' ■■■1 * 

g not containing the point is the sa^ent i^erpendloular to 
the given plane* 



The proof of this theorem we shall leave as a problem. 
On the basis of this theorem, we formulate the following 
definition. 

DEFINITION . The distance between a point and a 
plany ' ^^Xoontalnlng the point is the length of ' , , 
thf se^ent Joining the given point to the glv*en 
plane and perpendicular to the given plane. 

Inr Chapter 6 we proved that two parallel llnee are every- 
where equidistant j and the same property holds for parallel 
planes. More precisely, we have the following thaorem. 



P 




TmOBm 9-17 * All eepnents which are perpendioular to eaeh of, ^ ^ 
two dletlnot parallel planes and have their endpolnts in 
the planes the .same length. 

In Chapter" 8 we showed th^t In a plane the set. of ail ' 
points which are equldlEtant ^om two given points , P and Q 
is the line which is perpendicular to the seprient ^ at Its 
mldpoiftt, TOie eo^t*aspondlng result In ^pace geometry Is the 
following: 

9-18 . The set of all points which are equidistant from 
the endpolnts of a given segment, la the plane which 
TOntaliis the midpoint of the se^ent and ±s perpendlcujar 
to the line which contains the se©nent. 

The proof of this theorem Is deferred to Problem Set 9-7 
where it will be an exercise In the use of coordinates In proof. 

' P^Qblem Set 9-4 

1, Asswilng here that 
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3. l^pothesisi In the fl^ire 



Prove I AD m CB 




Plane 5 Is the perpen- 
dicular bisecting plane 
of AB p as shown in the 
figure . 

(a) AW S . 

m p . 

m ^AFW ^ , 




(b) Does FW ^ JK - M ? 
Explain , 



Problems S-^S- are eonderned with geometric projection, 
following definitions are needed. ^ X 



The 



DEFINITION , The projection of a point into a plane 
is the point of Intersection of the given plane and 
the line which contains the given point and Is > 
perpendicular to the ^ven plane. 



\J u 
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Consider two examples In the dlagrami 
A' into 5 j>-^he point ft ie in 5 
a into (£ is a itifrlf* 



P is the projedtion 
and the proJeGtion 



J. 



DIFINITOON . The proJeGtion of ^ aet of points into 
a* plama is the set of all points which are projections 
into the plane of points contained in the given set. 



5* Using projection as defined above, answer the following^ 

(a) Is the projeotion of a point always a point? 

(b) Is the projection of a segnent always a segment? 

(c) Can the projeotion of an angle be a ray? a line? 
«i angle? 

(d) Can the projection of an acute angle be an obtuse 
angle? 

(e) la the projection of a right angle always a right 
angle? 

(f) Can the length of the projection. of a segment be 
greater than the length of the segment? 

(g) If, two segments are congruent will their ^ojectlons 
be congruent? 

(h) If two lines do not intersect can their projections 
?be two parallel , lines? 

(l) If two lines do not intersect can their projeotions 

be two intersecting lines? 
(j) If two se^ents are parallel and congruent, will 

their projections be congruent? 
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iMt the projeetlon of pblnt A Int^planm be A» , 
dletinQt^fr©m A * Let AP -be the ray opposite to ^ AA 
Let B be *a point miah .that the length af is 6 
Inohea. toaw a diagram sho^ng the projeotion of TO 
into ^ , and find the length of the prdjeetion of Iffi 
Into ^ - in each of the following situations^ 

(a) m 

(o) m £?kB ^ 30 . 

(d) m /PAB^ 45 , . ' ' 

(e) m /mn ^ 60 . 

Given the figure with , ^ 
AB not in plane , 
XY the projection of 
TO into plane ^ , 
0 the midpoint of TO j 
and N the projeation 
of 0 Into . 

Prove that N is the mid- 
point of , W 




8. I^othesier TO is the 
projection of IS" Into 
plane ^ . TO lies in 
plane 3C and ^ABC is 
a right ajigle , 

Prove : ^AH) Is a right 
angle. ( Hint * Let M 
be perpendicular to 
plan© ^ , ) 

9. 'Prove Theorem 9-16. 




i 
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9-5. Khedral An^leg . , . 

^Jn Seetlon 4-13 we Introdueed the notion of a dihedral 
angle via the following deflnltloni 

DiraNITION t A dihedral angla^ B the unloh o# a line 
and two half planes having this line as edge and ttot 
lying in the Bamm plane , * 

At thpt time we were lanabie to. assign measuree to dihedral 
angles.^ but now that we have discussed perpmdlculsrlty and 
paralltllsm In space we can do so easily. Firsts however; we 
muet reduce the problem to one involving #iane angles j for 
which measures have already been, defined. 

The following figure ehowe a dihedral angle j ntoely 
^P=ftR-S * and a plane, ^ , which is perpendicular to the/ ; 
edge of the dihedral angle. We observe j in the diagram, that 

InterseGtion of the plane and the dihedral angle ;is the 
union of two rays, and furthermore that these two concurrent 
rays, namely BA and BC , are not colllnear. 'aus the 
intersection is an angle t . ^ 
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DEFINITION . The intersection of a dihedral angle 
and any plane perpendicular to the edge of the 
given dihedral angle is called a plane angle of 
the dihedral angle . 

If all plane angles of a dihedral angle were congruent, 
it would be natural to take their common measvire as the measure 
of the dihedral angle Itself, The next theorem guarantees that 
this can he done , 

THEOREM 9-19 . Any two plane angles of a dihedral angle are 
congruent. 

Pr^fi Let B and V he the vertices of two distinct 
plane angles of the dihedral angle £a-PQ=b , (Figure (a)). 
Let U and W be points distinct from V on different sides 
of £v , In plane UVS , apply the Polnt^Plottlng Theorem and 
locate point R on £s such that 



A 



(i) irv - Rs . 




JLn plane WVS , locate point T on £b 
(2) W S ST . 



such that 




(b) 



To prove the theorem, we must show that /y ^ , In order 
to do this, we shall apply the S,S*S* Congruence Postulate to 
show that ^UW - A EST , 



-5 

Since and £s are plane angles of the dihedral angles 

each of the planes UW and RST is perpendicular to *Pft^^, 
By Theorem 9-9i the two planes are parallel ;bo each other. By 
Tlieorem 9-^6, *UV* and *RS^ are parallel. This fact, XogethmT' 
with (l), shows that UVSR is a parallelogram. Hence the 
segments TO and VS are both parallel and congruent, 

A similar argument shows that WVST is a parallelogram, 
and therefore that the segments YS and W are both parallel 
and congruent. By the transitive property of parallelism and ' 
congruence I the segments UR and TO are both parallel and 
congruent. In otl^er words, UWTR is a parallelosram. Hence 

(3) TO - RT . 

Combining (l), (2)^ (3), the S.S.S. Congruence Postulate tells 
us that 

Finally^ /y ^ ZS , and our proof is complete. 

VJ4i^_Jthe last theorem established, the measure of a 
dihedral angi^ can now be defined. 

DEFINITION . The measure of a dihedral angle is the 
number wlilch Is the measure of any of its plane 
angles. 

DEFINITION , A rl^ght dihedral angle is a dihedral 
angle whose measure is 90 . 

= DEFINITION . The planes determined by the faces of 
a right diliedral angle are said to be perpendicular. 

The proofs of the followlr^^tlieorems about per^'pendicular 
planes are not difficult, Sor^^pave^ been left as problems. 

THEOREM 9-20^ li' a line is perpendloular to a plane, then any 
plane containing this line Is perpendicular to the given 
plane. 



. THEOREM If twq^lanes are perpendicular, then any line 

in one of the planes which is perpendicular to their line 
, of Interpection is perpendicular to the other plane. 

THEOREM 9-22 . If two planes are perpendicular, then any lin^ 
perpandloular to one of the planes at a point on their 
lli^ of intersection lies in the other plane, 

THEOREM 9-23 . If two intersecting planes are each perpendicula] 
to a third plane,* then their line of intersection is 
perpendicular to this plane. 

The^ assertion of the preceding theorem is illustrated in 
the following figure. Planes and ^ are each perpendioulai 
to the plane ^ , and their line of intersection, ^ , Is 
therefore perpendicular to , 




Problem Set 9-^5 

1. (a) How many dihedral angles are formed by the floor, 
walls, and ceiling of your classroom? 

(b) If two plmes are perpendicular, what kind of 
dihedral angles are forTned? 

(c) Give a definition of an 

(jp acute dihedral angle, • ' 

(4) obtuse dihedral angle. 
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Draw three figures showings respectively, an acute, 
' a right, and an obtuse dihedral angle* . 
Cd) Give a definition 'of adjacent dihedral angles. 
Illustrate with a drawing, 

(e) . Give a definition of supplemeritary dihedral angles. 

Illustrate with a drawing of a pair of adjacent 
supplementary angles, . ^ ^ 4 

(f) Give a definition df Qomplementary dihedral angles* 
Illustrate with a drawlrig of a pair of adjacent 
complementary angles. 

.Each of , and W ' ^ 

is perpendicular to the 
other two. 

m ^ ni £b ^ m ^c ^ ^^5- 

What is the measure of 
£C-FA-B ? of ^CAB ? 




Prove Theorem 9-21 . 
Hypothesis: Referring to 
the figure on the right, 
^ X ^ and ^PlB^X PQ . 

Prove AB J[ ^ . 

( Hint : Take '*BC*J/*p5^ in $ .) 
Prove Theorem 9-23 . 

(Hint: Referring t^""theN^llustratlve figure In the text, 
in plane . draw ^XN^i NC and YN 1 NB J 
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Planes S and ^ are 
perpendicular ^ to ^AB*. 
Lines ^BK^ and ^m*, in 

plane ^ determine 

with ^AB* two planes 
which Intersect ^ in 
AD and AC . Certain 
lengths ar*e given,* as in 
the figure. Are BKDA ^ 
and BACH paral lelograms ? 
Can you give a further ' 
de script Idn of them? is 
^BHK ^- ^ACD ? Can you 
give the length of TO 





1 


I 






H 






K / 




3\ 







IB 



Prove:. I^'a plane is perpendicular to the e.dge of a 
dlhedraf angle, then it is perpendicular to each face 
of the dihedral angle. 



Review Problems 

Chapter 9^ Sections^ I to 5 

In this problem, the symbol £ always denotes a line and 
the symbol ^ always denotes a plane. Fill in eaah 
blank with the one of the following words 

always, sometimes, never 

which makes the resulting statenlent true. In each case 
make a sketch to Justify your answer, 

(a) If is parallel to J,^ and J^^ is pai-^allel to 

£^ , then Is ^ parallel to , 

(b) If J^ t is perpendicular to X, and Is 
perpendicular to £ , then .J^ Is " > . - 
perpendicular to ^ , 
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(c) If is perpendicular jW^^^ and is perpen- 
dicular to fi ^ ^ then is ^ perpendicular 

(d) If ^ is perpendicular to and is parallel 
to ^2 , then ^ Is _____ perpendicular to . 

/(e) If Is parallel to ^ and ^ is parallel to 

J then j2 ^ Is _____ parallel to . 

(f ) If ^ is parallei to and Is perpendicular 
to * then parallel to . • 

(g) If is pe^endlcular to ^ and ^ is ^ 
perpendicular to ^2 * then is 
perpendicular to , 

(h) If is perpendicular to and ^ is parallel 
to^ J then is ^ perpjpndicular to ~- 

(i) If Is perpendicular and is 
perpendicular to ^ then is 
parallel to " 

(j) If ^ is perpendicular to %nd ds 

perpendicular to j£o » then ^ 1e 
parallel to 



Mark each of the folJL owing statements true (T) or 
'false ^ 



(a) If a line is ^prpendicular to each of two distinct 
lines in a plane, it is perpendicular to the plane, 

(b) If three distinct lines are pei^endlcular to the 
same line at the same point, th# thi^ee lines are 
coplanar* ^ 

(c) Through a point not on a line, more than one plane 
can be passed perpendicular to the given line. 



(d) TOirough a point not on a plane^ only one line can be 
drawn parallel to the given plane. / 

(e> through a point not on a plane ^ only one plane can 
be passed t^rpendicular to the glv^n plane, 

(f ) If a plane is perpendioular to the edge of a dihedral 
angle, it is perpendicular to each face of the 
dihedral angle , 

(g) If two planes are perpendioular, a line In one of 
the planes is perpendicular to the other plane. 

(h) If two planes are perpendicular, a line perpendicular 
to one of the planes will lie in the^ other plane. 

(i) ^ If a plane intersects one of two distinct parallel 

lines, it Intersects the other also, 
(j) If two distinct lines are parallel, one and only one 

plane can be passed through one of these lines 
. parallel to the other, 
(k) If a line is parallel to one of two intersecting 

planes. It is parallel to their intersection, 
(l) Two planes parallel to the same line are parallel, 
(m) Through a line not perpendicular to a plane, a plane 

perpendicular to the given plane can b#- passed, 
(n) The ^projection of a segment into a plane is a^ 
^ segment. 

Which of the following lines or planes must be parallel? 
Which of them must coincide? 

(a) Lines through the same point parallel to the same line 
Lines perpendicular to the same plane . 

(c) ^ Lines perpendicular to the same line, 

(d) Lines parallel to the same line, 

(e) ILines parallel to the same plane, 

(f) Planes- perpendicular to the same line through the 
sam.e point. 

(g) Planes parallel to the same plane. 

(h) Planes perpendicular to the same plane. 

(i) Planes through tY^ same point^^^rallel to the same 

plane . = . ' - 

- V. 

(j) Planea* through the aame^point perpendicular to the 

same plane. ' ^ 

(k) Planes parallel to the same line. 
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Coordinate Systems In Space . 

In Chapter 3 we introduced the fundamental' idea of a 
coordinate system on a line, or a one - dimensional coordinate 
system , as it is sometimes called, ^In Chapter 8^ we extended 
this^ldea to coordinatfe systems In a plane, or two-dimensional 
coordinate systems. Now that we have the necessary infomatlon 
a'oout perpendicularity and parallelism in space, v/e ai^e In a 
position to discuss coordinate systems In space ^ or three- 
dimensional coordinate systems , As vie should expect, our 
development here v/ill be very much like the development of 
two-dimenptonal coordinate systems In Chapter 8 and for this 
reason we shall omit many of the details and concentrate instead 
on the results themselves. 

Let OX and be any two perpendicular lines and let 

OZ he the unique line (Theorem 9=3) that is perpendicular to 
^the plane of and at their intersection, 0 . 

Clearly, then, each of the lines *0X*, *0Y*, Idz^ is perpen^^ 

dicular to each of the other two, so that v/e have In fact three 

mutu ally perpendicular lines. Let l, j, and K be points on 
and respectively such that 

01 - OJ ^ OK - 1 . 

On the line there is a one -dimensional Goordinate system 

with the point 0 as origin and the point I as unit point. 
On OY 3 there is a one=dlmensional coordinate system wlrti.the 
point 0 as origin and the point as unit point. On ^OZ*^ 

there is a one -dimensional coordinate system with the /point 0 
as origin and the point K as unit point. We shall refer to 
these coordinate systems as the , y-^ , and z=coordlnate 

systems ^ respectively i 




The line OX is called the x-axis, the line OYf is 
called the y- axis ^ the line ^02* is called the z- axi^ . 
Collectively ^OX*^, ^OY*^, *0Z^ are called the coordinate axes. 
The point 0 , which is comnion to the three caordinate axes, 
is called the origin . The plane containing the x-axls and the 
y-axis is called the xy - plane ^ the plane containing the x=axis 
and the z-axis Is called the xz - plane ^ the plane containing 
the y-axls and the s^axis is called the y^ - plane . Collectively 
these planes are called the coordinate planes. 

From the theorems we proved in Section 9=^1 j it is clear 
that all lines parallel to the z=axis are perpendicular to the 
xy^plane. Similarly, all lines parallel to the, y^^axis are 
perpendicular to the xz-plane, and all lines parallel to the 
x=ax-ls are perpendicular to the yz^plane* Using the convenient 
set^bullder notation, these important observations can be 
summarized as follows: 
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"Pictorial" 
description 



"Parallel" 

description 



" Perpandloular" 
description 




(n:n ^ yz; -plane) 



6U ^ 
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It should be clear also that (a) all planes parallel to 
the xy-plane are perpendicular to the E-axis^ (b) all planes 
parallel' to the xz-plane are perpendicular to the y-axis, 
(c) all planes parallel to the yg-plane are parptfndfc^lar to 
the x-axlB. J 

f 



'Pictorial 
description 



Pei"pehdlcular" 
descri p t i o n 




As you will remember from Chapter 3, a coordinate system on 
a line is a one-to-one correspondence between the line and the 
-^^t of real numbers,. Similarly, as you learned J.n Ohapter 8, a 
coordinate system In a plane Is a one=to-one correspondence 
between the plane and the set of ordered pairs of real numbers. 
Now we are going to establish a coordinate syf^m In space as a 
one-to-one correspondence between space and the set of ordered 
triples of real numbers* 

To do this, let p be any point In space. Then through 
P there passes a unique plane which l^s perpendicular to the 
x=axlB (Postulate 24), This plane Intersects the x-axis in a 
point which has a coordinate, say x , In the one=dimenslonal 



coordinate system established on OX by the ordered pair 

(0,l) . This number, x , we define 'to be the first coordinate, 

or x-coordinate , of P , ^ 




Similarly, through p there passes a unique plane which is 

perpendicular to the y-^axls and this plane Intersects the y-axis 

in a point which Has a coordinate, say y , in the coop^lnate 

system determined on 'OY" by the ordered pair (0,J) / The 

number y we define to ,be the second coordinate, or 

=y- coordinate," -6 f p . Finally, through p there passep a 

unique plane perpendicular to ^the z^axis, and this plane 

intersects the z-axls in a point which, has a coordinate, say 

^ — 1^ 

z , in the coordinate .system detemined on 02' by the ordei"ed 
pair (0,K) . The number z we define to be the third 
coordinate, or z-coordlnate , of P . 
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Conversely, If any o.rdere^^^.riRle, say (x»,y*,s«) le . 
given, there is a unique point. PJ having (x»,y>,z») as Its 
^ coordinates. In fact, there is a unique plane perpendicular to 
the X-axis at the point whose x^coordinate is x» , and there 
is a unique plane perpendicular to the y=axis at the point 
whose y-coordlnate is y» . These two planes cannot be 
parallel (Why?), hence they must Intersect in, a line, m , 
which by Theorem 9-23, is perpendicular to the xy-plane. 
Finally, there is a unique plane which Is perpendicular to the 
z-axis at the point whose z^coordlnate is 2» , Since m Is > 
perpendicular to this plane (Wliy?), It must Intersect it in a 
point P' , whose coordinates are clearly (xHT^^It as 
required. 

) il 




. ' Figure (a) " . * 

As our erforts in this chapter have already illustrated, 
it is difficult to represent space configurations hy drawings 
on a sheet of paper. You ought to practice plotting In a three- 
dimensional coordinate system \p that you can make drawings and 
visualize the space relations (f^ilch they suggest. .Of course, 
you should begin your' practloa\lth sample situations, such as 
plotting a single point, a pair of points, a seOTcnt, or V line. 

• r .( 
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Flsarm {a) ihowi how a itngle point may be plotted. Figures 
(b) and (o) below show a segmant and a line, Notioe that an 
essential technique In plottlr^ is the ability to draw a line 
parallel to a eoordlnate wcis. Notice also the slgnlfioanee of 
perEpective along the x-axis,^ You may wish to refer again to 
Appendix V for further help. 




\^jget ermines the coordlnatee of a point j p ^ worke Just as well 



whan P is in one or more of the coordinate planes as it does 
when P does not lie in any of the coordinate planes. Hence, 
it should be easy for you to verify the results which are 
summarized in the following table. 



Sat of 
points 


Form or trae coordinate e 
of any point of the set 


Equation(s) 
Goordi nates 
the set 


satisfied by the 
of any point of 


origin 


(0,0*0) 


X » 0 and 


y ^ 0 


and z ^ 0 


X =^xis 






y - 0 


and 1=0 




(0,y,0) 


X ^ 0 Mid 




m m 0 


z-axia 


(0,0,z) 


X ^ 0 rand 


y - 0 




xy-plane 


(x,y,0) 






z = 0 


xz^ plane 






y ^ 0 




yz-plane 




X ^ 0 







Prom the definition of the x-ooordlnate of a point, P , 
It is clear that all points whieh lie in a particular plane, 
^ , perpendicular to the x-axls have the same x-ooordinate, 
say X ^ . It is also clear that, conversely, any point 
whose x-coordinate Is must lie In the plane ^ , in 

other words, the coordinates of every point In a plane which 
is perpendicular to the x-axis satisfy an equation of the form 
X = x^ , and conversely, any point whose coordinates satisfy 
this equation lies In this plane. 

Similarly, we can say that all points which lie in a plane 
perpendicular to the y-axls have the same y-coordlnate, say 
y ^ y^ , or In other words hive coordinates which satisfy 
the equation y - y^ , and conversely, 

What do these observations tell us about the aoordinates 
of points which lie on the line of intersection of a plane 
perpendicular to the x-axis and a plane perpendicular to the 
y-axls? Do you see that if a point P lias simultaneously in 
a plane whose points have coordinates satisfying the equation 
X - Xj^ and In a plane whose points have coordinates satisfying 
the equation y - y^^ , then the coordinates of P must satisfy 
both ^of these conditions? If you understand this, it should 
not be hard for you to verify the assertions In the following 
table . 
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Set of points 


Form of the ooordlnates 


Equi 


atic 




satisfied.. 




of anv DOlnt of the set 




bhe^ 




ifnates of 






any 


point of the set 


plane J_ x-axls 




X - 


^1 






plane y-axli 








y - 


^1 . 


plana ^^axls 










* * ^1 


line J_ xy-plane 




X ^ 


^1 


and 




line XI -plane 


(x^,y,E^) 


X ^ 


^1 


and 




line yE-plane 


(x,y^,E^) 


y - 


^1 


and 


z = z^ 



p roblem Set 9-^6 

1, Using the same set of axes* plot the polntB P* Q, R, a, 
T, U, V X P(0,1,0) ; ft(-3,0,0) % r(-3,1,0) ; S(--3,l,4) ; 
T(3,l,4) j U(3,-1,4) J V(3,-l,-4) , 

2, Using the sime set of axes, plot the points Aj B, C, D, 1 ^ 
A(0,-l,3j ; B(3,4,6) j 0(^4,2,^7) ; D(l,=3,0) j 1(5.2, ==4) . 

3, Describe the location of all the points In space for whloh 

(a) X ^ 0 . 

(b) X ^ 2 . 

(c) X - -3 . 

'j llluatrate with a sketch for each part, 

4, Sketch the set of all points in space which satisfy the 
given condition* 

(a) y - 0 . (c) 2 ^ 0 . 

(b) y - £ . (d) z ^ -4 , 

5# Describe the set of points represented by each of the 
following* 

(a) C(x,y,g)iy ^ z / 0) . 

(to) C(x,y,E):x ^ y t 0) , 

(c) {(x,y,E)ix * 2^ 0] . 

(d) [(x,y,2):x - y - z - 0) . 

(e) [(x,y,2):y ^ 2 and x ^ 0) , 
^ (f ) ((x,y,2)-x - 2 , y - 1) . 
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6« Suggest Gonvanient sat of ooordlnates for the "eight - 
vei*ticaei , j 

(a) of a cube aaeh of whose edges has length a j ' 

(b) of a reotangular solid (parallelepiped) having 
mutually perpendicular edges of lengths a, b, c , 
respectively. 

7* Where are all the points in space for which x + y - 2 ? 
Sketch the graph. ^ 

9-7. The Pi stance Fomula in Space / 

In Section 8-2* we proved^ two theorems (Theorems 8^1 and 
8-2) which enable us to determine the distance between any two 
points on a line parallel to either of the coordinate axes. 
Similar results hold in space ^ and we havej specif icallyi 

TmOREM 9-24 . If and Pg are points on a li^ne parallel 

to the x-axls, then Pj^Pg ^ Ix^^ - Xg| , where and 
Xg are the x-coordlnateB of P^^ and , respectively, 

THEOREM 9-25 . If and are points on a line parallel 

to the y-axls, then P^P^ ^ -ygl * where y^ and 
yg are the y-coordinates of P^ and i respectively, 

TOEORiM 9-26 . If ?^ and Pg are points, on a line parallel 
to the z-axis, then P^P^ ^ - , where and 
Zg are the z-coordinates of p. and pp , respectively. 



Thm proofs of thase theorems are vai^ easy and we shall 
omlt^them, I^o spplleatlons of these theorems are Illustrated 
in tht following figures* 

(a) If A- (6,3,1) and B ^ (3,3,l) , * * 
then\ AB ^ |6 - 3| ^3 . 




(b) If C - (3,5,1) and B - (3,3*1) , 
then BC ^ |3 - 5| ^ 2 , 



(■ — J 



I / I / 
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As one of the Important applications of plane coordinate 
" syitemsj we devAlopad the io-oalled distance forrmala 

which enables us to find the dist^ce between two points, 
^l^-l'^l^ and PgCxg,yg) , in a plane. It is now natural to 
seelra formula, analogous to the distance formula in a plane, 
which will expresa the distance between any two points in space 
in terns of the coordinates of the points. 

To do this, let P^(Xj^,y^,z^) and Pg(Xg,yg,Zg) be any 
' two points in space, and consider the figure which Is formed 
by the three planes through which are respeetivaly 

perpendicular to the cqordlnate axes and the three pl^es 
through Pg which are respectively perpendicular to the 
coordinate axes. Let A and P be the points (x^,y^,g^) 
and (Xg,yg,Zj^) . ' 



Z Z 
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Flret^ buppose that and do not lie in a plane 

which Is perpantfieular to pne of the eoordinate axes. Clearly, 
P^A is pierpendloular to the yz-plane (itieorem 9-23) and ha^oa 
parallel to t^ x-axls (Postulate 25). SlmliaEly *AF* is ' ^ 
perpendleular* ^o the xs-plane and hence parallel to the y-axis, 
and FPg ii^^rpendiQUlar to the ^-pliuie and hanoa parallel , 
to the m-B^^p^ Therefore £p^AF and ^P-j^FPg are right 
anglta ^whyf^^^:- Hence, applying the Theorem of ^thagoras to 
the two rigiit^ triangles ^ P^FPg and AP^AF jr we obtain 
respectively * 



and 



m^f = (k?-^f + (FA)' 



Now substituting for (PP^*)^ from the eecond of these equations 
into the flrstj we get 



■ ■ PgP^ = /(AP^)2 + {Fkf + (PgP)^ . 
But aceordlng to Itieorems 9-24, 9-25, and 9-26, respectively, 
• ' " 111 

AP^ = jXg - , 

PA - lyg ~ ^il' ' 

PgF =. |Zg - Z^l . 

Therefore, substituting, 

PgP^ ='/!xg = x^!^ + lyg = y^!^ + Izg - z^!^ 

or, - since |q| ^ for every real number q , 



PgP 
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If and Pg lie In a plana which Is perpandleular to 

one of the ooordinata axes^ then either ^ ^ ^ , ^ 
or ^ , and one or more of the terms'^ under the radleal In 
the last formula Is ^ero. It Isreaay to see that the fortnula 
is still valid. For Instance, if ^ , then P^ ^ F , 
and olparly the correet expression for P^p^ Is 

Pg^l " V^AP^)® + (FA)2 

Likewise, If and Pg detemlne a line which Is perperi- 

dlcular to one of the coordinate planes; then two of the 
coordinates of nwst equal the eorresponding coordlnatf e 

of Pg , a^id only one of the terms under the radical in. the 
formula for pgp^ is different from Eero, Again the formula 
Is valid. For instance, If ^ y^ and gg « , then 
Pg ^ A and the correct expression for Pg^i 

PgP^ - AP=^ - |xg - x^l ^^{x^ - x^f , 

Finally, if \ Pg - P^ , then Xg - x^ ^ y^ ^ y^ , Eg ^ and - 
every term In the formula for Pgp^ is Eero, Thus pgp^ - 0 j 
as of course It should if ^ P^ * Hense, in every case, the 
three "dimensional distance formula 



PS^I -4/fxg ^ x^)^ + (yg - y^f + (Eg " Z^f 

gives us the distance between the points p^(x^,y^,E^) and 
Pg(Xg,yg,Eg) . We state this result as a theorem, 

THEOREM 9-27 * Thm distance between the points P^(x^,y^,E^) 
and Pg(xg,yg,Zg) la given by 

^2^1 " 4/fxg - K^f + (yg - y^f + (Eg ^ z^f . 
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Example 1^ - 

Wiat Is the distance between the points '(2,4^0) and 



) 



^ direct substitution Into the three-dlmeneional distance 
fonnula, we obtain 



1 ' ^(1 = 2)2 + (2 - 4)2 + (-2 = 0)' 

- 3 . 



Find the points which lie on the line perpendlaular to 
the ky-plane at the point (2,3) and are at a Ai stance of 7 
from^ the origin* j 



Clearly, any point which lies on the line perpendicular to 
the xy-plane at the point (2,3) has x^coordinate 2 and 
y-coordlnate 3 * Hence, a point on this line is detemlned 
as soon as Its ^coordinate Is taown. Thus, we must determine 
the value, or values, of z such that the distance from the 
origin, 0(0,0,0) /to the point p(2,3,e) Is 7 . Using the 
distance formula wa thus have 



PC ^ 



or + (3 - 0)" + (z ^ 0)^ 



4 + 9 4^ z - ^ 7 
+ 13 - 7 



2 + 13 



36 
^ ±6 
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9-7 . . .• ' . 

TOius there are two points which m«et the pequlreiMnta of the 
problem, namely Pj(2,3,6) and Pg( 2 ,3, -6) , aa can be checked 
Immediately. 

■ * : 

Problem Set 9-7 

1. Find the distance between the points p^^ and P If the 
coordinates of and pg are as foliowsi 

(a) (4,-1,-5) i (7.3,7) . (d) (3.fl,5) j. (8.4,1) . 

(b) (0,4.5) I (-6,2,8) . (e) (0,1. O) j (-1,-1,-2) . 
^ (e) (3,0,7) J (-1.3,?) . (f) tl,2,3) i (0,0,0) . 

2. A line m la perpendloular to the yi-plane at the point 
P(0,3.4) . Find the points which lie on line m and are 
at a distance of 13 from the origin. ^ f 

Si 

3. A line q is perpenA.eular to the xy-plane at the point 
P(6,8,0) , Find the pQinta which lie on line q and are 
at a diatanee of 10 from the origin. 

4. A line ^ is perpendioular to the xz-plane and eontains 
the point P(l,-2,i) , Find the points of which are ' 
at a dietanee of k from the origin. 

5. Show that ^ ABO with vertices A(2^4,l) ^ B(-l,2,-S) 
G(5,0,-2) is a right triangle, 

6; Is the triable with vertices A(2;o,8) , B(8, -4,6) , 
C(-4^-2,4) isosceles? Justify your answer. 

7. Given the vertices of two triangles, ^ABG and ^DEP j 
for each of the triangles, detemlne if It is equilateral. 

A(l,3,3) , B(2,2,l) , C(3,4,a) j \ 
D(6,2,3) , E(l,-3,'2) , F(0,-2,^5) . 

8, (a) Show that the opposite aides of the figure ABCD 

with vertices A(3,S,5) , B(l,l,l) , 0(4,0,3) , 
D(6,l,7) are congruent, 
(b) Does this prove that the figure is a parallelogram? 
Explain . 
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9-8 ' ; 

9» (m) Show that the opposite alclis of the figure AMD 

with vertiees A(5,l,l) , B(3,l,0) , C(4,3,-S) ,^ ^ 
- D(6,3,-1) are eongTOent', 
-(b) Show that the angles of the figure in Part (a) are 

all right angles. 
(q) Do the results in (a) and (b) prove that' the figure 
.. ■ ^. is a reGtangle? Explain, 

10, Using ^ooordinates, prove Theorem 9^18, ( Hint i l^iis 
followe elosely the""^o6f of the oorresponding theorem 
in a plane * ) 



9-8, parametriQ Equations of a Line In Space , / 

In Section 8-7 # we obtained what we called parametric 
equations of tJ>e line detemlned by two dletlnet points^ ^ 
^li^l^Vl) and Pg(xg^yg) , namely ^ ^ 

y - + kCyg ^ ^i) • " - 

For every value of k , the corresporidlng numbers, x 
and y , are the coordinates of a point on ^P^P^ and,^_ 
conversely, to every point on P^^S correeponde aj 

milque value of the parameter k such that these equations 
give the coordinates of the point, By an argument similar to 
the one whloh establishes the result in the plane, it is 
possible 'to establish the corresponding result for space. 

THIOREM 9-28 , If p^(x^^y^^2^) and PgCxg^yg,^^) are ^y 

two distinct points, then for every value of k the 
point whose coordinates are 

X - + k(2£g 

z ^ + k(zg - z^) 



lies on ^1^2 conversely, to every point on P^^Pg 

there corresponds a unique value of k such that these 

equations give the coordinates of the point, 
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9-8 ^ 

Wiat are the coordinates of the point 4n which the line 
determined by p^(3,7,2) and Pg(l,l,-2) Interseots the 
ky-piane? 

yim toiow that a point la in the xy-plana if and only if Its 
^E-QQo qdlnate Is mero. Our problem is to find the point on 
P^P^ ^ wBoee z-coordinate la lero. Now, by ^ the last theorem, 
the coordinates of any pqlnt on ^Pj^P* are ^^en by the 
equations / 

X ^ 3 + k(l - 3) - 3 - £k , 
y ^ 7 + k(l ^ 7) ^ 7^ 6k , 
E 2 + k(=2 = 2) ^ 2 = 4k „ 
Hence, for the point whose E-coordlnate is zero, we must have 
2-^ 4k - 0 , or k^i. 

Substituting this value into the formulas for x and y , we 
find. 

X - 3 - 2(|) - 2 / 
y - 7^- 6(^h- 4 . 
The required point is the point with cobrdinates (2,4,0) . 

4 
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% ExMipla 2 

Show that the dlager^als of a cube (a) have eqtial lengtha^ 
(b)^isect each other and (o) are not perpendicular to each 
other. 



2^ 


C(0,0.2rt 


H 






F ^ 




f 


i 









Proof: Let the le 



of each e^se of the cube be 2a 



Choose the coordinate axee so that one vertex, A , la at the 
origin and three edges lie in the positive x- , , z-axls. 
Then* the endpolnts of diagonal AW are A (0,0,0) and 
B(aa,2a,aa) * Another diagonal, TO , has endpolnts G(0,0,2a) 
and D(2a,2a,0) , 

(a) AB ^ yf 2a - 0)- + (2a - o)^ + (2a - 0)^ - flsa^ - 2a ^ , 

CD - ytsa - 0)^ + (2a « 0)^ + (0 - 2a)^ - tlaa^ - 2a . 

Iherefore, AB - CD , Similarly, AB ^ GH - EF , 

The length of each dlaynal of a cube is i/S times the 
length of each edge , 

(b) *AB^= ((xjy,s)ix « 0 + 2ak , y ^ 0 + 2ak , z - 0 + 2ak , 

k Is a real number) . 

By taking k ^ , we find the midpoint of "TO to be 
(a, a, a) . 

Similarly, ^GD*^ [(x,y,3)-,x ^ 0 + 2ah , y ^ 0 + 2ah , 
E - 2a - 2ah , h is a real number] * 

^ taking h = ■g' , we find the midpoint of ' -TO to be 

(a, a, a) . / ^ ? 
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Similarly, we find that the midpoint of W Is (a, a, a) 
and the midpoint ^of OT la (a, a, a) , 

^^ ^ . ^^9, any .two of ^he diagonals bisect eaoh othBr. 

(c) If M is the eommon midpoint of the diagonals, then, by 
Part (a), AM ^ ^ • AB ^ a .j/J and CM ^ a , Thum 

(AM)^ m 3a"^ ^d (CM)® m 3a" , but (AC)^ - (Sa)® - 4a^ 

Therefore, (AM)^ + (mc)" ^ (AC)® . Hence, and 
are noj^ perpendiou|ar . 

% this same reasonl^ all other pairs of diagonals can 
be proved not perpendicular , j 



Problem ^t 9-8 

1, In Example 2 above, prove GH - EP ^ kS , 

Given points A(-2,0,4) , and B(8,2,-2) , use set 
notations and paramStric equations to express 

(a) \b^. (b) Al . (c) AB*", 

3. (a) Find the midpoint' of TO In Problem 2. ^ 

(b) Find the trlsectlon point of TO nearer A . 
(e) Find the Jbrisectlon point of AB nearer B . 

(d) Find P if p Is In and AP ^ 3AB . 

(e) Find P If p is In'the ray opposite to AB*' 
and AP = 3AB . 

(f ) Find the coordinates of the point in which ^AB^ ^ 
intersects the xy^plahe; the xz-plane; the yz-plane. 

' (g) Find the coordinates of the point in which ^AB^ Inter 
sects the plajie whose equation Is z - 3 ; whose 
equation is y ^ =2 j whose , equation is x = ^3 , 

4. Prove that the diagonals of a rectangular solid are equal 
in length and that they bisect each -other , 

5. Show that A(-l,5,3) , B(l,4,4) and C(5,2,6) are 
collinear. 




6. What are the coordinates of the point P in whiGh the 
line determined by P^(2,l,3) and ?^i3,-2,l) 
intersects the yz-plane? 

7. What are the coordina4;es^of the point p in which the 
line d ^^enrilned by P^(-l,2,-l) and ?^{3,-2,2) 
intersects the xz-plane? 

8p A rectangular solid has three adjacent faces in the 
coordinate planes. One vertex is at the origin and 
another has coordinates (2aj2b,2c) , What are the 
possible relationships among a, b, c If two of the 
diagonalB are perpendicular to each other? 

9, (a) Given the points a(7*1>3)' , 0(^^-^2,3) , find the 
coordinates of the midpoint ^ M , of , 

(b) Consider the points b(5*0>0) and B{6^y,z) , 
pind y and z ^so that the midpoint of^ BD is 
the sajne point M as in Part (a), 

(c) Is figure ABCD a parallelogram? Explain, 

10, Using ideas of midpoints, as in Problem 9 above, show 
that the figure in Problem 8 of Problem Set 9-7 i£ a 
parallelogram. 

11. Using ideas of midpoints, as in Problem 9 above, show 
that i:he figure in Problem 9 of Problem Set 9-^7 ^ a 
rectangle . 

9-9- Equation of a Plane . 

Our study of the equations of lines in both two^and three 
dimensional coordinate systems raises the question of whether 
or not planes in space can likewise be characterized by 
equations. The answer is Yas , and we shall conclude the 
chapter by finding an equation corx^esponding to a plane* 
First, however, it is convenient to introduce the following 
definition. 
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DEFINITION, If ^ Is any plane, then an equation 
££ ^ is any equation with the following properties i 

(a) The coorddnates (x,y,z) of every point of ^ 
satisfy the equatlonj 

(b) Any values (x,y,z) which satisfy the, equation 
are the coordinates of a point of ^ , 

Coneldar the following example. 



E xample 1. Let F be the point (3,2,4) and let ^ 

De the plane containing P and parpendlGular to ^OF^ 
Z 





A pointy H(x,y,s) lies In if and only If R - F or 

FR OF . By the Pythagorean Theorem, £OFR Is a right angle 

If and only If 

(1) (OR)"' - (OF)^' + JFR)2 . 

Now (OR)^ ^ (x = 0)^ 4^ (y ^ O)^ -f (z ^ O)^ - + y2 ^ ^2 

and. (OF)^ - ^(3 ^ 0)^ ^ (2 ^ O)" (H = o)" - 9 + 4 + l6 - 29 

and (FR)^ - (x ^ 3)^ I (y ^ 2f + (z = kf ^ x^ + y^ + 



6x - 4y - 8s 29 



^ • ^ 29 + (x^' h y^ h ^ 6x ^ Uy ^ 8z \- 29) 



Henc ev, ( 1 ) be c ome o 

2 2 

X + y -I- z 

Thus 

6x h 4y + 8z - 2 ■ 29 , 

or 

3x + Py f- ^-^z ^ pa , 
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As a Gheok, we observe that the Goordlrtates (3,2,4) of P 
satisfy this equation, since 3*3+2'2+^-4^29, . ^ 

Note that the niimbers 3,2,4 which appear as the 
respective coefficients of x,y,z In the equation of the plane 
are the same as the coordinates of the point F , and that the 
number 29 is the sum of the squares of the coordinates of F ♦ 

We use the discussion in Ikample 1 as a guide, in treating 
the general case* Suppose that ^ is any plane not pontainlng 
the origin 0 , Let F(a,b,c) be the point where " • 

intersects the line 



Z 




containing 0 and perpendicular to ^ , By Theorem '9 = 1 j a 
'point R(x,y,z) lies in the plane ^ if and only If R ^ F 

or /OFR is a right angle. But by the Pythagor^ean Theorem, 
^ OFR has a' right angle at F if and only if 

(OR)^ - (OP)- + (FR)^ , 

Since we Imow the coordinates of 0, R, and F , it is a simple 
matter to obtain the distances OR , OF , and FR by means of 
the three-dimensional distance formula, Hance the last equation 
can be v/rltten 

(x = 0)^ + (y = 0)- + (2 = 0)- - [(a - 0)^ (to ^ 0)^ + (c - of] 

^ [(x ^ a)^ + (y ^ bf ^ (z ^ c)^] 
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or, squaring the binomials and collecting tems, 

X + y + z ^ a + b" + c + X Sax + ^ 2by + + 

p 

2ax + 2by + 2cz ^ 2a^ + 2b^ + 2c^ , 



or finally^ 



ax + by + cz 



u2 2 
+ b + G 



This equation Is satisfied by the coordinates of every point 

}P Including P , and by the coordinates of no other points 
In other words ^ this equation Is an equation of the plane. 

If ^ contains the origin^ the above derivations must 
modified a little. In this case, let m be the line which 1 
perpendicular to ^ at the origin and let L(a,b,u) be any 
point on m except the origin, A point R(xjy,z) will now 
lle^ln ^ if and only if R is the origin or ^LOR is a 
right angle. 




But A LOR will have a right angle at 0 |,f' and only If 

(LR)^ = (LO)''^ + (OR)'' . 



4 

Evaluating these distances gji^^mlans of the three-^dlmenslonal 
' distance formula and llmplifylng as we did in the previous case, 
we now find that the coordinates (x,y,z) of any point in ^ , 
Including the origin, must satisfy the equatlonj 

ax + by 4- cz = 0 . 

The only dletlnction between this equation and the equation of 
a plane which does not contain the origin Is the value of the 
constant term, - 

Our dlscuBBion thus far has not touched vn the related 
question: Is evBry equation of the form 

ax + hv nv^ c: 

an equation of some pi ne? rn_e answer to this i : Yes ^ but 
we shall not take time to prove this fact. Instead, we merely 
summarize our observations in the following theorem. 

THEOREM ^ 9-29 ^ Every plane has an equation of the form 

ax^+ by + cE ^ d , where one or more of the numbers 
a/ b, c is different from zero; and every equation of 
this form is an c uation of a plg^ne , 

Example 

What is an equation of the plana which Is determined by 
the points P^(2,0,0) , P^Co.l.O) , ?.^(0,0,3) ? 

By Theorem 9-29, we Imow the required plane has an 
equation of- the form 

ax + by + cz ^ d J 

which is Batlsfiedj in particularj by the coordinates of , 
Pp , and . If the coordinates of satisfy thi^ equation^ 

then substituting J 

a - 2 + b * 0 + c - 0 = d or a ^ ^ , 
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similarly, since the coordinates of p,-^ satisfy the equation, 

a*0 + b.l4-C'0^d or b^d 
and, since the coordinates of also satisfy the equation, 

a'0+b*0 + c'3-d or c^-|. 
Substituting for a, b, and c we obtain 

=|x + dy + ^ d , , 

or, multiplying both members by 5 and dividing by d , 

3x i 6y + 2z ^ 6 . 
This is the' required equation. 

Example 

What Is an equation of ^the plane whose points are equi- 
distant from the points A (1,-3,0) and B(2,0j=5) ? 

Let P(x,y,z) be any point. The condition that p lie 
on the required plane is expressed by the equation PA ^ PB , 
O^at is. 



/(x ^ i f + (y + 3)2 + (2 = 0)^ - v4x ^ 2)^ 4- (y = of + (z +5? 
or 

- 1)^ H (y + 3)^ ^ (x ^ 2)^ + y- + (z + 5)" 

or 

(x^ - 2x + 1) + (y- + 6y + 9) + = (x^ = + 4) + y^ 

+ (z " + 102 + 25) 
or (by rearranging terms) } 

(x- + y^ + 2^) ^ 2x + 6y + 10 - (x^ -h y"^ -h z^) - ^x + lOz + 29 . 
\ ♦ 

Finally, by combining terms, we obtain the equation of the 
plane In simple form- 

2x -H 6y - lOz ^ ig . 



i; 
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Example 

Sketch the plane ^ given by 

The coordinates of each point of Intersection between P 
and a coordinate axis are readily detemined, as follows, if 
a point 'is on the x-^axls^ its y-coordinate is zero and its 
g-coordlnate is zeroj thus the intersection of P and the 
X-axis Is the point (3,0,0) begbiise 2x-0+3 ^0^6 
yields X ^ 3 . Similarly, the ylaxls is [(x,y,z)ix - 0 - a] 
and it IntersectB ^ at the point (0,-6,0) . The point of 
intersection of ^ and the z-axls is (0,0,2) , A "stetch" 
of the plane ^ is conveniently made ^y plotting the triangle 
nvhose vertices are the three points (3,0,0) , (0,-f5,0) , 
(0.0,2) , ) ' V; 




\ Find an equation of the plane which contains the three 
'joints (1,2,3) , (2,1, =3) and (=1,^2,1) . 

A point In the plane must have coordinates (x,y,z) such 
that ax + by + cz ^ d . That is, if the point (1,2,3) is 
in the plane, then 



9-9 

Similarly, if the point (2,1,-^3) is in the plane then, 

a * 2 + b * 1 + c(-^3) ^ d 

and, if the point (-l,=2,l) is in the plane then 

a(-l) + b(=2) + c . 1 - d . 
We find values of a, In terms of d , which 

satisfy all three of these equations, to be 

a = , to - = ^ . c ^ ^ , Substituting these values In 

the equation ax + by + eg - d yields 

(ip)x . (- f )y . (f )z = d 

llx = 7'y + 3e S3 6 , 
an equation of the required plane* 

Problem Set 9^ 

1 *--f.!^^ Write an equation of the plane determined by three points 
whose coordinates are 

Ma) (IaO.O) , (0,1,0) , (0,0,1) . 

(b) (3,kl) , (0,1,0) , (0,0,2) , 

(c) (3,^0,1) , (1,2,0) , (0,2,4) . 

(d) (1,-1,0) , (2,0,3) , (0,-3,1) . 

2.. Determine an equation of the plane whose points are 
equidistant from p^(l,2,3) and P2(2,5,4) . 

3. Sketchy a diagram of the plane represented by each of 
the equations I 

(a) 5x + 4y ^ 20 J 

(b) X + 2y + 2 - 5 . 

4. Find an equation of the plane which contains the point 
Q( 1,-2,2) and is perpendicular to the line containing 
ft and the origin. 
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5* Find an equation of the plane which contains the three 
points whosa coordinates arei 

(a) (0,-2,1) J (2,0,-1) J (.2,-3,2) . 

(b) (1,=2,1) ; (2,0,-1) ; (-2,^3,2) . 

(c) (1,-2,1) J (2,3,-1) J (-2, =3,2) . 

6. Find the coordinates of the point of Intersection of 
the plane ^ and the line ^ , if 

[(x,y,z):3x + 5y + l4z 11] 

and 

{(x,y,z):x ^2-3k,y-l + k,z-4-2k, kreal} 

9^10. Summary . 

€n this chapter we have studied properties of parallelism 
and perpendicularity for lines and planes. The relationship 
of parallelism for lines in space is reflexive, ^syrruTietrlc, and 
transitive. The same three fimdamental properties hold for 
parallelism of planes. The relationship of perpendicularity 
for lines in space Is ssrmmetrlc, but neither reflexive nor 
trailsltlve. The same three remarks apply'to perpendicularity 
for planes. 

If a point and a line in space are given, there are: 

(a) a unique line containing the given point and parallel to 
the given line, 

(b) many planes containing the given point and parallel to the 
given line, 

(c) a unique line containing the given point and perpendicular^ 
to the given line, 

(d) a unique plane containing the. given point and perpendicular 
to the given line. ^ 

If a point and a plane -in space \are given, there are: 

(a) many lines containing the given point and parallel to the 
given plane, 

(b) a unique plane containing the given point and parallel to 
the given plane, 

V 
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(c) a wique line containing the given point and perpendicular 
to the given plane, 

(d) many planes containing the given point and perpendicular 
to the given plane. 

Given a unit-pair^ a postulate in Chapter 3 described for 
us the distance between two points. In Chapters 4^ 5, 6 our 
theorems on perpendicularity and parallelism enabled us to 
introduce the distance betv/een a line and a point and thB 
distance between two parallel lines. In Chapter g pur otudy 
of perpendicularity and pai^allellsm pemits us to extend the 
notion of distance *&gain. We can speak of the distance between 
a point and a plane, the distance between a line and a plane 
that are parallel to each other, and the distance between two 
parallel planes. 

The ideas of parallelism, perpendicularity, and- dlBtance 
play a basic I'Ole in developing a three ^dimensional coordinate 
Bystem. In a one -dimensional system a point Is iidentified by 
a single real number, in a two-dimensional system b^^ an ordered 
pair of numbers, and in a three-dimensional system by an ordered 
triple of numbers. The formula for the distance between two 
points in space is a natural extension of the formula in 
two-dimensional geometry. The parajnetric equations of a> line 
In space are a natural extension of the parametric equations 
in two-dimensional geometry^ The first -degree equation in 
X, y, representing a plane in space^ is a "natural extension 

of the first-degree equation in x, y, representing a line in ^ 
two-dimensional geometry. The coordinat^e method for proving 
theorems or analyzing problems is. fully as useful and 
convenient in three-dimensional situations as in two. 
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VOCABULARY LIST 

par^allel planes 

perpendicular planes 

plane angle of a dihedral angle 

measure rof a dihedral angle 

coordinate system (in space) 

cbordlnate plane 

distance formula (in space) 

equation of a line (in space) 

equat^ion of a plane 



Review Problems ' ■ ' 

Chapter 9, Sections^6 to 9 

1. Plot the points A, B, C, and D 'If the ^coordinates of 
the points are:;; A(2,-2,5) l b(2,3,4) j C(2,3,-4)^ j 

2. Find the^^^.^Btances between the following pairs of points: 

(a) (0,4,5) and (-6, 2,8) . 

(b) §3,0,7) and (-1,3,7) . 

3. Find^the midpoint of each of the se^nentB determined by 
the ypair of points in Problem 2, " 

; 4, Wr|/te parajTLetric equations of the line determined by each 
pffirB of points in Problem 2. / 

5, The cooi^dlnateB of the midpoint of a segnent are 
(8,-4,1) . If the coordinates of one of the endpoints 

' ' of the, segment are (4,-1,3) , find the coordinates of. 
the other endpolnt of the segment, 

6, The coordinates of the vertices bf a triangle are given 

; in each of the following problems , Classify the triangle 
■in each of the problems, 

(a) (5>9*ll) * (0,-1,-4) , (5,-11,1) . 
(to) (4,3, =4) % (.2,9.-4) , (=2,3,2) . 

(c) (2,4,2) , (4,5,4) , (4,2,1) . 

/ 7.^ The coordinates of three points are listed In each of 
j the following problems. Tell whether -the poihts ai'e 
/ collinear or noncollinear . 

^/ (a) (3,-2,7) , (6,4, =2) , (5,2,1) 

^ (b) (1,2,5) , (3.3,2) , (.5, .1,14) . 

(c) (0,4,3) , (1,5,2) , (4,7,0) . 

(d) (3,-1,6) , (1,2,2) , (=1,5,^2) , 

8. Given four distinct points A, 5, C, and D . If 
AB = CD and AP ^ BC , is ^BCD a parallelogram? 
Explain. 
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Given four noncolllnear points A, B, C,f and D 
the midpoint of W Is the midpoint 6f | 15 , Is 
a parallelogram? Explain. 



If ' 
ABCD 



10, Does the plane whose equation is 

contain the point whose coordinates are (3^^1,2) ? 

11, Wnat is the Intersection of the xy-^ plane and the plane 
whose equation Is 2x - 3y^+ 2=6? 

12, Describe the following: Kx^y^z)'.^ ^ ^] , 

13* What is the equation ol* a plane whose^^ints are 

equidistant from the endpolnts of a line segment with 
coordinates (^2^=4,7) and (4,5,1) ? 

1^4. M iB the midpoint of an edge of the rectangular solid 
shovm in the figure below. 
Prove by means of coordinates 
that m ^ MC , 
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= . REVIEW PROBLEMS 

^ ' \ Chapters o-9 



Write + If T:he statement is true; 0 if the atate^ 
.ment is false : ^ >■ 

1. The measure of an exterior angle of a triangle is 
greater than the measure of any interior angle 

of the * triangle . 

2. Two antiparallel rays are distinct; 

' 3* The angle opposite the longnst sid^ of a triangle is 
. ^ i^fe angle that has t h e gr ea test mea s ur e . 

A set of parallel lines intercepts congruent .^segments 
. on any transversal. 

If AB 1 BC, then AB < AC , 



'Q, There is a triangle whose sides have lengths 3^1^ Pl3, 
and 13d* 

7. Two lines ai^e parallel if each of them Is perpend i- 
cular to the same line. 

b . G i ven two lines and a t ra n s ve r s a 1 of the 11 ne s ^ 1 f one , 
pair 'of alternate interior angles are congruent^ the 
other pair a re a 1 s b go n g r ue n t . ^ 

9 . Given tw □ 1 n t e r s ec ting 1 in e s^ a nri a t ra n s ve r s a 1 hose 
lines, no pair of corro^sponding angles determined by 
, the given transversal are Gbngruent, 

'10. The bisectors of a pair of bonsecut ive interior angles 
are parallel, 

11. .'\ t a point on a 1 i ne ^ 1 1 lo I'e a re i nf in 1 1 e ly h y lines 
perpendicular to the line. 

12. The distance between a line and a point not on the 
line is^ the length of any segment connecting the 
point and the line'. 

13. The planes which contain the respective faces of a 
right dihedral angle are perpend icula r . . , 



If two englei of one trlangie art oongruent respect Iv- 
ely-to two angles of another triangle^ then the third, 
angles are congruent. 

The acuta angles of a right triangle are oomplementary , 

An exterior angle of a triangle la the supplement of 
one of the Interlor/angles of the triangle. 

One of the angles of a rlgftt triangle may be an ob* 
tuae anglfe* - ^ 

Tw^/^rlght triangles are congruent If the hypotenuse and 
a leg of one are congruent resptctlvely to the hypoten- 
use and a leg of the Ather* * 

If a llne^ Intersects one of two parallel llneSj It 
intersects the other. 

/ 

Two lines that are equal are not parallel. ^ 

Any two consecutive angles of a parallelogram are 
aupplemen ta ry . 

In ^ ABC, If ^m^A ^ 30 and mtB- ^0, then * IC 
is .the longest side of the triangle. 

If X, y, and z are three lines such that x j | y 
and y I I Zj t>ien x | | z. = 

If Xj yj and z are three lines such that ^ y^ 
and y j_ then 2* 

The contraposltive ^of a statement Is logioally equl= 
v|[lent to the converse of the statement* 

A triangle has a right angle if the. lengtihs of the 
sides of the triangle are proportional to 7j 24^ 25. 

If one pair of opposite sides of a quadrilateral are 
parallel and con^rupntj^ then %he quadrilateral Is a 
parallelogram. 

The length of the diagonal of d^^ square can be found by 
mCil,t Iplylng the length of a side ,by 



2g. "'a dlha^ral angle Is the union of two^ halfplanta. 

30, Qlven threa distinct Goplanar parallel lints and two 
dlst£nct transversals^ the segments formed on one of 
* the traitsversals are proportional to the aorrespond- 
* ing segments fomed on the other transversal* 

*31. In A ABC, If m£A < mLB^ then AC < BC. 

32. If the lengths of the sides of a triangle are 20, 21, 
and^ 31^ the triangle Is a right triangle, 

33* If the measure of one. of the angles of ^ right triingle 
is 30i then th^ length of the, leg opposite that 
angle Is equal to one-half the length of the hypo- 
tenuse, 

3^* Given a correspondence between two triangles i if two 
^angles of one triangle are congruent to the corres- 
ponding angles of the other^ the correspondence is 
fib similarity. / 

35. If a^ Cj are the lengths of the Sides of one 
triangle, if k is a positive number, and if 

ak, bk, ck, are the lengths of the sides of another 
triangle, then the triangles are similar. ^ ' 

36. Given two triangles^ If an angle of one triangle is 
congruent to arj angle of the other, and two sld%s of 
one triangle are proportional to two sides of the 
other^ the triangles are similar. 



37, If the legs of .a right triangle have l^gtha a and b^ 
and If the hypotenuse has .length c^ ' then 

b ^ ( c - a ) ( c + a ) . 

38, Given a corre.spondence between two triangles, if ^^two 
angles and a side of one triangle are congruent to 
the corresponding parts of the other, the corres- 
pontfffnce is a CQngruence, ^ 

39, Given a correspondence between two triangles. If two 
sides and an angle of one triangle are congruent to 
the cor^responding parts of the ottor, the corres- 
pondence is a congruence. 
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^0. Two Isoiaelts triangles are aongruent ^f^ha vertex 
angle and the base of one triangle are conHlj^t 

respectively to the vertex angle and the bise of the 
other, 

41, Any two reotanglee are almilar, 

42, If (a, x) - (x, b), then ab m x^. 

43, Congruent convex polygons are similar with a propor- 
tionalitir constant of 1, 

44, Any two equlla^eral^ triangles are similar. 

^ ^- 

45* If X and y are two distinct positive numbers, 

if the lengths of two sides of a rectangle are x and 
y, and if the lengths of the sides of a second 
rectangle are x + 6 and y + 6, then the rectangles 
^ are similar, 

46. If a, b are^proportional to c, d with propor- 
tionality constant k, and d are proportional 
to e, f with proportionality constant g^ then 
a, b are proportional to e^ f with proportion- 
ality constant — . 

47. If a line Intersects the ii^rlors of two sides of 

a triangle so that corresponiing segments are propor- 
tional, the line is parallel|to the third side, 

48. The ratio of the perimete^ of two similar triangles 
is equivalent to the ratio of any^palr of corres- 
ponding sides, 

4 

49* If ' Pj q'' are proportional to a, b with propor- 
tionality constant k* -then ^ ^ 

bO. Any real number is permitted to be a constant of 
proportionality, 

bl . The lines which aontitn' the respectlva blsectorg of 
the angles of a trlartgle are concurrent at a point 
equidistant from the vertices of the triangle. 
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Any pair of opposite angles of en isoaceles trapezoid 
ire gupplementary , ' 

If the diagonals of a quidrllateral are perpendiaular 
and blieet eaeh othefc', the quadrilateral Is a rhombus. 

If the ooordlnates of a quadrilateral ABCD are ' 
A(^5, ^2), B(^4, 2), C(4, 6), d(3, 1), then the 
Quadrilateral la a parallelogram. 

^he points (0, -2), (3, 4, -2), and (1, ^, -5) 
are the vertl6ps of an equilateral triangle. 

If two segments are congruent, their proJeGtl'ons 
on a given line are uongruent. 

If a plane is parallel to one of two diatlnot parallel 
lines. It is parallel to the other. 

Given /(-I, 0), B(D, 2), C(4, 5), D(-3, 3), 
then I I 

The distance between any two distinct points In a plane 
is a ppsltlve number. 

The intersection of a line and a plane Is a point. 

If a diagonal of a convex quadrilateral separates it 
into two congruent triangles, the quadrila terpl la- a 
parallelogram. 

If each pair of opposite sides ^of a quadrilateral 
are congruent, the quadrilateral is a parallelogram. 

The opposite angles of a parallelogram are congruent, 

A diagonal of a parallelogram bisects two of Its 
angles. 

The plane whose equation is x+y+z=4 contains 

the three points (1, 2, 1), (3, -1, 2), and (5, =3, 2) 

The perimeter of the triangle formed by Joining the 
midpoints of the sides of a given triangle is half the 
perimeter of the given triangle. ^ 

If the diagonals of a quadrilateral are perpendicular 
afid Congruent, the quadrilateral Is a rhombus. 
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68, If a line Intersects one of two parallel planes In a 
single point, it intersacts the other plane In a 
single point, ^ 

69. If the ooordlnates ^f points A, C are (b, 9., 11), 
(Oj -1, -4)^ (5, ^11^ 1), respeGtlvely, then A ABC 
Is a right triangle. 

70* ((x, X m 4.4k, y'- 1^2k, *^ k ? is real) contains 

' ^ the point (3, -1) , 

'f 

^71. [(x, y): x^^ 1 ^ 3k, y ^ 7k, k la real}^ and 
((x, y): X ^ 9k, y ^ 1 + 21k, k is real) are 
parallel lines. 

72. [(x, y): X ^ 3k, y ^ 3^k, k Is real] Is a line pass- 
ing through the origin. 

73. If each of two planes is perpendicular to a third 
plane, they are parallel to each other* 

The projectiorr of a line into a plene la a line, 

75. If a ray in one face of a dihedral angle is parpen^ 
dloular to the edge of the dihedral angle, the line 
containing the ray is perpendicular to the plane 
containing the other face of the angle, 

7o, Through a point not In a plane, there Is exactly one 
line perpendicular to the plane, 

77* If a plane Ip^fe^rsects two other planes In parallel 

lines, respe^ctlvely, then the two planes are parallel, 

78, If a line is perpendicular to aj plane, then any plane 
containing this line is pe!?pendtcular to the given 
plane. 

79' A quadrilateral with three right angles is a rectangle. 

QO. If A - («2, .4, 7), B - (2, 2^ 3), and C - (4, 5, l), 
then A, B, and C are collinear, 

81. [(x, y, 2): 2x ^ ^y + z ^ 4J contains the point 
(3, 2, -1). 

82, There are Infinitely many planes 'perpendiQUlar to a 
given line. 
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B3, If a plane le perpendlGular to aaeh of two lines, the 
two lints are coplanar. 

84, If eaoh of three nonGollineat points of a plane la 
equidistant from two diswyt points P and 
than PQ Is perpendicular to the plane. 

If each of two planes la parallel to a line, the ' 
planes are parallel to eaeh other, 

86* If each of two intersecting planes is perpendicular to 
a third plane, then their line of interseotlon Is 
perpendicular to this plane. 

B7, The irS^^rsection of the xz-plane and, the plane whose 
equation Is 2x - 3y + 2 = 6 is 
((x, y, z) I ^ 2x + z ^ 6 vand y = 0). 

88. If A, B, C, and D are four distinct points in 

space such that S s CD and BC S AD^ then ABCD is 
a parallelogram. 

8^ ^((x, y)^ X - 3k, y - 2k, 0 < k < 1} Is a segment. 

90. [(x, y)' X = 2 + 3k, y ^ 2k, k Is real) is a 



line having the slope 



2 



91. ((x, y): X ^ 3 + k, y ^ 1 + 2k, k > 0) is contained 
in Quadrant I , ' 

92. ((x,^y): X m 3k, y ^ 2k, k is real) and 
[(x, y)i X ^ 3) intersect at the point (3, 2), 

93. The intersection of {(x, y) i x - 3k, y * 2k, k is real 
and ((x, y) : x ^ 2h, y - 3h, h is real) is the 
origin, 

9^. ((xj y) : X ^ 3kj y m Sk, k is real] is perpendi- 
bular to C(x, y): x ^ 2k, y m 3k, k Is real). 

95. If two angles Have the property that the aides of 
one are antiparallel to the corresponding sides of 
the other, the angles are supplementary. , 

96. If ABC is a right triangle and W is the altitude ' 
to the hypotenuse of the triangle, then A ABC Is 
similar to A ACD, ^ 



97. Tht union of tha sat of all rhombusts and the set of 
all reGtingles li the set of all iquares/ ^ 

98. If ABCD li a quadrilateral and W^W and W \ \ I?,, 
then ABCD is a parallelogram, 

99. If ABC Is a right triangle and W is the altitude 
to the hypotenuse of the triangles then th# square of 
the length of CP Is equal to ttfe product of the 
length of AD and the length of J 

100, The altitude of an equilateral triangle each of whose 
sides has length s la ^^/W, 



/ 
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/ Chapter 10 

DIRECTm SiaMENTS AND TOCTORS 

10-1 • Introduotion . 1 

Many ^ of the quantities which we enGounter In life are 
adequately described by a unit of measure and 'a number. 
Expressions of thie sort, such as 5 inches, 20 degrpeSi 
75 eents^ 2 hours j 10 cubic feet, or 15 miles per 
gallon, can be represented as the distance between two points 
on the appropriate scale, and for this reason are called 
scalars , On the other haitd, there are numerous quantities 
such as displacement, velocity, accaleration, and force, for 
which moi^e Information than this must be given before they are 
adequately specified* 

Consider the simple idea of a displacement, for Instance, 

If we are told that a boy walked two miles, we really don't 

Imow very much about what h^ did unless we are also told the 

_ # 
direction in which he walked. Even If we Imow that he walked 

two miles northeast. Bay, we don*t have a complete description 

of what he did. He might have started at school and walked two 

miles northeast, or he might have started at his home, or any 

number of^ other points^ 
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We have an adequate description of the boy's walk only if we 
loiow / 

(a) phe point from which he started, 

(b) hhm direction in which he walked j 

(o) thte distance he walkedi * 

01*, ^^uj^l^htly, if we know 

(a) jhe point from which he started, 

(b) the point at which he ended. 

Speaking in somewhat more abstract terms, it appears that 
a displacement can be represented in either of two ways* 

(a) By a segment extending a given distance in a given 
direction from a given point , 

(b) ^ sl pair of points, one identified as a starting 
point, the other as a terminal point , 

A sepnent, as we defined it in SectloA 3-6, is Just a 
set of pQlnts %nd has no direction associated with it. 
Similarly, the set consisting of the endpoints of a segment 
has no direction associated^ with it, Henae neither the 
segment AB nor the set {A,B] Is adequate to^ describe the 
displacement from A to B because neither distinguishes) 
between this displacement and the displacement from B tc> A , 
which is quite a different thing. Clearly^ we can specify 
the displacement which starts at the point A and ends at 
the point B by using the ordered pair of points ^ (A,B) , 
However^ if we wish to describe a displacement by means of a 
segment we must extend our original definition^ 

DEFINITION . A segment is a directed segment if 
and only if one of its endpoints is designated 
as its initial point , or origin , and the other 
endpolht Is designated as Its terminal point or 
teminus , 



NotatlQn , The symbol (aTb) Is used to denote the 
dlreoted segment whose origin is A and whose 
terminus Is B , In a drawing a directed segment 
is shown by plaolng a half arrow-heAd at its terminal 
point, thus I 



DEFINITION ^ Directed segments which have the same 
initial \polnts and the same terminal points are 
said to ^ equal. 



DEFINITION . W the length of the directed segment 
(AjB) we mean AB * Sfeat is, the length of the 
assoeiated segment TO . 

In the next section we develop some of the properties of 
directed segments, using the concept of displacement to motivate 
our work. Then In later sections, we introduce the Important 
generallEatlon of a directed segment known as a vector. 



10-2. pirected Sesment s , 

In the last section we Introduced the idea of a directed 
segment by considering the displacement of a single object 
from one point to another. Let us now consider a .number of 
objects which move equal distances in the same direction along 
parallel lines, as for example a group of planes flying In 
formation or the linemen of a football team charging down the 
field together in their pregame Warm -Up i , 
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The displacement of the planes, in the first eage,^nd of the 
playare in the second^ are all different because no two begin 
and end at the same points. ^ None the less. In each of the two 
cases there are characteristics conmon to all the dleplacementsi 
specifically, the displacements take place In the same direction 
along parallel lines and involve movement through equal distances 
In many applications it is convenient to be able to refer 
concisely to directed segments with these characteristics, and 
to provide for this we Introduce the following definitions 

DEglNITION , Two directed sepnents, (A^) and 
(c,DJ are equivalent if and only if AB ^ CD 
and I 



(we suggest that you review Section 6^7 regarding parallel 
rays at this point,) This definition is illustrated in the 
following figures^. 




A' 



In each case yti^e dlr^ted segments (A,B) and (A"«;^B') are 

equivalent because AB - A»B' and AB*j | A ' B , In these 

figures, are tie dlreated segments (A,B) and (B* * A' ) 
aqulvalent ? Why ? 



No-tation , We Indicate that (A,b) is equivalent 
to <^D) by writing 



(A,B) # (C,D) 
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If you underatMd the dtJ^dtlon of equivalent directed 
segmanta jrou should have no trouble verifying the following 
statemeftts, - ^ . ^ 

Wopertlis of Directed dbgmant Equi valine e , * ^ 

1. Directed sejpnent equivalence is reflexl^^i^ 

(a;b) - (ff^).. ' 

■- ■ ' ^ . 

2, Wrected sepnent equivalence Is syronetrioi 



If (A,B) ^ (C/D) , then .(C,D) (A,B) . 

3, Directed se^nent equlvalenpe is transltivei 

If (J^) ^ (fflt) and (^) 4 (ITF) , 1^ 

then (A^) ^ (^^) * ^ 

A fundamental property of directed ae^ents is given by 
the following theoremi 

THEORIM 10-1 , There is one and only one directed segment whloh 
is equivalent to a given directed eegment and has Its 
origin at a given point. 

Proof I By definition, the directed sepfient which has its 
origin at P and is equivalent to (A/B) must lie on the 
unique line ^ , whleh contains p and is parallel to ^AB** 
Moreover, the required direoted segment must lie on the imique 
ray of j£ which has p for Its endpolnt arid is parallel to 
AB . Finally > on this ray, the tennlnal point, Q , of the ^ 
requlrtd directed se^ent must have the property that AB - PQ ^ 
and by^^e Point Plotting Theorem, there Is one and only one 
^uch poin^ Hence the theorem Is proved* 

If we itetum to the idea of displacement for a moment, and 
consider theyproblern of getting irom one point to another in a 
city, it %B clear that only rarely can one^go directly from r 
one point tcx another. Usually, □bcauee of the buildings which 
are in the way, one must walk do^ one street a certain = 
distance, then turn a corner, and contlrtue on another strefJ 
to reach his destination. 
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InitruQtione for gettln^around In a eity reriect this fact, 
aind we are all aoouatomed to being told to go so many blocks 
in one dlreotion and then go so many blocks in another to ^et 
to /Some desired address. 

The observations suggest, firpt of all^^ that any dis= 
placeT^e^t can be achieved In various ways by a iuecession of 
other displacements. In the second place, they iuggept that 
it may be convenient when speaking of displacements to use a 
coordinate system in describing simple displacements which 
together produce a given displacement, - For Instance, It is' 
clear from the following figure that the displacement from the 
point A(2^l) to the point B(7j4) can be achieved by first 
performing the displacement from the Initial point nA(2,1) to 



X'0-2 



1 



D (2,4) 




A (2,1) 



C (7,1) 



t - -i- 



the point C(7,l) and then eontinulng with the 41spla'eemtnt 
from C to the terminal point B(7,4) ^ it can aleo be 
aoeompllshed by first performing the displacement from the 
initial point A to the point D(2^4) and then aontlnulng 
with the displacement from D to the terminal point B . A 
displaoemant to the right of 7 2 ^ 5 and an upward c^ls- 
placement of 4 1 ^ 3 regardless of the order In whioh 
they are performadj thus combine to give preoliely the die- , 
placement from A to B » in terms of the given coordinate , 
s|rstem, the numbers 5 and 3 associated with the displace- 
menflTsatallel to ray OX and the ^ay •.OY* > respectively,^ 
thus funaamentally related to the* displacement from A(2,l) 
to B(7/4) . ^ ^ ' ^ , 

Tne extension ^f the foragdlng observations to directed 
segments Is contained in the following definitions* 



It 



689 



definit: 



'IONS , If P^(x^,y^) and P^(3^g,yg) are 



points In the xy»plane, the number = x^' Is 
ealled tha x^ Qonyonent^ of (P~7Pp) ' the 
number - y^ is called the y- oomponent of = 

The ordered pair numbers [Xg - ^ y^ - y^J 
are called the cQmponents of (f^TPg) . (Sote 
the use of brackets to Indicate components*) 



Although^a given directed segment- determines a unique , ' 
pair 9f components! it Is not time that a given pair of 
components ^ermines a unique directed segment. For Instance, 
-M-H^ie have -^^t seen,^^-iha^pi^ita__.^A(2j^l,) and B(7/4) _ 
determine a rected .ee^ent with components [5>3] , but so 
do the points C(4,2) and D(9,5) . Whatsis another directed 
segment with components [5j3] ?' "Riere are many more, but it ' 
is possible to derive the following theorem,' 



THEOREM 10-2 . Two directed segments (PiVPg^ ^Js^^^) 
are equlvaleht if and only if they have the BBme 
components-. 

To establish this theorem^ we must show two things i 
1. If (^i^Pg^ ( ? 3 * ^4 ) have the same components, 

they are equivalent. 



2, If (P^,Pg)^ and (P^^Pi^) ^ are equivalent, they 

have the same components. 

To prove these assertions requires^ the consideration of 
two cases, according as the four points * ^2 * ^3 * 



are or are not collin|ar. To save time, we shall give 
the outline of the preof In the general case where the points 
are noncollinear. 
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1, Let the coordlnatee .^f - F , ^P^, p., be, . 

i i ^ d 4 

^ .^espetftively^ (x^iy^), (xg.y^)' (^a^ya)* ^^4174) ^ TOien the 
hypothesis of the first part of the theorem Is that 

If Xg - ^ - ^ 0 ^ then the lines *P^p| ^p^p^ 
are vertical and h^noe' parallel. If Xg = ^ x^^ - ^ 0 * ♦ 
then by^^^j^sion ^ \ ' 

Tharefore, the slopes of *Pj^Pg and "^P^" are equal an4 hence, 

by Theorem 8-12, the lines are parallel. In every case, then, 
-_ " ^^^^^^^^^ 

given points are not ^llinear, ^1^2 parallel to 

^ * Now from the' h^otheslB that- - ^^.^^ 

Xg - Xj^ - x^ » X3- and yg ^ y^ ^ y^ . , . 

we obtain, at once 

X3 - x^ - x^ ^ x-g and - - ^4 - Yg , N 

Hence, by an argument analogous to the one we have Just given, 
it follows that *P. is parallel to ^p^p? , 
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Therefore, If P^^.Pg, Pg, P^ are not colllnear, they fom a 
p^r al lei ogram , ^i^g ^3 ^4 ' Henc e 

P^Pg - PgP^ , _^ 

and ?2 Sind lie on the same side of tke linp ^F^P^ , 

'Dierefore (P^TP^) 'and {f^J^) ^re equivalent, as^ asserted, 

2* Now Buppoee that (P^Pg) ^ (p"?^) . 
Pg ^ (Xg = + # yg = + yg), • Then the Gomponehte of 

[(xg - + Xg) = Xg , (yg - y^ + y3) - y^] ' 

' [xg - x^ ^ ^ = ] , ^ 

^t these are also the components of .(P^jP^) , It follows^ ^ 
then J from the first part of this thefcrem (which we have proved) 
that V 

But the hypothesis of this 'part tells Us that 

\ 

Because of the transitivity property bf directed segment 
equivalence we conclude that \ 

^ Theorem 10-1 j it follows that pg - p^i) ^ or 

. - x^* + xg ^ x^ and* y^ - ^ y^ + yg ^ y^ . 

6 

or . 

^ xg - - x^ ^ X3 and yg - y^ - y^ ^ y3 . 

This completes the proof of the theorem. ^ 

As/^ irmiediate Gonsequence of this last theorem, together 
withjthe Pythagorean Theorem, we have the following result: 
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TOlORm 10^3 . If and Pg have coordlnatee (x^,y^) and 

(Xg,yg) J respectively; the length of any directed 
eegmant equivalent to (P^jP^) Is ^ . ^ - ■ 

We have, in effect, defined equivalent directed, se^ents ^ 
as directed segmente having the same le^th and direction, 
regardless of their initl|J. points. Another Ihtereatlng olass 
of directed se^nente^^consists^of those having the Bmne initial 

. point and direction^ regardless of their lehgths,^ ^is leads 
to the idea of the produot of a directed segment mnd a hwnber, 

__whl.Qh^lA ^^Jej^tPi . _ _ _ 

DEFINITION . ' Let (^B) be any directed eegment and 
let k be any real number. The product , k(A, B); , 
is the directed segment (a;X)" where X is the , ' 
point whose coordinate is k in the' coordinate 
system on *AB*^ with origin A and unit point B , 

BefINITION . The directed segment -1 • ) ^(aTb) 

is called the opposite of ^ the directed se^ent (^^B) . 

The following^ figure illustrates the multiplication of a 
directed segment by the numbers 2 and -2 * 

^_ - - ^ ^ 

X A B 

AX^2AB , AXs2AB^^(^Z)'Afi 

We note that, if k > 0 then X is In AB*j If k < 0 , 
then X ±^ in; the ray opposite to AB^j d'f k ^ 0 , then ^ 
X ^ A* ,^ llils lapt result introduces the posiibillty of (^^) 
a zero directed segnent ♦ 




Ab we might expect, when a directed legnent is multipiied 
hy a number, k , the oomponents of the dlrebted seattsnt are 
both multiplied by the Bame numbep* More preolsely we have the 
following theore|i. \ . " ..^^ 

TmOEm 10-4 . If the coordinates of ahd Fg are (Xj^,y-|^) 

arid (xg,yg) , respectively^ thtn the components of the 
directed se^nent (fjT^) which is k times the directed 
sepnant (P^^Pg) are k(xg - x^) and k(yg - y.^) , 



proof I 



Let (Pi^Ps) ± [X3 - , yg - y^] 



- the -Etfo/ Point. theorem ^ . . .^...^ : — ....^.^ ^ 

X3 ^ + k(Xg - x^) and yg - y^ + k(yg^ y^) 

or 

X3 - x^ - k(x^ = x^) and ^ ^ ^(^2 ' ^1^ - 

Thus (^) .jicUg ^ X,) , k(yg - y,)3 , 

■ ' - 

Problem Set IQ-ga 

1., A iyid B are two points. List aid the directed line 
sepnentB they detemlne, 

2. A, B, C are three points^ List all the directed line 
segments they determine, . ' 

3, In the figures below list the equivalent directed line 

segments* * 
Di iF Hi .J 
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If B, c, D are ctLstinct points md] (A/B) * (C^D) , 
shmi for each'of the followl^ cases that {^C) ^ (B^) 

- (a)' D are collinear In that order* 

(B^ A, B, D are collinear In that order, 

(c) No three of B, D are colline^r^ 

(d) Why did we not consider three points bollinear 
' In Part (c) ? ' 

(e) miy do we not consider A, C, D, B collinA^l? in 
that order? vi 

5, If P, G, 'H are distinct points, (BTP) (0^) \ 
and a line Is not perpendicular to '^BF* and does nd^ 
intersect BF ^ show that the projections of (B,P) ^ and 

— -{^0-} —orr-^- are ^e^OTWtwnt^diwet^ett^^Ba^eW 

projection of B on M be B' ^^and consider three 
casesi 

- (a) G la cqntalned In ^BB*'^ * 

(b) G Is in the Sams half plane as F with respect 
to *BB«* . 

(c) G Is in a different halfplane from P with 
respect to *BB**^ , 

6, Determine k so that each of the following statements' 
is true* 



(a) 


(A,C) 


4 k(A^) . 


* (f) 


(A,D) 


i k(ff7P) . 


(b) 


(A,E) 


A k(A,B) . 


(s) 


(^) 


i k(A,B) . 


(c) 


(A,F) 


- lc(S,E) . 


(h) 


(B,C) 


= k(A^) . 


(d) 


(F,A) 


i k(A^) . 


(1) 


' (B,C) 


A k(A7P) . 


(e) 


(A.E) 


i k(S,c) . 










10-2 



\ 



A^^ Bj are oolllhaar points,^ Flnd-^ suoh tha^ 
(A,X) i r(A/B) and § luoh that (WTx ) ^ i(CA) , 



If 





X 


Is 


the midpoint of sepnent TO 








1 


(b) 


B 


Is 


the nd^dpoint of sepnent 


* 
# 








(o) 


A 


is 


the midpoint of sepnent W^ 


J 








(d) 


X 


Is 


two-thirds of the way from 


A 


to 


B j 




(e) 


B 


Is 


two-thirds of the way from 


A 


to 


X 1 




it) 


4 


Is 


two-thirds of the way from 


B 


to 


X , 





) 



In triangle ABC , X la the rtldpolnt of ^ Iff Mid Y 
is the midpoint of K . Determine k so that each of 
the following Btatementq is true. 

(a) ' (fix) A kdjY).. ^ 

(b) ■ (B,Y) A k(B,X) . 

(c) (A,C)^4 k(C,A) . ■ 

(d) (A,C) i k(c;x) . / \„ \ J 

(e) - (e,x) A k(XVA) . 

(f) (C,A) A k(A^) . 

(g) (XTB) A k(B,Y) . 




In the gar¥TTelogram ABCD 
and . ^ '.trisects BB ^ at P 




E Is the midpoint of 
as Indicated below. 




DeteiTnine k so each of the following statements Is true. 

(e) (fTB) 4 kOrt) . 

(f) (A^) A k(D,C) . 

(g) (A,D) A k(C,B)^. " 



(a) (D^) A k(D,B) 

(b) (D,E) 4 k(C,D) 
(o) (b7d) a k(B,P) 
(d) (p7b) a k(0;B) 
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10-2 * * * 

Having now discussed briefly the product of a dlrtcted 
sapient and a number. It Is natural to ask if the st^jof two 
directed se^nents can be defined* Since the displacement from 
B to C following', or in a sense "added to," the displacement 
from A * to B accomplishes exactly the sMie thing as the 
displacement frorrf A to C , ^ * 




It seems r^tural to wrWe 

w ^ ^ ^ ^ 

Ch/B) + (B,C) m (A,C) , 

However, as a possible definition of the sum of tws^s^dlrected" 
segments, this expression has serious limitations, for it 
pertains only to two directed segments for which the terminus " 
^ of *the first is the origin of the second. With the idea of 

equivalent directed segments In mind, we might go further and 
- say that to add {C,D) to (aTb) where B and C are 

different points, J first determine the unique direated segment, 
^ (B,D') , which IsV equivalent to (cTd) (Theorem lO-l) and 
then add It to (A,B) , according to the above geometri^c 
definitions. 



1 




A 
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This pppcedure.ptrmita us' to form the sum of any two dlrebted 
Begments* However, resulting proeaee ii a very ourioiii 

type q£ addition^ for, as the following figure shows ^ 
{A,B) + .(C,D) Is not the same as (C~D) + (aTb) . 





From the preceding figure, it appears that ' although 



(A/b) + (CiD) is not the asme as (C 
directed segments are equivalent, Th 
case follows from the next theorem. 



D) + (a^b) , these two 
t this Ms actually the 



THEOREM 10-5 > The components of (P^,Pg)^+ fp3*P4) the 
sums of the corregpondlng components of ( , ) and 



To prove thls> let the Goordinates of p^^ Pg, p^, P|^ be 

^^l^^l^* (3^2^^2^^ ^^3^^3^' 0^11*5^4) * respectively. Then the 
c'fmponen^s of (^7?^) are [xg - , y^ - ] and the 

[xj, - Xq , y*. ^ y^] . Now to add 



components of (P^^Pii) 



are 



(p3*P4) (P^jPg) we must first determine the directed 

segment, (p2^^4*) which is equivalent to (P^^Pi^) • Since 
equivalent directed se^ents have the same components 
(Theorem 10-2) it follow^ that the components of (P~7^') are 
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X3 and Yi^t - yg ^ y4 - 



Hence the coordinates of Pj, 



are 



^ ^4 ^ ^3 + and y^^' ^ « yg + y^ 
Therefore the components of the sum 



(Pl.P^) + (P3.P4) - are 
and 3 

' (yii ' ^3 + ^g) ^ ^1 " (^4 ' ^3) + (sTg - yi) 



Clearly, the c<^ponents of the Qxmi (P^jPg) + (P^jP^) are 
the sums of t^e corresponding components of (P^^P^) and 
(P^iP^) , as assarted, ^ 



Prom this theoi^em. It Is apparent th^t (Ptj,P^) + (P^,Pi") 
and (Pj^P^) + (P^,Pg) have the same eomponents. Hence ^ by 
^eorem 10=2 they are equivalent. Thus we have the following 
theorem: 



THEOREM 10 



(P^T^) + (PgT^) and (P^T^) * (P^T^) are 



equivalent directed segments, 
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y ' The foXlowlng theorem also an- immediate oonfli«uenee of 

^ ' Theorem 10-5i ' V ■ ' ^ . 

If (P-;^) | (g^) arid (^^) 4 

On the toasli of preceding disausslonj It should oooue 
to us that Instead of fob%m|ig our attention on dlreeted 
sagnjfnts* it might be^bet^^ to consider as fundamental 
entities" the various sets of equivalent direoted segments, 
^ This is really not difficult to do, even though each set ^ 
contains infinitely manr members, for according to Theprem 10-2 
y each such set Is charaj^erlzed by a unique pair of comt>onents, 

and conversely. other wordB, there Is a one-to-one corre- 

spondence which matches each ordered pair of real numbers wjth 
each set of equivalent directed segments* Moreover, if W 
define the sum of two sets of equivalent directed segments, 

... . . set which contains the sum ofN 

any dirJcted segment from S^^ and any directed se^ent fronr 
-^1.^2''' have a process of addition In which, by Theorem. 10-5 . 
andi£tieorem 10-6, it Is^true that 

In the rest of this chapter we shall adopt the point of 
view we have J^st described. Sets of equivalent directed 
segments, or the. ordered pairs of components which are in 
one-to-one porrespondence with these sets, we shall call 
vectors . A directed segnent is thus not a ve.ctor, although. It 
i clearly detemlnes the vector consisting of all the directed 

segments equivalent to the g^en one. tNEach directed^egment is 
thus a representation of a vector,^ in somewhat the SMie way that 
each member of a set of equivalent fractions such as 

t / 1 2 ^ 9 * 

^ \? ' T ' 10 * TO ' * ' • . 
Is a representation of a unique real number. 
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. 4 



___.In the ndxt section we shall introduGe formal deflnitionB 
o^veetors* and thg^lr properties. iHowever* these are all 
motivated by the properties of directed ie^efits whlGh wa have 
diBCUSsed 1^ this section* If you keep the latter in mind, the 
work ahead ^/you should sfeem a natural extension oE what we 
have alpeady done, ' z*^- 



Problem Set 10=2b 

You may redall from the algebra of real nmnbers the 
following definitions 

DEP^ITION . If a, b ^rjB two real numbers, then 
a = b is the real number c * such that b + c ^ a . 
The operation of f ijiding c where a, b lire 
given is subtraction , 



'J 



( Using the above definition as a guide write a deflnltloh 
' for the subtraction of two directed- line segments.* 



f 2. 




(-a) , (A^) + (1,C) = 7 

(b) (BVA) + ^ * (b;c) . 

(c) ? + (B^) A (f^C) . 

(d) 2^ + (A^) i (A^) ; 

(e) (A,B) + (B,Q) + (c;a) A ? 

(f) (B,A) + (A,C) + (C,B) A ? 

(g) (C,A) + ? A (cTb) . 



'4 
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In parallelogram ABCD 

(a) (ATir* ? 

(b) /(ATd) =/? ■ 
(o) (T^) + (ITc) + (CD) = 1 
(d) (A,D) + (D,B) +, (B,A)^ = 1 

Given two directed line se^nents (A, B) , (C,£) and 
horizontal lines ^ 'and £^ , as Indioated ,bel^w. 





Find, graphical ly 

(a) (aTb) + (cTd) ; 

(b) (C/D) + (ATB) . 

What Is trLie about 'the two sumE 



Olyen (A,b) , (C~^) , (E/p) ' as^ shown below; 



are horizontal lines. 




120 




Find graphically 

(a) (S^) + (OTp) 

(b) (S^) + (E,F) 

(c) (A/B) + (1,P) 
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^ ^ id) (^B) +• ^(cTd) 4- (ITf)^. f Do this by adding the ^ sum 

n : ^ ^ ^ in (b) to (a;b) . 

(&) UA.B) + (C,D)j4- (e,F) , Do this by a^lng (e,3^> 
. \ to th© sum in f^) . 

* Wtiat appea^^B to be true of 'the two sumsj In (d) and (e)? 

4 >i6. letting 1 Inch represent 2 milesj find graphlGally 
tha resultant displacement^ if an automobile travels ^^4 
miles due north then 5 miles northeast. 

7. ABCp Is a parallelogram, E is the midpoint of AB j 
AC ■ aiid DE trie^ot each other at F , 

/ . 




(a) (D,A) + (A,E) - ? 

(b) (aVe) + t(D,E) A (A,F) . 

(c) |(D7t) + ?(a7c) - (dTc) 

(d) ?(A:f) + (aTc) - (A^A) , 

(e) ?(a;b) + ?(f7D) - |(Arc) 



0 . , ' 

10-3, Vectors , ^ . / ^ 

Motivated by our discussion at the end of the preceding 
section, we begin our work in vectors with the following 
definitions , x"'*'^^-^-^-^^ 



/ 



DEFINITION* Any real number is called a scalar, 



DEFINITION. A vector is ah ordered pair of real 
nunibers, called the components of the vector. 
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1 

Notation ^ A vector will often be denoted by a 

single lower case letter with a half arrow above 

It, thus I u * If a and b are the components 

of a vector we may also denote the vector by .the 

symbol Ia,b] , If the components of a vector ' 

are the same as the components of a directed 

segment (P,ft) we may denote the vector by the 

s^bol^ PQT , . * 

We should note that square brackets, rather than parentheses 
are used in the symbol [a?b] , fpr the vector whose components 
are a and b , This is done to avoid confusion with OTdered 
pairs of real number^ such as (x,y) %which are the 
coordinates of a point* We should also be careful ROt to 
confuse the ssmibol, PQ , f oi^ the vector determined by the 
point p and Q with the symbol, Pft^, for the ray determined 
by p and ft , l^ie former has only a Jialf arrow above the 
lettersi the latter has /a full arrow, 

DEFINITION . If u iv4a,b] , the number 4/a^ + b^ . 




--i'S" called thp magnitude, or length, of u , 

Notation . The magnitude,, or length, of u" is 
denoted by the SjTnbol |u| * 

DEFINITION , The ordered pair [0,0] la called 
the zero vector, 

DEFINITION . If u^ - [a,b] and if k is any 
real number, the vector 

[ka,^ kb] ^ k[a,b] ^ ku 

is called the pro due t of th^ vector u and the 
scalar k , 

DEFINITION . Two vectors are equal if and onSjr 
if their respective^components are equal , 
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proportional are said to be parallel . 



V 

DEFINITION. Non=zero vectors whose components are 



The next theorem follows inunediatQly from the definition 
4o£ parallel veGtors and the concept of slope. 



THEOREM 10-6 . If P^P^ and f^^i^ are parallel veotors, then 

P^P^j and parallels 

% , ■ 

The ^ following simple out very Important theorem Is^an 
Immediate consequence of the definition of parallel vectors, ^ 
the definition of the product of a vector and .a scalarj and 
the definition of t^^e magnitude of a vector. 

THEOREM 10-9. If "u and v".. are parallel vectors, then 

V ^ leu 

whei-e ' 

Ivl 



k 



DEFINITION , If u ^ [a,b] and [c,d] , 

the vector ^ 

[a4=c, b + d] ^ [a,b] + [c,d] ^u + v' 

i^-^^'^called the sum of u and v" . 

DEFINITION. The vectoi^* u + (=l)v is called 
the difference between ^ and ^ * 

Notation . The dif fei^enoe between and v 
is, written^, u = v , 

The following important theorem ?ls ,an immediate conse^ 
quence of Theorems 10=2 and 10-5. 
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THEOREM 10-10 



_ The sum of the veGtor p p,-, and the vector 
is the^ vector P^X where X Is the unique pol^ 



such that PgX ^ P^Pj^ 



-ir The ^geometrical signlf lcance\f this theorem Is illustrate 

in the"' following figure. 




b+d 




[a,b] 

ia,.a] 



^ [a + Cj b+d] 



Since vectors are not numbers, there is no reason to 
believe that they obey same laws that govern the operations . 
mf arithmetic. Actually th^e addition of vectors 'and the 
multiplication of vectors by scalars do obey the familiar laws 
of arithmetic. For this reason we shall merely list these 
properties for reference, and verify in only two cases that they 
dbj indeed, hold for vectors* ^ 



Properties of Vectors 

1, If ..,u' , "v are vectors, then u ^ 'w Is a vector, 

2, If V, w, are any three vectors then 

(u + v) w = u + ( V + w) . * ^ 

3, ^ There exists a vector^ 0 , such tha^ for any vipto^ 

u + 0 ^ u , , 

For every vector u there exists a vector such that 

u + (^u) - 0 . 

5. If u , ^ are any two vectors, then u + v' ^ ^ + u" . 

6. If u 5 v" are any two vectors and k is any scalar, then 

k(u + v) = ku + kv" , 
7* If u is any vector^ then leu ^ u when k = 1 , 

8. If u is any vector and h , k are any two scalars, then 

(h 4- k)u = hu^ + ku . 

9. If u Is any vector and h , k ar^e any sc alarms ^ then 

h(ku) - hk^^ k(hu) . f 
10, If u is any vector and k Is any scalar, then - 

Property 1 is an Immediate consequence of the definition 
of the sum of two vectors. 

To prove Property 2, let u' ^ [a,bj , v' ^ [cjdj , and 
w ^ [e,f ] , Then 

(u + v) + w - ([a,b] + [c,d]) 4- [e,f ] 

^ [a + c , b + ^d] + [e,f ] 

- [ (a + c) + e / (b + d) + f ] 
^ [a + (c 4^ e) , b,+ (d + f ) ] ^ 

- [a,b] 4- [c + e , d + f ] 

- [a,b] + ([c,d] + [e,f]) ' ^ ^, 
C * = u + (v" + w) , as asserted. J] 
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Properties 3 and 4 follow irrmedlately from the definition 
of the sum of two vectors and the definitions of the zero 
vector and the -difference between two vectors. 

To prove Property 5, let u - [a/o] and # - [c,d] , 

Then 

u + v = [a, b] + [cjd] 

^ [a + c , b + d] 
^ [c + a J d + 'b j 
- [c,d] + [a/b] 
^ v + ^ as asserted. 

The proofs of Properties 6 to 10 are very much like the 
-two proofs we have given, and to save time we omit them. In 
each case, it is the corresponding property of the real nuinbers 
which appear as components that plays the decisive role in the 
proof . 



Problem Set 10-3 - 

1. If A, B, C are respectively (1,2) , (^,3) , (6,1) 

express each of the following vectors in component form* 

(a) AB . (e) CB , 

(b) M , (f) CA , 

(c) AA . (g) m . 
id) AC . 

2* Same as Problem 1 if A, B, C are respectively (=1,2) , 
(4,-3) , and (-6,^1) \ 

3. If A, C are respectively ' (1,2) , (^^3) , (6,l) 
find X so that 

(a) AB - CX . (c) 5^ ^ GB , 

(b) AX - CB . (d) ^ - Ic . 

4, Same as Problem 3, if A, B, C are respectively (-1,2) , 
(4,^3) , (=6,^1) , ' " 
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Given a = [3,2] , ^ = [-4,3] a 
Determine the following. 



[5,-6] 



(a) 
(b) 

(c) 
(d) 



a + b , 

a - c , 

b - a . 

a + b - c 



(a) 
(f) 
(g) 



a -» b c 

^ ^ ^ 
b + G - a 

^ - b - c 



Using the vectors In Problem 5i determine 



(a) 
(b) 

(o) 
(d) 



2a + 2? 
2(f + b) 
-3a . 

2b - . 



(e) b ^ a^v 

(f ) -a + 3b^+ |c 
/ N 3^ 1^ 1=^ 



lit®', 



Using the vactors in Problem 5^ find the real number 
which expresses each of the following* 



(a) 

(b) 
(c) 



|a| . 
|b + f| 

m , 
m . 



Determine 



(e) 
(f) 
(g) 

and b BO that 



|a = cj . 
|a + b| . 
la + 'S' + c I 



(a) [a,b] + [3,4] m [3,1] . 

(b) [a,b] + [2,1] - [1,-3] . 

(c) [1,0] = [2,4] + [a,b] . 

(d) " [0,1] - [-3,1] + [a,b] . ^ r 

(e) [a,b] + [3,1]'= [3,1] . 

Physicists have found that forces and velocities obey the 
law of vector addition. Physicists call this sum the 
resultant. Using this Imowledge and a scale of 1 inch 
to represent 2 miles per hour, solve the following 
problem graphically. 
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L A river has a 3 mile per hour current . A motor 

' boat moves directly across the river at 5 miles per 
hour. How fast and In what direction would the boat be^ 
traveling If there were no current and the same power 
and heading were used in crossing the river? 



IOt^. The Two Fundamental Theorems . 

Many of the.H.applications of vectors depend upon one or 
the other of two theorems, which we shall now prove* 

Yov will note in the proofs of these theorems that we * 
refer to diagrams of geometrlo figures when we speak of vectors 
While a vector Is an ordered pair of numbers and not a set of 
pointSj^the fact that a directed segment determines a vector 
iuid %ha a vector together with an initial point determines a 
directed segment, enable us to think of a directed se^ent as 
a vector. 

THEdREM 10-11 . If OA and OB are two non^:^ero vectors 

which are not parallel and If of Is any vector in the 
plane 0A3 * then there exist scalars h and k such 

that ^ " _j ; 

» OP^ m^sA- kC 



If OP is the zero vector, it is obvious that h - k ^ 0 
If OP Is parallel to either jft or OB , the assertion of 
the theorem follows immediately from Theprem 10-9* If OP 
is neither the zero vector nor a vector parallel to OA or 
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OB J let m be the line which contains p and is parallel to 
OB and let n be tae line which contains ^ p and Is parallel 
to *nA* . 





Let M be the intersection of m and *0A* and let N be the 
intersection of n and *0B^. Then by Theorem 10-9^ 

DM ^ hOA and ON ^OB . 

Finally, since ON ^ mF , it follov^s by Theorem 10-10 tha^ 

OP ^- OM + ON - hOA - kOB , 

as asserted , 

Theorem 10=11 has an Interesting algebraic Interpretation. 
If OA - [a-j^.a^J , OB - [b.-^,b,^] and OP - [p^^jp^j] then the 

assertion OP ^ hOA 4- kOB is true if and only if there exist 
numbers h and k such that 



[p^.Pg] ^ h[a^,a.2J k[b-^,bp]" 
- [ha. ,ha;^] + [kb^.kb,^^. 



ha^ + kb- ^ ha,^^ -4= kb-, 
1 I'd 2' 



This in turn requires that 



and 



ha^^ -h kb^ ^ p^ 

i 
\ 

\ 

hag + ^bg - pg . 
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Now we imow that these equations have a unique solution for^ 
h and k unless their coefficients in one of the equations 
ar^ zero or unless^thelr coefficients In the two Equations are 
prbportlonal X^If the Gpefflclents are proportional, then 

^ ' ' a^ a la 

— ^ ^ or equlvalently ^ . 

But this is precisely the conation that ^ and OB shourd 
be parallel, a situation ruled out by the hypothesis of the 
theorem. Thus, If OA and OB are non-zero, non-parallel 
-Vectors, whose components are known. It Is possible to express 
a third vector, OP In terms of OA and OB In a purely 
algebraic way* 



Example 

Express w^ [5,2] In 'tems^ of u" ^ [2,3] and ^ [=1,^] 

To do this, we must determine h and k so that 

[5,2] - h[2,3] + k[-l,4] 
^ [2h,3h] + [-k,4k] 
^ [2h - k , 3h + 4k] . 

This requires that 

2h - k - 5 and 3h + 4k ^ 2 , 
Solving these two aquations simultaneously, we find 

h - 2 , k ^ ^1 . 

Hence 

w - 25" - V . 

• The second of our fundamental theorems Is the following, 

TffiOMM 10-12, If u and ^ are non-zero, non-parallel 
vectors, and If x, y, z, w are scalars such that 

xu + y^^ ^ zu + wv , 

then 

X = z and y ^ w . 
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To prove thlB^ we observe that by adding the vector 
-(su + yv) to both sides ^of the given .equation^ 

we obtain 

xu - ^ - y v" 
or^ using Property 9 ^ 

^ (x - 2)u ^ (w y)t . 
If X - z ^ 0 we can write 



^ w - y 



Prom this we concluda either that Is the zero vector 
(If w = y ^ O) or else that and v" are parallel (sinoe 
one Is a scalar multiple of the o^ther.) However each or these 
alternatives coritradlcts the hypothesis of the theorem. Hence 
X - z cannQt be different from zero and so x - z , But If 
X - 2 J then it follows that 

0 ^ (w - y)^ 

auid since v is not the zero vector, by hypothesis, it follows 
that w = y , Hence 

X - z and w ^ y , as asserted, 

: Problem Set 10-4 

Determine ' x and y so that each of the following state- 
ments is true » ^ 

1. [-6,^1] - x[3,4f A, y[4,3] . 
,2. x[3,-^l] ^y[3,l],- [5,6] , 
x[3,2] + y[2,3] - [1,2] . 

4, x[3,2] + yf^S/a] ^ [5,6] . 

5. x[3,2] + y[6,4] ^ [^3,^2] . 
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10^5 / "\ 

10-5* GeQmetrlo€-l Application of Vectors, * , * 

mrty theorems in geometry can be proved by means op 
vectors. In ^this section we shaM present several t5npiGal ^ 
examples of vector proofs of geometrical theorems, 

_ \ 
THEOREM 10-13 . The midpoints of^ the sides of-a^ny quadrliateral 

are the vertices of a parallelogram, • " ^ 

Proof! Let A, B, C, D be the vertices of ti^ qua^ri- ^ 
lateral and let P, R, s be the midpoints of the sides 1 
SI , , , respectively. 




Moreover AD + rx^ ^ AB + Sc" , since each Is equal to A€ 

Therefore SR ^ PQ , 

which implies tliat SR - PQ and "^R^"| p^f^^; Hence PQRS 
is 'a parallelogram, as asserted. 
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THEOREM 10^14. segment Joining the' midpoints of two sides 

^^.> of a tr\langle is parallel to the ' third side and the length 
^of the segmentals one half the length of the third side. 

Proo^l Let^ A,^ C be the vepticeE of the^trla^glW and 
let D and E be the midpoints of 



and AC respectlv^y. 




By hypothesis DA - ^BA and AE ^ 



DE ^ DA + AE ^ i(BA + AC) 



Hence 



which Implies that DE ---Ibc and ^DE^] j'^Bc'^ as asserted; 

THEOREM 10-15. A quadrilateral is a parallelogram if and only 
if its diagonals bisect each other. 



- Proof : Let ABCD be the parallelograin and let M be 
the Intersection of its diagonals. 
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Let AD U and DC v , Then AG ^ u + "V^ and' 
DB ^ V - u , Slnee A, M, C are Qolllnear, AM is some 
' soalar multiple of ^ , say x(u + v) * Similarly ' 
DM s y(v .- u) ,1 Since' AD + M ^ AM , we have 

u + y(v u) - x(u + v) , 

or, eollectlng like terns, 

(1 - y - x)h + (y = &)f = 5 

TOierefore 1 ^ x = y - 0 and y = x ^ 0 * 

y Solving .^hese simultaneously we find 

X ^ y'^ ^ * ^ ' 



Henot 



AM ^ -jAC and ^ m ^ 



These Imply AM ^ ^kC and DM f -gDB , as asserted. 

Now let ABCD be any quadrilateral with Its diagonals 
bisecting each other at M so that ^ ^ ^ MB and AM = MC . 
Let t ^ AM « MC and vT ^ DM^ MB , ^en AB =^ t + w and 
DC - ^+/b i therefore AB ^ DC , which Implies that AB ^ DC 
and *A1^| |*DC*, Hence ABCD Is a paralielogram. 



Problem Set 10-5 

The segment Joining the mldpolnta of the non^parallel . ^ 
sides of a trapeEold is called the median of the 
trapezoid. Prove tha^ the median pf a trapezoid Is 
parallel to the bases and has a length equal to onf-half 
the sum of the lengths of the bases. 

^^^^^^ 

Let ^BCD be a trapezoid, with AB 1 1 CD , and F 
the midpoints of AC , BD , respectively. Prove that 

EF ^ i|AB - DC I * .-^ 

Prove that the medians of a triangle are concurrent at 
the point which trisectp each median. 
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4. Let ABCD be a parallelogrMi, %^th E the midpoint of 
TO * and TO Interseotln^ TO" at P . Prove wiat F 

: Is a pointr of trlseotlon %f W ^ ^ ^ 

5. Let ^CD be a paralitlogrMi, with E the point on TO^ 
such that AE = gAB , with m Interseotlng W mt F . 

prove that AF ^ — 7- ^ A C , 

m + 1 ^ 

10-6* Th0 Scalar product of Two Veotors . ^ 

In Section 10-3 we defined what we meant by two parallel 
Vectors* It is now convenient to introduce the ideas of 
perpegdicular vectors* ' \ 

DEFINITION . Two vectors, are' 

said to be^ perpendicular if *P^ft* Is perpendicular ^ 

to PgQ* - 

In many applications it is important to be able to tell Whether 
or not two vectors are perpendljpular , To develop a prooedurt 
for deciding this question, consider two non-gero vectors 
OP ^ [p^jPg] ' OQ ^ [q^i^^qg] * These will be perq|pdlcular 

if and only If ^ PC^ has a right angle at 0 * % the ^ 
^i^hagor^an Theorem^ this will be the case 



Q 




0 



if and only if 

EKLC 
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Now . * of + m . ^ 

and therefore p| ^ [q^ - ^ V 

Now, reoalling the definition of the magnitude or length of a 
vector, we can write |flj^ ^ + in the form 

' or, expanding and collee ting terme, * f 
q^^ - 2q^Pl + Pa^^^g^ ^ 2qgPgV p^^ ^ p^2 _^ q^^ _^ ^^2 

Hence J 



or 




ThnB, since the preceding steps are all reversible, we have 
eetabllehed the following im^rtant theorem, 

TtffiOREM 10-16 ^ Two non-zero vectors are perpendicular If and 
only if the sum^ of the products of their respective 
components is zero, 

s - " ^ 

The niimber P^^q^ + Ps^2 ot^talned from the componentB 5f 

the vectors [p-j^,pg] . and [q-,qg] is a very Important quantity 

and it is convenient to have a name for it. 

DEFINITION . If t ^ [p^,Pg] and t= [.q^,qg] . ' 

the number p^q^ + p^Qg Is called the soalar 
produc^ of u ^and v , 

Not^tlon ^ The scalar product of T? ; and ^ , is : 
denoted the symbol.^ u • (read ddt 'v*') . 



On ' 
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We should undtrstand %hit the scalar product of two 

vectors Is a scalar and not a vector. ,The name scalar product 
• — ^--^^ ^ 

Is used to emphas4.ie this ^aWV 

There are several important al^bralc properties of the 
scalar product of twp vectors with which we should be familiar 
Th#ae are not hard to prov%, and we leave the' proofs of the 
. first two as exercises, ir ^ 



Property 1 , 
Property 2. 
Property 3. 

Property 4 , 



U ' V = V u , 
u • {y^ + w) ' ^ u • v' + u 
If k 



w 



is^a scalar, ^u • (kw) - (ku) * w 
k(u * w) . 



u ^ u 



no^-s 



,\ We have already seen ' (Theorem 10-16) that two n^-zero 
vectors are perpendicular if and only if their scalar product 
' is zero. However^ whether two vectors are pel^pendicular or 
^notj their scalar product has an interesting geometrical inter- 
^^p*etation» To' discover this let OP and OQ v*6e *two non-zero 
vectors and let OF be a scalar multiple of OP^ 
OF = kOP * ' Then 



say 



OP + PQ ^ OQ or ^ 



OQ - kOP 




F p . ^ 

We note that ^ if and only If OQ - kOT , which means 

that Oft and OP are parallel. Now if FQ ^ J , *FQ and OT 

will be perpendicular if and only if 

# • ^ ^ OP • - k^) ^ 0^ , -. 

or, using properties 2 and 3 for scalar products j 



OP 



OQ 



kOP • OP 



0 



, Let k» be the vfijue dr ^e^^ by this equation, 

. r|ic»OT| |OT| If k« > 0 

# * ^ - k*OT • ol ^ k»|oll^^ J 0 if k» ^ 0 

\. ' , ^ l-|k»^| |0P| if k» < O 

Td dnterpret this^ result it is convenient to introduce 
thi' following definition* 

/\ DEraNITION . ^ the projection of a vector m on 
a vector CD we mean the veotor Pfll i where M 
and N are, respectively^ the feet of the pei^en= 
diculars from A and B to. the line ^b^. ' * 

The following figure Illustrates this definition. 




!W is the projection 
, of AB on CD . 



Now k» is the value assiimed by k when ^ X * Hence 
k'OP is the projectiori of TO on 5p and lk'OP| Is the 
length of this projection. Moreover ^ if ^ ^ b , then 
is parallel to OP , and OQ 1b its ovm projection on of * 
Hehce In all casfes, k'OP Is the projection of ^ on OP . 

Returning now to the expression for. OP • ^ which we 
derived above, and noting the syraietry of the scala^ product 
guaranteed by Property 1, It follows that, .except for sign, 
the scalar product of two vectors | OP and TO i *ii equal to 
either: 
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(a) The X#ngth of OP .multiplied by the length of the 
projeotlon of OQ en OP , or 

(b) ^ TOie ler^th of ^ wiiltipl^Led %^t^ length the 

pTOjaotlon of OT on ^ . 

%he sl^ of the eoalar produot is positive if k» > 0 , 
;that is% if . P^ lies on the ray OP*, and negative if k' < 0 , 
that is, if F liee on the ray opposite to 0^; 

As an example of the ut|i of the soalar produot in coordinate 
geometry* let 0(0, O) and P(a,b) be two distinct points In 
the xy-plane and let be the line which is perpendicular to 
%W at F . If P(x,y) is any point of A distinot from F , 
\^ will be perpendicular to *0P* if and only ir 



i 



OCo.o) 



Op • FP ^ 0 No^ uf ^ [a,b] and PP :^ [x = a , y - b] . 
(Why?) Hence OF ^ m Q can be written 
a(x - a) + b(y - b) = 0 or.^ 

2 2 
ax + by ^ a + b~ , 

5y direct eubetltution, it is easy to verify that this equation 
.is also satisfied by the coordimtes of F , Hence this 
equation Is an equation of the line ^ * ^ an almost 
identical argument it can be shown that if contains 0 * 
£ti equation of A is * 

ax + by ^ 0 . 

* 

It is interesting to compare this discussion with the derivation 
of an equation of a plane in Section 9-9. 



In each of the following prdbjems^ detemlne the fecalar 
product and from It tell whether the two veetors are 
perpendicular, % * 



1. 


[-5,2] , 


[6,15] . 


6. 


[7,3] , 


[3, =7] . 


2. 


, [6,3] , 


-|-3r2] • 


7. 


[S,=4] 


, [4,6] . 


3. 


[-5,-2] 


, [3,5] . 


8. 


[12,2] 


, [-4,-24] 


4,. 


[-2,3]. , 


[6>4] . 


9. 


[6, =3] 


, [2,1] . 


5. 


[3, =2] , 


[-3,2] . 


10. 


[9,2] , 


[=2,9] . 



lip Using the scalar product j show that the line through 
- P(3,5) and Q(7,-l) 1b perpendicular to the line 
through R(0,0) . and 3(12,8);, 

12, Using the scalar product/ show that ^ P(5j7) $ Q(8,-5) $ 
sffid RCOj-7) are the vertices of a right triangle,. 

13. By using Properties 1 and 2^ show that ' ^ - 
(u - v) ^ (w" - ^) - ^•^-'u^'^-v • w+^*^, 

14. Show that an equation of a line through , the origin is 
ax + ^ 0 * 

15, Prove properties 1 and 2 of the algebraic properties of 
scalar" products. ■ ■ 

10-7* Summary . 

A directed se^ent is the mathematical entity which 
corresponds to a displacement In the physical world. It differs 
from a segment in that one of its endpoints is Identified as an 
origin and the other as a terminus, A directed segment there-- 
fore tells both a length and a direction. After defining 
equivalent directed se^ents we Introduced a veetor as a set' of 
equivalent directed se^enta. Since aquivalent directed 
ae^ents have the BBmm components we can consider a vector to 
be an ordered pair of numbers, and this Is how We dTaflned a 
vector. We used vectors to prove some geometric ^heorems* 
These proofs were sornetlmes simple due to the fadt that the 
algebra of multiplyirig vectors by soalars Is jimllar to the 



algebra .we studied In previous gradee. The chapter ended 
with gealar multiplioation which venaMes us to prove two 
lines psrpendioular mnd to find the projaatlon of one veo^tor 
on another. 



Review K^oblems 

1, Given. ABCD '±b a parallelogf'am and E and trisection 
point e of 5G , such that 1 is between A and , F * 
Prove that DEBP is a parallelogram, 

^2. aiven parallelogram ABCD , and E and P bo Ghoaen >* 
that AB + BE ^ AE and CD + DP ^ CF 4 arid ^ BE ^ PD , 
Show that AECF is a parallelogram, ' ^, 

3, Show that^the points P(6,8),. , 4(0, -2) , r(-3^^7)' are 
polllnear, " . ' - ^ % 

4, .Show that p(4,0) , Q(T,8);S R(0,10) and S(-3,£) 
are the vertlcae of a parallelogram, ^ 

^ If..f - [4iO] , [-3,2] , [7,8] find 



^ 6, 



(a) 
(b) 



a + b 

a - c 



(c) 
(d) 



a + b -+ c 
to ^ c , ^ 



In* tha Cigure , D ajid " E are 
midpoints of AB and 
respectively, 

(a) (aTd) - ?(a7b) , 

(b) ?(a7d) + (B,C) - ?(A7e) 

(c) (A,D) + (DTE) - ?(A,G) . 

(d) (B/C) + (C7^) - ? 

(e) (D,B) + (B/C) - (D,E) + ?(a;c) . 

A^ B, C, D are vertices of a parallelogram. List all 
the directed line segments they determine, and indioate 
which pairs are equivalent. 

l J 
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e. 



If ABCD is a parallelogram, expresa 

(e) (B,A) 



(a) 


(D,C) 


and 




(to) 




and 


(CTB) 


(c) 


(A,B) 


and 


(ETC) 





and 
and 



in terms of 

(b;c) . ' 



^9, ABCD is a parallelogram and P, s 
midpoints of thg^ aides. 



are the 




/ 



For each of the following directed line sepnents, find 
sin equivalent directed line segment of the form 

t(o%) + s(07t) . 

(A,C) . 

{fj) . 
(B,D) . 



(a) 


(53) . 




(e) 


(b) 






(f) 


U) 


(^) , 




(s) 


. id) 

■3 


(0,A) . 






10. Detemine j 


i-~ and y 


6o that 


(a) 


x[3,l] 


+ y[2,-i] 


= [13,1] 


(b) 


xf^ia] 


+ y[3,l] : 


«. [7,0] . 


(c) 


x[3,6] 


+ y[4,2] i 


= [4,2] . 


(d) 


x[-3,2] 


+ y[l,i] 


« [0,0] 


(e) 


x[l,2] 


+ y[-i,i] 


= [6,6] 



1 
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;.:'ii. If [3,il , [2,-1] ; fma 

(a) |t| . , 

. (b) |t + t| . 

(c) It I . 



12. 



13. 



14. 

15. 

16. 



17, 



I a - bj 

U) ib-ir. 




If A, B, C a|Maipertmir;/(4,2) , (6,3) , (2,1^, 
express the following vectors, In component forte—'. 

(a) m . . \ (d) CB . 

(b) * M,. (e) m . 

(c) . AC . ' 

Determine the scalar product of 

(a) '' 14,2] , [2,-1] .. (d) [3,6] , - 

(b) [1,1] ,' [3,1] . -(e) [1,2]-, [-1,1] . 

(c) ['3,2] , [4,2] 

^ -i. ■ 

In a cube what is the maximum number of equivalent 
direGtad^ Jlne segmente? 



In a tt^^^J^^ what is the maxiimim number pf equj^^alent 
direoted line ' segments? * ^ 

A man is standing on top of a hill. He weighs 200 
pounds. Repreeeftt as a vector each of the following^ 
(Use a scale of 1 inch ^ 200 pounds.) 

(a) dovnriward pull of the earth's gravity on him, 

(b) I^e upward push of the hill on him* 

An object is suspended by ropes as shown In the figure. 




If the object weighs 10 ^unds, what ts theforp^ 
exerted on the Junetlon C by the rope' M ? 

TOE i-' ^ 



ERIC 



A weight of 1000 pounde is suspended from wirsi as 
shown in the figure * 




(a) What force does the wire AC exert oh the Junotion 
C ? 

(b) What force does the wire W exert on , G ? 

A 5000 pound weight is suspended as shown in the fl^re 
Find the tension In eaeh of the ropes OA , cl ^ and CW 




V^at is the man's velocity relative to the water? 



J 



Chapter 11 

^ * POLYGONS AND POLraiDRONS' * 

^ \ 
11-1* IntrQduc tlon , 

In the phyaioal world naturt abounds in geometrie shapes. 
Many of these shapes are ^representations of polygons and poly- 
hedrons. For example ^ the sections of a honeydomb are hexagonal; 
each sndw crystal is in the shape of a tiny hexagon; diamonds 
are In the form of regular oatahedronsi salt crystals appear to 
be tlny^ubes; and quarts crystals/have the^ shape of hexagonal 
pyramids^ 

J^an uses the shapep of repilar polygons in designing 
formal landscapes , In making bolt heads, chlckenwire, stop 
sipiSj and linolei^ tiles. Box cartons ^ buildings , and sky- 
scrapers take the form of prisms and other polyhedrons. 

In this chapter^ we continue our study of polygon! with 
special emphasis on the area of polygonal -regions. It Is 
interesting to note that one of the first practical uses of 
geometry was that of finding area* Many people * think that 
geometry had its origin in the fourteenth century. B* ,C 1 along* 
the banks of the Nile River. At that„ tim^^. the king of l^pt 
divided the land Into plots and obtained hia revenue from the 
annual rent which the landholders were required to pay. Each 
year the Nile River overflowed and carried away portions of 
soil. This necessitated a remeasurement of the land so that 
the rent demanded of an individual that year would be 
proportional to the land which ^^he held. 

It is also interesting to note that the word geomatry 
comes from two Greek words ge meaning "earth-' and tnetreln 
meaning "to measure*" -Hence' the first' meaning of the word 
geometry was "earth measuremeht *" 

Today the study of area is also importarit. Land is bought 
and sold by the acrej the floor space of a building is 



consitored In detemining %hm rent of an off^e, faatoiy, or 
starsroomi thf arfiL of* the wing of an mlrplMe Is important Ir 
, dislpilng the al3rpliufiai painters, brlbklayers, aurveyors, map 
makerai and Interior deoorators must loiow how to ealculate thi 
arsa of simple gtometric. figures* 

In the latter part of this chapter, we Introduae figures 
In three dimensions whieh are olosely analogous to the polygon 
we have studied ih two dJjnsnslons, laoh of these figures is 
called a polyhedron ^ We Bhall Investigate some of the ^nter- 
eating ^prop0rtlti of this set of surfaces. However, the study 
of the' measure of ^ polyhedral -region will be deferred . 

4 

.* • 

11-2. Polygonal - Regions . 

A triangular region consists of a t^anglt anrf its 
^ interior, laoh of the following diagrMis represents a 

trlan^lar-region. I ^ 






Notice In particular that a polygonal ^region may have one or 
more "holes" in it, A polygonal-region can be "out up^' into 
triaingular regions , For exMiple, each of the first two 
polygonal^regiohi shown above is "cut up" in the diagrams ^ : 
below ^ ^ ' ^ 



DEFINITIONS . A triangular region Is the union of 
a triangle and Its interior. 

A polygonal -region is the imion o/a finite number 
of coplanar trlan_gular regions. 

Each of the following figures pictures a polygonal-reglo 
union of triangular regions. 
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The preceding two pairs of pictures suggest that a poly- 
gonal-region can be considered as a union of triangular^ regions ^ 
in more than one way,. Note that we often do not shade a 
polygonal -region in a picture j in case the context makes clear . - 
that we are considering the polygonal -region rather than the 
polygon which is the "boundary" of the polygonal region , 

One of the above diagrams shows five diagonals of a convex 
polygon with eight sides. These five diagonals have a common 
endpoint and they /'cut up" the polygonal-region so that we see 
the polygonal ^region as a union of six triangular-regions , 
Noting that 5^8=^ and 6 ^ 8 - 2 ^ we are ready to 
consider the general situation. 

Consider any convex polygon^ Bay P-^Pg,*,P^^ . We wish to 
Qbserve that the union of the convex polygon and its interior 
is the union of n = 2 triangular^reglons and is therefore' a 
polygonal-region. ; 




/ 



. (in the figure^ the dots indicate other possible vertices and 
■ sides J because we do not know wk^t the number n/is.) The 

' ^r~""Bihce the polygon is a 



number of sides of the polygon ±^ 
convex polygon, the n - 1 rays 
are cpncurrent in that order. Two 
and 




n - 3 




"In 



the corresponding segments, 
the polygon, ^ while the 



all of the diagonals with one endpoint at . (Some of 

these diagonals are shown in the figure, and other possible 
dlagoiials are suggested by ^---^^ .) 
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These, diagonals and the sld#s of the polygon give us triangles, 
AP^^PgPg . ^PiP3p4 . . . * . AP^P^^^P^ , the number of which ^ 
is n - 2 . The union of these triangles and their Interiors 
is the union of ^1^2*^ '^n its interior. Thus the union 

^ of a convex polygon and its interior is a polygonal-region. 
Purthermore^ we observe that the n - 2 triangles 
mentioned abofe have the property that the Interior's of no two 
of them intersect. Hence, if a convex polygon hap n sides, 
the union of the polygon and its interior is the union of ' 
n - 2 triangles and their interiors such that the interiors of 
any two of the triangles do not intersect. 

DEMNITIONS . If a polygonal -re^gion is the union of a 
convex polygon and its Interior, then the polygon is 
called the boundary of the polygonal - region and the 
interior of the polygon is called the interior of the 
polygonal - region . 

In this Chapter, we make use of triangular-reglons in two 
ways: (l) to determine the sujn of the measures of the angles 
of a convex polygon, and (2) to study the areas of various 
polygonal -regions , 

Problem Set 11^2 

, 1, Show that each of the following is a polygonal -region. 

More specifically, show that each is a union of triangular- 
regioyhs such that the Interiors of any two of the triangula 
regions do not intersect. Try to^ find the smallest number 
of triangular- regions in each case, ( Note : The boundary 
*' in Part (d) is a star-shaped polygon, and each side of the 
polygon is collinear with another side of the polygon. 
The boundary in Part (g) Is a polygon having two noncon- 
secutlve sides which a^e collinear.) 



In the following figure. A, B, C, D, E, P, 1 arecallec 
vertices , the segments AB, W, CD, M, EG, OA, W, FD, 1 
are called edges, and the polygonal^reglons .ABE, FED, 
BCBP are called faces . The exterior of the figure will 
also be considered a face. 




Let the number of facas be f , the nujnber of vertices be 
V , and the number of edges be e . In a theorem which 
was originated by a famous mathematician, Euler, and 
which reefers to figures of which the above figure is an 
example, there occurs the number f ^ e + v , Using the ' 
figure, -let's compute f - = e + v . You should see that 
f^4,v^7,e^9^ and this gives us f=e+v^2. 
Using the two figures below, compute f ^ e + v , Notice 
that the edges are not necessarily segments. 



(a) 




(b) Suppose this figure ^ to be 
a section of a map show- 
ing counties: 
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(c) What do you observe In the results of the three 
computations? 

(d) In Part (a) take a polift In the Interior of the 
fluadrllateral and draw segmentB from each of the 
four vertices to the point. How does this affect 
the. number f e + v ? Can you explain why? 

(e) Take a point in the exterior of the figure of 

^Part (a)' ahd connect it to the two nearest vertices. 
How does this affect the computation? 



If you are interested in this problem and v/ould like to 
pursue it further^ you wiy find It discussed in "The Enjoyment 
of Mathematics" by Rademacher and Toeplits and in "Fundamental 
Concepts of Geometry" by Meserve. * 



11-3 . Sum of the Measure s oT the Angles of a Convex Polygon . 

In Chapter 6 we proved that the sum of the measures of the 
angles of a triangle is^lSo.." As an application of this im- 
portant theorem studied the sum of th^measures of the 
angles of a conve^x quadrilateral. Let us review the method, 
which we used (see Theorem 6-13 and its proof) j but let us 
express the 'ideas with the aid of the new terminology introduced 
in the preceding section, \ 

If the quadrilateral ABCD is a convex quadrilateral^ 
,then polygonal region ABCD is the union of th:^0^' two^.v^trl- ^ 
angular-regions ABC and ACD , 

C 




□ 

\ 

We showed In the proof of Theorem 6-13 that the sum of the 
measures of the four angles of the quadrilateral is the same 
as the measures, of six angles, three from each of the two 
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triangles. Thus we obtained the number 2 . l80 , or j: 
as the sum of the measures of the angles of the convex quadri- 
lateral* ^ 

We wish to extend this discussion to the case' of a convex 
polygon of any number of sides. The following exploratory 
problem utilizes our observations in the preceding section 
conoeming the representation of a polygonal -region as the 
union of triangular-regions, no two of whose interiors Inter- 
sect. 



% SKploratory Pro-blam 

Consider the diagonals from A in each of the convex 
polygons pictured below. % a procedure similar to the one we 
used with the quadrilateral, find the^ sum of the measures of 
the angles of each polygon. Summarise the results in a data 
table as shovm. ^ 














of convex 


AT 1 1 T¥i r^^ ^ "rt ^ * ^ ^ ^ f== T ^ 

IN umuc I o 1 QXc±gona=L 5 
' from A 


Num'Der of 

triangular 

regions 


Sum of jneasures 
of angles of the 
polygon 


4 


1 i 


o ' 


2 K 180 ^ 36o 


5 


- — M— 




— — _ 




3 




- — ~ 


7 


- 4 






8 


5 






n 









This exploratory problem laads us to the fbllowing 
^important result. 

THEOREM 11-1 . The sum of tiie measuras of t^e angles of a 
convex polygon of n sides is (n = 2) ^ l8o . 



Proof: Let V be any vertex of the given convex polygon 
with n sldes^ and let the polygon be VABC*..dH , There are 
n - 3 diagonals from the vertex V , The imion of tha tri- 
angular regions AVB > BVC ^ ... , GVH is the polygonal-region 
, Thare are n - 2 of these triangular- regions, and 
the interiors of no two of them 
intersect, ^he^ total measure of 
all the angles of these tf^^gles 
is (n - 2) ' 180 . On ihi 
other hand, the total measure of 
all the angles of these triangles 
is the same as the sum of the 
measures of all the angles of 
polygon iC^.GH . (Why?) 

Corollary 11-1-^1 . The measure of each angle of a regular 
polygon of n sides is 




11=3 

?rooU A regular polygon of n sides has n angler; 
and all of these angles have the same measure. Hence each has 

measure i(n -'2)(l6o) . Now 

' - (1 - |) 180 = 180 = 3|2 , 

The notion of an exterior angle of a triangle as describe 
in Chapter 5, may be extended In a natural manner to polygons 
of more than three sides, 

DEFINITIONS . Let V be any vertex of a convex 
polygon. 

The angle of the polygon with vertex v is some-- 
times called the Interior angle of the polygon 
at V , 

Either angle which forms a linear pair with the 
interior ^angle of the polygon at V is called 
an exterior angle of the ^ polygon at V . 

TmOREM ll-£\ For any convex polygon of n sides ^ the" sum of 
, .the meaaures of exterior angles^ one at each vertex of 
the polygon j is 36o , 

Proof : At each vertex of the 
polygon, choose an exterior angle. 
The chosen exterior angle and thS^ 
Interior angle at that vertex are 
supplementary; the sum of their 
measures ^Is l8o • The sum of the 
measures of all the Interior angles 
and all the chosen exterior angles 
is n ' l80 . jhe sum of the 
measures of the Interior angles is, 
(n ^ 2)l80 . By subtraction, the 
sum of the measures of the selected 
exterior angles is 

n • 180 ^ (n - 2) * 180 ^ [n = (n 
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Corollary 11 -2-1 . The measure of each exterior angle of 
regular polygon of n sides is . 



Proof: *Ihis statement Is an immediate consequence either 
Theorem. 11-2 or of Corollary 11-1-1, W^iy? 



Problem Set 11-3' /• • 

Find the sum of ;the measures of the interior angles and 
the sum ^of the measures of the exterior angles a 
polygon, one exterior angle at each vertex ^ if the number 
of sides of the polygon isr 

(a) 12 (b) 22 

The simi of the measures of the Interior angles of a 
certain regular polygon is lo80 . By Theorem 11 -^1, 

(n - 2)l8o ^ 108o , 

Hence " 

io8o 

/ 



and 



n - b . 

Thus the number of sides of the polygon is 8 / 

Find the number of sides of a regular polygon if the 
sum of the measures of the interior angles is: 

(a) 540 (b) 900 (c) 2700 

Consider a regular nonagon (nine aides). The measure of 
each exterior angle is or 40 . Tne interior angle 

and an exterior angle at each vertex are a linear pair 
of angles. 

(a) What is the measure of each interior angle of this 
polygon? 

(b) What is the su_m of the measures of all the interior 
angles? 
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Use two methods to find the measure of each interior 
angle of a regular polygon of 12 sides, 

We ImDw that an Interior angle and an exterior angle at a 
vertex of a polygon are a linear pair of angles. Thus If 
the measure of an interior angle of a regular polygon is 
120 J the measure of each exterior angle is 6o , From 
Gorollary 11-2-1, it follows that ~2 ^ 6o . Therefore 
n ^ 6 , 

FiKd^Jffie number of sides of a regular polygon If the 
measure of each Interior angle of the polygon is* 

(a) 120 (c) Ikk 

(b) 170 ^ (d) 128 I' i 



Complete the following chart i 



Name of 
regular 
polygon 


SumSpf the 
measjUres of 
the Interior 
angles 


Sum of the 
measures of 
exterior 
' angles, one 
at each 
Vfrtex 


Measure 
of each 
interior 

angle 


Measure of 
each 

exterior 
angle 


Equl- , 
lateral 
Triangle 










Square 










Regular 
Pentagon 










Regular 

Hexagon 










Regular 
Octagon 










Regular 
Decagon 
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- 7. Consider a regular polygon of twenty ^sides: Find the 
me^asure of; 

(a; Each interior angle of the polygonj 
(b) Each exterior angle of the polygon] 
' (g) The sum of the measures of the interior angles of 
the polygon I , 
.(d) The sum of the measures of all the exterior angles 
of the polygon * 

8. In a certain regular polygon,, the measure of an exterior 
angle is one^f if th^ the measure of an Interior angle. 
Find the niimber of sides of the polygon/ 

9* The B\m of the measures of eleven angles of a polygon of 
twelve Bides is I650 . # \m- 



(a) What is the measure of the remaining aB£le? 

(b) Do you have enough information to decide whether 

the polygon is regular? Explain* ^ 
10* Is it possible to have a regular polygon with the measure 
of each Interior angle equal to 153 ? wiiy? 

11. The Btar=shaped figure is formed by extending the>^ides of 
a regular pentagon. Find the measu^ of the^^f^e at each 
point of the star. 




12. Given a pentagon ABCpE such that m ^a ^ 150 , m £b - 6c 
and the measures of /fi > £d , £b are proportional to 
4,3,4, Prove that "^1^1 |^CD*, 

C 



In a regular polygon ABODE*.* J of at least 5 sides, 
prove that diagonal AD is parallel to side W 

In the figure^ we have given 
a regular pentagon ABCDE 
and a rectangle ABXY , where 
Cj E are colllnear In 

tjKkt order. Find m /CBX , 
■ m /DCX , and m ^XBD . 




Consider the proDlem of how to cover a polygonal floor 
with non-overlapping tiles such tha% any two adjacent 
tiles have a side in common* 

(a) Suppose that each tile has the shape of a square and 
all tiles are congruent to one another. How many 
tiles are needed to cover the surface around a point 
which is at a corner of fcilee? 

(b) If the tiles are in the shape of congruent e.quiiateral 
triangleSi how many are needed to cover the surface 
around a point which is at a corner of tiles? 

(c) Could the tiles be shaped like other regular polygons 
of the same number of sides and cover the surface 
aroimd a point without any overlapping? How many 
tiles of any one polygonal shape would be needed? 

(d) If two tiles have the shape 
of a regular octagon and 
another has the shape of a 
square^ the three' tiles 
would cover the surface 
around a point without 
overlapping, l^iat other 
combinations of three 
regular polygons (two of 
which are alike) will do 

* this? 




Hint:' Find solutions bf .the^quatlon 2x + y ^ 36o 
where x ^nd are the miasmres of the interior 
angles of regular polygons having a different number 
of sides. In the lllustratian x ^ 135 and 
y - 90 , 

(e) Investigate the possibility of other comblnationB of 
tiles shaped like regular polygons which would be 
suitable for use in Qovering a floor, 

16, Consider a sequence of regular polygons with the number of 
sides as follows: 3, 5, n, Choose the 

expression which correctly completes each of the following 
sentences, 

(a) The sum of the 'measures of the interior angles of the 
polygons (increaseB^ decreases, remains the same,) 

(b) The sum of the measures of 1 the exterior angles, one 
at each vertex of the polygon, (increases, decreases. 



remains the same 
(c) The measure of a 



) 



1 interior angle of the polygon 
(increasesi^ decyeases, remains the' same,) 

(d) The measu^a-^tfr an exterior angle of the polygon 
(Increases, decreases, remains the same.) 



11-4. Area. 

In Chapter 3 we introduced into our formal geometry the 
notion of the distance between two points. Guided by our 
experiences from the physical world, we selected postulates 
and definitions which describe precisely the basic properties 
of distance in our geometry. We then deduced by logical 

reasoning other properties of distance ah4 the connections 

^, ' . \ ' 

between distance and related topics,^: in particular, we 
discussed segments, A segment is a |irtain set of polntsj 
its "size,-' commonly called its lengtl^, we defined to be the 
same as the distance between its endpoints. The notion of \ 
congruence for two segments we described in terms of their ' 
lengths, ^ 



In a similar mamar in Chapter 4^ afttr desoriblng a 
different type of set of points, nwiely an angle, we, stated, 
by meaini of postulates anA definitions, exactly what is meant 
by the measure of aji angle* Additional pro|^erties of ^gle 
measure we deduoed as theorems. 

We now wish to discuss how to measure a polygonal -region, 
that Is, how to detertine its "area." A polygonal -region is a 
set of points of a quite different type from the se^ent or the 
/^ngle* We follow an approach like that used before j namely, we 
select postulates^ and. definitions which foCTMillM in our 
geometry the corresponding notion from everyday life. Notice 
the resemblances between the postulates in this section and 
those describing distance or angle measure, '^e first one 
says that every polygonal-region has a unique measure relative 
to any standard "unit*" 



Postulate 26, If R Is any given polygonal- 

-. - - ^ 

region, there is a oorrespondence which assqtiat#B- 
to each polygonal -region In space a unique positive 
number, such that the number assigned to the given 
polygonal-region R is one. 



DEFINITIONS . ^ The given polygonal-region R 
mentioned In Postulate 26 Is called the iinlt '- area . 

Relative to a given unlt-^area, the number which 
corresponds to a polygonal -region. In accordance 
with Postulate 26, Is called the area of the 
polygonal -region . 

Postulate 26 does not tell us what number the area of any 
particular polygonal -region is (except the unit-area), nor 
doe|' it tell us how the. areas of various polygonal-regions 
compare. We need more postulates to give us this Information, 

If a se^nent is the imion of two segments whose interiors 

do not Intersect, then the measure of the given sepient Is the 

sum of the njeasures of the other two segments. In the figure, 

AG = AB + BC v. J I , , ^ 

t A B C 




Htoall the oorrasponding, situation for anglei, as shown In tha 
dlagran, where VB* Is between 
and VS , Thm Interiors of the 
two adjacent wglts, ^AVB |^d 
£bvC , do not Intersect, and the 
maasure of /Ave la the sum of 
the measures of the two wigles 

£kVB and ^mc . We wish to have a similar property for the 
areas of polygonal -regions. Thus, for eximple. If R is the 
polygonal -region aonslstlng of the parallelogram ABGD and 
Its Interior, as shoim In Figure a , then we want the area of 
R to be the sum of the areas of the two triangular-regions 

%id Rg * The following , 
postulate guarantees this. 




Figure a 



Postulate Suppose that the polygonal » 

region R Is the union of two polygonal -regloni 



^^1 
and 



and Rg such that the Intersection of 
Rg Is contained In a milon of a finite 
number of sepnenta, Thenj relative to a given 
imlt-area, the area of R Is the sum of th^ 



areas of 



and R^ 



In Figure a, the two triangular- regions R 
Intersect In a segment 
Figures b and c. 



^ and Rg 

Other Illustrations are given In 





re b 



Fi^re c 



In Figure b, the InterseGtlon of the polygonal -regions md 
Rg ii the union of three segmentB. In Figure e, the inter- 
seotion (marked heavily) eonsists of one eegment and two other 
points J it is contained in the union of a finite number of 
iepdente. In each case the of the areas of and 
is the area of the entire polygonal -region. 

On the other ^nd^ eonelder the polygonal-region shovm in. 
Figure d. It is the union of triangular regions T-, and 




Pigure d 

Their intersection is not contained in a union of a finite 
ntimber of segments^ but Instead is the cross-hatohed polygonal- 
region whose boundary Is a quadrilateral . ^ Thus Postulate 27 Is 
not applicable to this case. If we tried to calculate the area 
of the entire polygonal-region by adding the areas of and 
Tg^V^J^en the area of the polygonal-region which is the inter- 
section^ would be counted twice. Of course if we cut the 
entire polygonal -region in a different wayj we may be able to 
apply Postulate 27. 

We recall that two segments are congruent if and only if 
they have the same measure* ^o anglas are congruent if and 
only if they have the same measure* We wish to compare the 
notions of congruence and area for polygonal -regions * Since a 
polygonal -region Is the union of triangular-regions and since 
we have extensively studied congruence for triangles, we 
consider trlan^lar-regions in particular. On the basis of our 
experience In the physical worldj two triangular- regions whose 
respective boundaries are congruent 
triangles have the "same size and 
shape," Being of the same "size," 
thei r a reas seem to be the same. 
The llftt postulate guarantees this. 

7^6 
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PQstulatfe,g8 ^ ,If two trlangiee are eongruent, 
then the respective triangular-regions consisting 
of the triangles and their interiors have the same 
are a relative to any given \mlt-area. 



If 



Bius two triangular-regions with congruent boundaries 
have the BMie area. Notice that the converse la not valid, 
two triangular-regions have the samp/area^ we do not Imow 
whether the triangles which are t^ir respective boundaries are % 
congruent or not. The picture sho^s;^ two triangles which have 
different "shapes," although the 
"sl^es," that is, areas, of the 
corresponding trlangular^regions 
appear to be the same. 





For any convex polygon^ the imlon of the polygon and its^ 
interior Is a polygonal -region. This polygonal-region has an 
area relative to a given unit-area. It is customary and very 
convenient to speak of "the area of the polygon" when we really 
mean "the area of the associated polygonal-region." Thus^ as 
examples^ we speak of the "area of a triangle" when we mean the 
area of the union of the triangle and Its Interior j the "area 
of a parallelogram" Is a conveniently short phrase for the 
"area of the polygonal -region consisting of the parallelogram 
and Its interior," 

In the physical world the notion of area Is closely 
related to the notion of distance. If an Inch is chosen as a 
unit of distance, then 'the customary choice 
H^or a unit of area Is the "square Inch," 
This is the area of a polygonal -region 
consisting of a square and Its Interior 
such that each side of the square Is one 
inch long. Although some other t5rpe of 
polygonal-region can be chosen as the unit -area In our 
geometry, we prefer, in this book, to adopt as our unit -area 
the so-called "unit-square," which Is defined as follows: 
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DEIINITION , Given/ a uiilt-palr for maasiirlng dlstimae, 
a unit-area is cailed a ^It - square If tad only if the 
unit^^rea donslsts of a equara and its Interior ^sueh 
that the mtasure of a side of the square is one. 



Thm diagram pictures *a unlt-squarf 
rejatlve to the unit-pair . [A, A*) 




fourth postulate conoernii^ area telLs us how to 
determine the area of certain polygonal -regions. It conneots 
the ooneept of area with the ooneept of dlatanoe developed In 
Chapter 3 , ' 



Postulate 29 * Given a unit -pair for measuring 
dlstanae, the area of a rectangle relative to a 
unit-square is the product of the measures (relative 
to the given imit-palr) of any two consecutive sides 
of the rectangle . 



DEFINITIONS .. Any side of a parallelogram is a base 
of the parallelogram t 

^ altitude of the parallilograun relative to the 
^^sa Is any segnient which Is perpendicular to the 

and whose respective eridpolnts lie on the 
parallel lines containing the base and the side 
opposite to the base. 

In particular^ any side of a rectangle Is a base of the 
rectangle^ and any side which is consecutive to the base of 
the rectangle is an altitude of the rectangle (relative to the 
base)* 

Our work in the following sections is largely concerned 
with the areas of certain polygonal-regions and the lengths of 
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certain se^ente related to the polygonal -regions, it is 
cuetomary to ihorten tlie phrase "the length of a side" of a 
polygon and say simply "the side, "'whenever the context makee 
clear that we mean a number rather than a se^ent. In a like 
mtnneK^ a base of a parallelogram or a diagonal of a polygon 
is a segment, that Is,' a set of polntsj sometimes, however, we 
use the word "base" or "diagonal" to mean the number wh^h Is 
the length of the segment j we do this only in case there is no 
danger of confusion between the two different uses of the saine 
word , 

If the lengths of two consecutive 
sides of a rectangle are 6 and . 3 , 
then we may consider the base* to be 
6 and the altitude 3 j or^ ^e may 
choose 3 as the base^ in which 
case 6 is the altitude. For 
either choice, the area of the 
rectangle is l8 * 

Using the terminology given by the last definitions. 
Postulate 29 tells us that: 

The area of a rectangle is the product of 
its base and its altitude » 

If the area, the base, and the altitude of a rectangle 
are denoted by A, b, h, respectively, then 

A ^ bh . 

As a special case, the area A of a square each of 
whose sides has length s is given by 
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Problem Set 11^4 



Complete each of the following tmbles and answer the 
questions pertaining to each. ; . 

(a) 



i— i 


Base ■ 


Altitude 


Area 


a 


3 


2 


6 


b 


6 


2 




c 


12^ 


2 




d 


24 


2 





(b) 



(d) 



a 


Base 


Altitude 


Area 


a 


2 


3 


6 


b 


2 


9 






2 


27 





□ 


Base 


Altitude 


Area 




5 




100 


b 


ID 




100 


c 


20 




100 


d 


ko 




100 


e 


80 




100 





Base 


Altitude 


Area 


a 


1 


2 




b 


3 


6 




c 


9 


l8 




d 


27 


54 





Consider a set of rectangles 
with equal altitudes. If 
these rectangles are arranged 
so that the bases of any two 
consecutive rectanglee have 
the ratio of 1 ' to 2 j * 
then the "ratio of the areas 
of any two consecutive 
rectangles is to 

ConsideJ a set of rectarigles 
with ^ual bases. ^ If these'' 
rectangles are arranged so 
that the altitudes of any^^*^o" 
consecutive rectangles have 
the r.atlo of 1 to 3 / then- 
the ratio of the areas of any 
two consecutive rectangles is 
^ to . 

Consider a set of rectangles 
with equal areas. If these 
rectangles are arranged so 
that the bases of any two 
consecutive rectangles have 
the ratio of 1 to 2 ^ then 
the ratio of the altitudes of 
any two conBecutive rectangles 
is _ _^ to 

What is the ratio of the bases 
of any two consecutive 
rectangles in the table? V^at 
is the ratio of the corre- 
sponding altitudes? What is 
the ratio of the correspond- 
ing areas? The four 
rectangles are members of a 
set of rectangles. 



(0) Cdmpltte the following sentfeneesi ^ 

If the yfttlo of the lengths of ft pair of corresponding 
aides of two similar reotaigles Is 1 to 3 j tht 
ratio of the areas Is . to - , ' 

■ ^ -_ - - _■ -r 

If the r^Jlo of the lengths of a pair of corresponding 

aides o^jf^o similar rectangles Is S to 3 , the 

ratio of the areas is to 



— — — 


N 










0 













This figure Is 
separateid into 
t we 1 vtv Vec t angul ar 
regions. Let each' 
small region be k 
units long and on^ 
unit high, . - 



vniat is the ratio of the areas of eaGh of the following pairs 
of rectanglta? 

(a) Rectangle AN to rectangle AK , (Here we name a 
rectangle by naming a pair of opjgosite vertlGeB,) 
Rectangle'^ AJ to rectangle AH , ' 
Reotangle AO to rectangle AF , 
Rectangle BI to rectangle CI , 
Rectangle m to rectangle CP . 
Rectangle BO to rectangle ND s 

We are given two reotangles with equal bases. If the 
ratio .of the altitudes is 1 to 3 , the ratio of 
the areas is to 

If the bases of two rectangles are in the ratio of 1 
to 4 and the corresponding altitudes are in the ratio 
of 1 to 2 , the ratio of the areas of the 
rectangles is to 

(c) If the areas of two rectangles are equal and the ratio 
of the bases Is 1 to 3 , then the ratio of the 
altitudes is to 

(d) If the bases of two rectangles are equal, and the 
altitude of the second is 25 per Gent more than the 
altitude of the first, then the ratio of the areas of 
the first to the second is to 



(b) 
(0) 
(d) 
(e) 
(f) 

(a) 
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4. 



6. 



ThQ ratio of the lengths of two conaecutlve Bides of a 
rectangle da 4 to 5 , If the area of the-reetimg^e la 
5t8o , find the length of each side. 



Let a and b be positive numbers, Siow by a/ drawing 
that the area of a square whose side measures a + b is 
the same as the sum of the areas ofi 

(a) a square whose side measures a ^ 

a square whose side measures b , ^d 

two reetangles each of whloh has sides measuring 

• - 

^a and b , ^ " ^ 



(b) 



In the figure, W Is a 
diagonal of rectajigle' 
ABCD , The polygonal- 
region ABCD Is eut 
into 6 polygonal - 
regional the boundary 
of 

boundary of 



is a equarej the 



is a 



^3f ^5* 
are trlan^lar regaons, 

\ 



rectangle; 
are 

(a) 



0 












R| 
















h 


^ Re 


Ra 





^e area of ^ABG Is the siam of the areas of the 

polygonal -regions ^ ^ ' . 

nie area of ^ADC 
polygonal -regions 



is the' sum of the areas of the 



(d) The areas of R^ and Rg are equal 



l^e area of A ABC la equal to the area of 4 ADC 



(e) The "areas of 
Why? 



Rg and R|^ 



Why? 

are equal* Why? 



(f) llierefore, the areas of and Rg are equal, 
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11-5. ^ Areas of TrlMgles and QuadrllateralB , 

On the basis of the four postulates eonGerning area in the 
preeedlng section, we can oalculate the areas of trianglesy 
parallelogr^s^ and varloue other quadrilaterals. 



THEOREM 11-3 , The area of a right triangle le one half the 
produot of the lengths of its two legs. 





Proof s Let triangle PQR have a right angle at R Let 
the .lengths of its legs be a and b , and let A be the 
area of the triangle* (The diagram above shows two pieturee 
of the same triangle PQR ,) Let T be the intersection of 
the line parallel to *PR* through Q and the line parallel to 
ftR through P . Then ftTPR is a rectangle, and 
APQR S ^QPT . By Postulate 28, the area of aQPT is - A , 
By Postulate 27, the area of the rectangle QTPR is A + A , 
because the two triangular regions intersect .only in the 
segment f5 * By Postulate 29, the area of the rectangle is 
ab . Therefore 



2A 



ab 



or 



A * |ab 



Prom this we can derive the formula for the area of any 
triangle. Once we obtain this forAula, It will include 

Theorem 11-3 as a special case, 

if 



Up? 



The area of a triangle la one-half the ppoduct 



of any base and the altitude to that baee. 



Proof I Let A be the area of the given triangle XY2 . 
Consider the altitude W to the side TO. of the triangle* 
r^t h m YZ and h ^ , Let the distances^ and b" \ 

between and the endpoints of the side opposite X be 
choeen so that ' b» < b" , There are three oases to consider. 






(1) 



b 

If D is between Y and Z p then outs^the 
given triangle into two right triangles r^^lth bases 
as indicated. Purthermore/^ 
By the preceding theorem, these two 



b » and Id" 

b * b* 4^ b" 



right triangles have respective areas itf'h and 
1 „ d ^ 



|b"h 

Hencej by Postulate 27, 
A 



3 



|b»h + |b"h 



^ i(b» + b'')h 



(2) 



^ |bh 



If D is one of the endpoints of 
is a right triangle. 'Dierefore, A 
'nieorem 11-3. 



YZ , then AXYZ 
|bh , by 



(3) If D Is not on the eegment W , there are again 
two right trlyigies, nMiely ^XEfe and iiXOT , In 
this case, b» '+ b - b" . He^ae 

\ |b»h + A = ^(b» + b)h . 

Wh^? Solving the above equation for *A j we obtain 

. _ y ^ A ^ |bh , . V 

Explain howi 

Since the length of any side of a triangle can be chosen 
as the baee^ IHieorem 11-4 can be applied to any triangle In 
three different waye. The figure below shows the three .choiees 
for a single triangle. Any of the^ three ffrmulas^ A - ^^i^i * 
A ^ fbghg , A = ^bghg ^ gives the area of the trlMgle, . / 




The proof is left as a problem, 

TOSOR^: 11-5 . The area of a rhombus Is one half the product 
of the lengths of the diagonals. 
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Ppoof I Let M be the point of Intersection of the' 
dlagonali of the Phombus ipGH , hamely 15 wid W: . 

H : G . . 




Ltt d ^ EG and d' * FH . The diagonal e are perpendicular* to 
each o^her. Sinee TO is the altitude' to side 13 of ^ 
triangle EFG ^ the area of ^EFG le ^ 

In a like mannepj we note that the area of AEGH Is 

Hence, by Postulate 27, the area of the rhombue Is 
|d(FM) + |d(HM) * |d(PH) - |d d» ^ . 

Corollary 11-5-1 . The area A of the square v/hoee 
diagonal has length d is given by 

A ^ |d . ^ 

The proof Is left as a problem* 

THEOREM 11-6 ^ ^e area of a parallelogram Is the product of 
any base and thg altitude to that base. 



1:1-5 ' 

Proof 1 Let A be the area of the parallelbgram PQRS • 
Let b and h be a baae and the oorreipondlng altitude. 




The triangles PftR and. RSP , which have the diagonal TO of 
the parairelogram ae a common sldej are congruent. Hence the 
triangular- regions PQR and RSP have the eame area^ by 
Postulate 28. Hence the^area of PQRS is twlce^the area of 
APQR^* Since b and h ^ are a base and a corresponding ' 
altitude of A PQR , the area of ^PftR is ^bh . ^erefore 
the area of JQRS is 2{^hh) ^ or 

j A ^ bh * 

/ Since the length of any side of a parallelogr^ can be 
taken as the base. Theorem 11-6 can be Applied to^ar^ 
parallelogram in two ways* The figures following Illustrates 
the two choices for a single parallelogram. In one casaj we 
obtain A ^ bh , and in the other^ A - b»h' , Either of 
these two expressions gives the^ area of the parallelogram* 
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THEOREM 11-7 * The area of a trapezoid is one -half the product 
of its altitude and the suin of its bases. 

Proof I . r,et A be the are% of the trapezoid^ h Its 
altitude, a:--d and b^ its bases, 

b2 




A diagonal of the trapezoid cuts the polygonal-region Into two 

triangular^regions whose respective areas are ib.h and 

1 " d 1 

^bgh , (The dotted lines on the right ..in the diagram indicate 

why the two triangles have the same altitude,) By Postulate 27^ 

the area of the trape2old Is 

^ ' A ^ |b^h + Ibgh . 

Algebraically^ this is equivalent to the formula 

A - |h(b^ + bg) . 

DEFINITION , The median of a trapezoid is the segment 
which joins the midpoints of the two non-parallel sides. 

Corollary 11-7-1 . The area of a trapezoid Is equal to the 
product of its altitude and the length of its median, 

% The proof is left as a problem. 

Summary of Formulas: 

=— — - — - - — - <^ 
Area of a rectangle: A ^ bh , 

Area of a parallelogram: A ^ bh . 

Area of a triangle: a ^ ^ . 

Area of an equilateral triangle: A ^ 1^^^ - ^ 
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Area of a rhombus: A ^ 



Area of a square: 
Area of a trapezoid: 




Problem Set 11- 



Find th^ ar-'ea of a right triangle If the lengths of the 
legs of the triangle are 6 and 10 * 

Find the area of an Isosceles right triangle if the 
length oi* each of the congruent sides of the triangle 
is 12 , 

Find the area of a -f5-^'i}5-go triangle If the hypotenuse 
of tlie triangle is 12 . 

Find the area of a 30-60-^90 triangle if the hypotanuse 
of the triansle is 12 , 

If h is the hypotenuse of a ^^5-^^5-90 triangle, find: 

( a ) ThQ length in t e m s of h of the side opposite an 
angle wliose measure is , 

( b ) Th e area o f 1 1 1 e triangle in t e rmi s of h . 

If h is the hypotenuse of a 3C3=60=90 triangle, flndi 

(a) The length in terms .of h of the side opposite the 
angle with measure of 30 . 

(b) The length in terms of h of the side opposite the 
aniirle with measure 60 . 



G 



) TnB area of the triangle in terms of h 
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Find the unknown In each of the following triangles If 
A Is the area, b the base, and h the altitude* 



A 


b 


h 


(a) 


0 


12 


10 


(b) 


9 


6 


8 


(c) 


12 


8 


0 


(d) 


12 


9 


6 



In the diagram, tht line containing A, C, D, 1, B is 
parallel to-the line containing X, Y, Z, and Is perpen 
dicular to ^AX^. AC ^ 3 j CD ^ 1 j IB - 6 j AX ^ 4 . 




In each of the following, find the ratio of the area of 
the first -named ti-iangle to the area of the second-^named 
triangle. 



(a) AAYC j AAYB (c) ^AYC j ^EZB 

''(b) AAYC ; AEYB (d) AEYB j AEZB 




11-5 
10. 
11. 



Prove Corollary 11-^-1, 

In the diagram to the right, 
ABCD is a quadrilateral with 
diagonals Tc and BD 
perpendicular to each other. 
IB bisects 3c , AC ^ 20 and 
BD - 24. Find the area of ' 
the quadrilateral . 




12. If ABCD is a rhombus with < diagonals 20 and 24 , find 
the area of the rhombus. 

13. Find the area of a rhombus If the length of one side of 
the rhombus is Ig and the longer diagonal of the 
rhombus is 24 . » 

14. The area of a rhombus Is l600 . Find the length of each 
diagonal of the rhombus if one is twice as long as the 
other, 

15. Prove Corollary 11-5-1. 

16. ^ Find the area of a square if the diagonal of the square 

Is 8 , 

17 p Find the area of a par^allelogram if the base of the 

parallalogram Is 19 and the altitude of the parallelo- 
gram is 7 ^ 

18. The area of a parallelogram is 8430 and the altitude of 
the parallelogram is 150 . Find the baseH 

19, Find the area of a parallelogram ABCD if AB ^ 10 and 
AD ^ - 14 , and: 

(a) m £A - 3D , (c) m £A - 5o , 

(b) m £b ^ 45 , (d) m /D ^ ^-"^O . 

i 

'J . ' 

76r' ^ ' .. 
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The sides of a parallelograp-^l 8 and 10 respectively. 
If tht3 shorter altitude is n , what is the longer 
altitude? 

21, Find the unlmown in each of the follov/ing trapesoids if 



23, 
24. 



A 



is the area^ h the altitude, and 



and 



the 



bases of the trapesolc 





A 


h 






(a) 


9 


3 ^ 


6 






8 


(o) 


*^ 


6 




10 


(c) 


72 - 








7 


(d) 


100 


3 


l! 






(e) 


■ 180 


9 


11 


9 



ABCD is an isosceles trapezoid with "AB | j DC" and 
m /A - 30 . AB - 10 and DC ^ 6 . Find the area of 
the tx^^apesoid. 

Prove Corollary 11=7=1. 

Find the side of a squ re if tlie area ^ of the square is 
equal to the area of a rectangle l6 feet by 9 feet, 

In quadrilateral ABCD ^ 
I I AB and M DC . 
If AB - 10 , DC - 14 , 
EB ^ 7' , find the areas 
of A ADC and ^ABC , 



D 



11-5 
26-, 



The pointe Pj S, , R^^ 
colllnear In that order, 
and the parallelogram 
ABCD 11a In the same 
plane; and A"P , ^ , 
CR and TO are perpen-- 
dicular to PR . AP ^ 12 
Bft ^ 6 , ^ 16 QR ^ 5 
CR 

Find the area of ABCD 
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27, The vertices of a triangle h^ve coordinates (-2,-3) , 
(-4,1) , and (4,5) , Prov^ that the triangle is a 
right triangle.. Find the area of the triangle. 

28. * Three of the vertices of a rhombus ABCD are: A(0,o) , 

B(-6,-2) , C(-8,-8) . 

(a) What are the coordinates of vertex D ? 
Find the area of the r horn bus . 



29* The vertices of a trapezoid have the following coordinates* 
A(0,0) , B(l2';o) , C(a-7,6) and D(2,6) . Find the 
altitude and the area of the trapezoid, 

30, The vertices of a quadrilateral ABCD have the following 
^coordinates: A(-3,0) , B(2^4) , C(6,0) , and D(3,-5) - 

Find the area of the quadrilateral . Hint : Consider the 
altitudes of ^ABC and ^ADC . 

31. The cod^^jiates of the respective vertices of rectangle 
ABCD are X3^,2) , (10,2) , (10,7) and (3,7) . In the 
same coordinate system, the vertices of ^EFC are 
(5,2) , (3,5) , and .(10,7) * Find the area of AEFC . 
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In the quadrilateral ABCE , point D Is between C and 
E J EC j I IftB^; AB ^ BC ^ CD ^ DE ^ EA . 

Proves AC • BD ^ EB • AD , 

E D C 



33 , 



3h. 




The hypotenuse of right triangle ABC Is 
is the altitude to the hypotenuse-. 

Prove: AB * AC =^ BC * AD . ( 

A 




TO' 



Prove-. If the-dlagonals of a quadrilateral are perpen-/ 
dlcular, the area of. the quadrilateral is equal to Q,rfe- 
half the product of the lengths of the diagonals, ^ 




o 

ERIC 
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11-6* Area Relations 



In the study of area It is interesting and Important to 
compare the areas of two or more figures when they differ in 
one or more dimensions* Proportionality is one of the most 
effective methods of studying this change. Before continuing^ 
you may wish td review the definition and fundamental 
properties of proportionality and of proportions^ as presented 
in Chapter 7. 

Consider two triangles . pSuppose that one of the 
triangles has base , altitude h^ , and area j suppose 

that the other triangle has base b,^ ^ altitude h^ ^ and 
area A^ . Then 

A, -'ib,h. 



1 2 11 



and 



Hence, .by division, 

If the two triangles have the property that b^ ^ b^ ^ then 

J- £1 

h K 
^ ^ — ^ In other words, the areas of two triangles with / 
^1 ^1 

equal bases are proportional to the corresponding altitudes. 
We note that Ap = k h,^ and A=^ ^ k h^ , where the constant 

of proportionality k Is one^half the base of each triangle ^ 

1- ^ 1^ 
namely k - ^b, - ^b^ . 

If the two trianglec under consideimtion have the 
property h^ = h.^, , then 

Ag b^ 

In other words, the areas of the two triangles are proportiona;! 
to the bases. 
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On the other hand, if the two triangles have the ppoperty 
that ^ Ag , then b^h^ ^ bghg . in other words, the product 
of the base and altitude is the same for one triangle as for 
the ether. ThlB situation suggests a notion which is related 
to the concept of progortionallty and which we wish to discuss 
nowv namely "inverse proportionality," ^ 

An important property of proportionality is the following, 
expressed for the case of three numbers: If the positive 
numbers q, r, s are proportional to the positive numbers 
a, b, G then the largest of the numbers a, b, c corresponds 
to the largest of the numbers q, r, s . By contrast, as the 
definition below shows, If the positive numbers q, r, s are 
Inversely proportional to the positive numbers a, b, c , then 
the largest of a, b, c corresponds to the smallest of the 
numbers q, r, s . With this introduction, we are ready for 
the definition. 



DEFINITION . Suppose that to the positive numbers 

s.i ^ ^ * there correspond the positive numbers 
a, b, c, (that is, q^^-^a , r^ s ^ -^ c , 

The numbers q, r, s, are inversely propor tional 

to the numbers a, b, c, if and only if all the 

products of corresponding num.bers are the sam.e (that 
is, qa = rb ^ sc ^ , . . ) , 

As an example, the nujubers 2 , 6 , 15 ^, 12 are 
inversely proportional to the numbers 9^3,^,4^ because 
each product of corresponding numbers is l8 . 

As another example, find the niimbers x and y such 

that 2 , X , 5 are inversely proportional ^to 6 , 4 , y , 

By the definition.^ the products ,2 ^ 6 , ^ . ^ , and 5 ^ y 

are all the same. Thus 12 ^ hx ^ 5y . Ttie desired numbers 

IP " 
are x ^ 3 and y ^ ^ , 

We now extend our preliminary remarks about two triangles 
to the case of any number of triangles. 
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THEOREM 11-8, Consider a set of two or more triangles. 

(a) If the bases of all the triangles are equal. j then 
the areas of the triangles are proportional to the 
corresponding altitudes. 

(b) If the altitudes of all the triangles are equals 
then the areas of the triafligles are proportional to 
the corresponding bases. 

(c) If tiie areas of all the triangles are equal j then 
the bases of the triangles are inversely proportional 
to the corresponding altitudes. 

Proof? For deflniteness, we prove the theorem for a set 
of three triangle sj the method applies to any number j by 
choosing three ^ we avoid complications of notation in discussing 
many triangles, 

(a) By hypothesis^ all the bases are the saine number^ 
say b , Let the areas of the triangles be A ^ A* ^ A'' ^ 
and let the corresponding altitudes be h ^ ^ h" . 




(b) By hypothesis s all the altitudes are the same number, 
say h . Let the areas of the triangles be A , A» , A^' and 
let the corresponding bases be b ^ b» , ^b" , 



J' 
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Now A ^ |b , At ^ |b« , A" ^ |b'^ . Thus A , At , A'' are 

proportional to b , b' , , with the non-zero number | 

as the proportionality constant* 

(c) By hypothesis, all the areas are the same number, 
say A , Let the bases of the triangles be b , b^ , b*' and 
let the corresponding altitudes be h , h' , h" 




Now A ^ |bh , A - |bth» , A^ ib^h" . That is, all of the " 

products bh , b«h' , b"h" are equal, since each of them Is 
equal to 2A . Thus, b , b' , b" are Inversely proportional 
to h , h» , h" , 

Analogous to Theorem 11^8 Is the fallowing theorem for. 
parallelograms, r 



7b8 ^ ^< 
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THEOREM 11-9 * Consider a set of two or more parallelograms, 

(a) If the bases of all the parallelograms are equals 
then the areas of the parallelograms are proportional 
to the corresponding altitude^, 

(b) If the altitudes of all the parallelograms are equal j 

then the i^eas\ of the parallelograms are proportional 

r ^ 
to the corresppnding bases. 

(c; If the areas pf all the parallelograms are equals 

then the bases of the parallelograms are inversely 

proportional to the corresponding altitudes. 

The proof is l?ft as a problem, 

/ 

A special case of Theorems 11-8 and 11-^9 occurs when the 
number of triangles or parallelograms Is two* In fact the 
case of two triangles has already been mentioned* Nevertheless 
it is worthy of repetition. If b ^ h ^ A are the base, 
altitudej areaj respectively^ of one triangle or parallelogram 
and if b« , h» ^ A« pertain to the other, then the 
respective parts of the two theorems tell us the following: 

(a) If b ^ b^ , then A , A' are proportional to 

Ah 

h , h' J and hence ^ ^ , 

(b) .If h - h' , then ^ - 1^ , 

(c) If A^ A' , then bh ^ b'h» , 

Problem Set 11-6 
■1, Prove Theorem 11-9. 



In the quadrilateral ABCG , ABDP Is a rectangle^ and 

ABCE and ABEG are parallelograms* Compare the areas 

of the three parallelograms, Explalrt your answer. 

6 F E D C 




A " B 



As shovm In the figure, AD is divided Into three 
segments whose measures are proportional to 1,2,3, 
Compare the areas of the three triangular- regions 
^1 ^ ^2 ^ ^3 * 



E 
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Prove I The diagonals of a parallelogram divide the 
parallelogram and its Interior Into four triangular^ regions 
of fequal area. 



Prdva that each median o&s a triangle cuts the triangular- 
region into two triangular-regions of equal area. 

AE , CD , and BF are medians of ^ABC intersecting at 
point 0 /■ Prove that the areas of ^AOB , ABOC and 
ACOA are equal. Hint i Use Problem 6 to compare the 
areas ofi ■ 

(a) AACD and ADCB ; AABF and ^PBC . 

(b) AAOD and ADOB ; ABOE and AEOC . 



Then prove that the areas of AAOI 
are equal . 



ABOC 



and ACOA 



. V. The following experiment illustrates the fact that the 
W' - 

point of intarsection of tne medianB of a physical 
triangle is the center of gravity of the triangle* 

Cut a model of a triangle from cardboard and draw 
the three medians of the triangle. Try to balance the 
triangle on the head of a pin at the point of., intersection 
of the medians. Use the results in Problem 7 to explain 
why the intersection of the medians is the balance point 
or center of gravity, ^^'"^^ 

If 6he ai-ea of AABC In Problem J Is 216 , find the 
area of each of the following triangles: ^AABO , ABOG / 
AAOC , AODB , ABOE , AAOF . 

Givon: A ABC -CAA^BUrJ , 
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11. 



13^ 



14. 



\ (a) If AB - 12 , A'Bt m 7 , ^ h ^ 10 , find ht . 




(b}' If h = 9 , h» ^ 3 ^ and ^^«B» = 4 , find the 
length of II , / ^ 

(c) If AB ^ 7 . BC - 8 , AC 4 6 , and A^B^ - 3| 
find the perlmater of ^A«B»C» , 

In ^ABG , 1 Af I W I I IB i CP - 20 J CI - 10 j 
CB ^ 30 J OT^ l8 . , 

Find I , 

(a) length of CG j 

(b) The area of -^DFC i ^ 

(c) The area of ^ABC j 

(d) The area of quadrilateral 
ABFD . ^ 



The areas of two triangles are e^ffl* What la the ratio 
of the base of the ^ first to, a base^^^fNthe second ir^the ^ 
corresponding altltudt of the seoond^iej 

(a) l^iree times the correspondii^ altitude of the first* 
One-fourth the corresponding altitude of the first. 
Three-fourths the corresponding altitude bf the fir^t. 




(b) 
(o) 
(d) 



One huntoed fifty per cent of the oorrespondlng 
altitude of tJ^^ first. ^ 
(e) Ten per cent more^ than tHe corresponding altitude 
of the first. 

Are the areas of two triangles equal if a base of the 
second is 5 units more than a base of the first, and 
the corresponding altitude of thg^ second is 5 tinlts 
less than the corresponding alifi|ud^ of the first? 
Explain your arts^r. 

What is the ratio of the areas of ^o rectangle if the 
base ^of the second is 25 percent more than the base of 



the first, and the altitude of the second is 
cent less thaii the Altitude of %Ym fir^?^ 



25 per 
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11-7. ' Relations In Similar Polygons , 

THEOnmil 11-10 , Every alnillarlty between triangles has the 
property that^ t^e meaeureB df the three sides and any 
altitude of the one triangle are proporti^al to the 
measures of the Gorrespondihg sides and the Corresponding 
altitude of the* other triangle* 



Proof: JLet PQR^^-»^p»Q»^« be , a slfnilarlty between 
trlangleB. * Let k be the proportionality constant. Thmn 





p « kp» 1^ q ^ kq' , .r kr' \ Let .HD and be the ' 

respective altitudes from R in APQR and from R» in 
^P'Q'R' , Let h ft RD and hV^ R*D» . 

If D ^ ^ then consider the correspondence ^ 
RDQ*— »-R'D'Q' between right triangles^. Since ^RDQ ^R«D<Q' 
(why?) and /DQR S /D«Q»R' ^ the correspondence Is a 
similarity* The proportionality constant for the slmHarity 
RDft*— ►'R^D'Q* Is also k , since RQ « p - kp* « k i R*ft' * 
Hence h = kh' . 

On the other hand, if D ^ Q , then h ^^^D ^ rq ^ p and 
h» ^ p» i In this case' also, h * kh» since ^ = kp' . 

Thus, in every casejf p , q , r , h are proportional to 
p',q',r«,h'^ with proportionality constant k , ^. 



THEOREJ^ 11-11 * * Every similarity between triangles has the 

propentiy that the areas of the trianglf s are prppor,tlonal 
to the squares of the lengths of any pair of corf 'fflponding 
aides. , . ■ , ' ' 



773 



11-7 



Proof I Let PQR-^^p'Q'Rt be a slmilarlty^^ ^wa an 
#s. Consider any pair of corresponQllng sid^H|||ky 'F5 
and P'Q' and let r and r' be the respective lengths of 
these B^ffs, l^t h and h» be the lengths of the altitudes 
to these sides in the respective triangles. 





Let A and 



"be the respective areas of APQR and i^P'Q'R^ 

Thus 



By Theorem 11-lOj (c,h) g (r^^hO 



r 



Now 



A_ 



1 . . 



= (fr)(|r) 



^ substitution^ 



2-^ 



ThUB^ (a^A«) p (r ) , as asserted. 



As an example J suppose that 



i-Lroi la a 



similarity be tweer^ triangles such that an altitude of ADEP 
is three times as long as the corresponding altitude of ALm * 
Then^ by l^eorem 11-10, every side of ADEF Is three times as 
long as the corresponding side of ALMN , and every altitude of 
ADEF is three times as long as the corresponding altitude of 
AWN . addition^ the perimeter of ADEP Is three times 
the perJjneter of ALMN . P\irthermore, by Theorem 11-11, the 
area of ADEF Is nine times the area' of ^Ll^ * 

We now turn our attention from triangles to polygons with 
any number of sides. k 
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Theorem 11-12 Is concerned with perimeters and of course 
applies to triangles as well as to other polygons. Theorem 
11-13 generalises Theorem 11-11 to the case of polygons with 
n sides. 

t 

THEOREM ll'lg . Every similarity between convex poly eons with 
n ^Ides has the property that the lengths of the n 
sides and the perimeter of one polygon are proportional 
to the lengths of the corresponding sides and the perimete 
of the other polygon * 



Proof I Let the lengths of the sides of one corivex polygon 
be a, b, and let the perimeter a + b + g be p . 

Let the lengths of the corresponding sides of the other convex 



polygon be a' 
at + b' + c ' + 



7 



b' , c« 

• be p 



constant for the similarity, 

c 




p , , and let the perimeter 
Imt k be the proportionality 




Then a ^ ka' , b 



kb« 

P ^ 



kc 



Hence 



Thus a / b ^ , _ , 
with proportionality constant k 



^ a + b^ + c 4- ^» . * 
* ka ' + kb ' + kc « + , , , 
^ k(a» + b» + c' + . . , ) 
^ kp« . 

are proportional to a' , b' 



. P» 



TIfflOREM 11-13 ^ Every similarity between^ convex polygons with 
n sides has the property that the areas of the polygonal- 
regions (consisting of the polygons and their interiors^ 
respectively) are proportional to the squares of the 
lengtjis ^f any pair of corresponding sides. 
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Proof s We outline the proof j you are asked to supply the 
detalli as a problem in the next problem set. Let 
PW#*. ^ ^ P«ft»R'*., be a similarity between polygons with 
n sides* Let k be the proportionality constant. The 
diagonals from P cut the polygonal -region PQR,,, Into 
triangular ^regions I let the areas of these triangular- regions 
A , B ^ .,^In a like manner^ let ^AK, B« , . . . be the 
areas of the cOTrespondlng triar^lar-reglons into whleh the 
diagonals from P» cut the polygonal -region P«ft«R«... 





Prove that 



By ^eorem 11-11, 



^PRS ^ ^P«R»S» , etc: 



Hence 



Thus 



A + B + G + 



2 2 % P 

^ U A' + k B^ + k C» + , 

k^(At + B' + C» + ...) 



A + B + ... _ , S ^ (Pq)^ „ I iOM) - 



Problem Sat 11=7 

The lengths of a pair of correep 
^Blmilar triangles are 4 and 5 
'^e ar^as of the trlanglei? 



ng sides of two 
Wh^t is the ratio of 
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. 7, 



2. The areap of two similar triangles are 64 and 100 . 
Viftiat is the ratio of the lengths of^correspondlng aides? 
the ratio of eorrespondlng '^Itt^udes? the ratio of 
perlmeteri? 



Two similar triangles are such that the urea of the first 
triangle Is 16 times the area of the other triangle* 
vniat is the rat^o of the length of a side of the first 
triangle to the length of a corresponding side of 'the 
s^eond? 

The areas of two similar triangles are 64 and 100 * If 
a side of the first measures 24 ^ find the measure of the 
corresponding side of the second. 

The altitude of an equilateral triangle Is equal to the 
length of a side of a second equilateral triangle, vmat 
is the ratio of the lengths of corresponding sides? the 
ratio of the areas? 

Cut a triangle Into three polygonal -regions of equal area 
drawing lines parallel to a base. 

^ hypothesis^ we have two 
similar pentagons, ABODE 
and A'B'C'D'E' . We are 
to prove that their areas 
are proportional to the E 
squares of the lengths of 
any two corresponding 
sides . 




Restatement; 



area ABO DE 
area A'B'C'D'E' 



(praw diagonals from A and A' ot the polygons,) 

problem 7 asks for the proof of Theorem 11-13 for the 
case of pentagons. Use the same Ideas and give a proof 
of TOi^orem 11-13 for polygons with any number of sides. 

The areas of two similar pcdygons are l44 and 256 . 
If a side of the f Irst 'TTTeasures 9 j what Is the measure 
of the corresponding side of the second? 
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10. The lengths of the cort^esponding diagonalfe of two similar 
polygons are 7 and 10 , What la the ratio bf the 
areas? the perimeters? ^ 

11,, Find the ratio of the perimeters of two regular octagons 
if the areas are 25 i^d 50 , 

12. Prove that the area of a square having the diagonal of a 
given* square as a side has twice the area of the given 
square, ^ | 

13. Tvio similar polygons HSTtTV and R'S'T'U'V" are sueh 
that £h coincides with £r« , Tlie coordinates of 

R - R« , of S , of S' are (2,2) , (2,11) , (2,8) , 
respectively. Find the ratio ^of the lengths of corre- 
spending sides of the ipolygonsj the ratio of perlmetersj 
^ the ratio of areas, I « 

14. The areas of two similar triangles are ihk and 81 . If 
a side of the former measures 6 , what is the length of 
the corresponding side of the fatter? 

15. ^"In A ABC , the point D is on side AC , and AD is 

twice CD * Let the line ^DE^ parallel to ^AB* intersect 
at E , Compare the areas of triangles ABC and DEC 

16. How long must a side of an equilateral triangle be in order 
that its area shall be twice that of an equilateral 
triangle whose side measures^ 10 ? 

17. If similar triangles are dravm having^ respectively, the 
Side and the altitude of an equilateral triangle as 
corresponding sides, prove that the ratio of their areas 
is 4 to 3 * * ^ 

18. Two pieces of wire of equal length are bent to fom a 
square and, an equilateral triangle respectively. What is 
the ratio of the areas of the two polygonal-regions 
bounded by the respective polygons? 
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11-8. Regulap Polygons , 

THEO^^ 11-14 , me bisectors of the interior anglee of a 

repilar convex polygon of n sides intersect at a point. 

Proof: Given a regular convek polygon ^ABCDEF*,, with 
mSW^mmmSW, etc., and' Ik S Ic ^ Id i ^ i If, 

etc * 




C 



Let the bisectors of /A and* £b intersect at point V , 
Then AATO is isosceles, because m ^a' ^ |m ^A ^ |m /B ^ m ^b 

Thus AV ^ BV . Now m /a' ^ m ^b ^ m /b« , Hence the corre- 
spondence AVB ^ » BVC between triangles is a congruence, by 
S.A.S. (Why?) Therefore m ^c ^ m ^b ^ ^ m ^B ^' ^ m /p , 

That is, is the bisector of . ^ In a like manner^ we 

can prove that ABVG is Isospeles, that the correspondence 
BVd^* — P^CVD is a congruence between triangles^ and that ' nv*' 
bisects /p . The s^e procedure shows that EV^ bisects , 
etc. In siammary, all the bisectors meet at the point V , 

DEFINITIONS , The center of a regular polygon is 
the point of intersection of the midraya of any 
two angles of the polygon. 

Any triangle whose vertices are the center and two 
consecutive vertices of the polygon is called a 
central triangle of the regular polygon. 

A radius of a regular polygon is any segment Join- 
ing the center and a vertex of the polygon. 

An apothem of a regular polygon is any segment which 
Joins the centar and a side of the polygon and is , 
perpendicular to that side. 
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As an example J the center 
of the regular l^^gon In the " 
diagram ie G A There are six 
central triangliLS, one of which 
is t^km , The se^ent is 
a radius the Eegment is 
an apothem ot tffe regular hexagon. 

l^eorem 11-14 tells us that the center of a regular 
polygon is the poiat of intersection of all the • bisectors of 
angles of the polygon. 

THEOREM 11-15 . Every central triangle of a regular. polygon 

Isosceles and is congruent to evei^ other central triangle 

^^ofr I^iese statements, expressed now in the new languag 
of "central triangle^-- were actually established in the proof 
of Theorem 11=^14. Indeed^ using the notation of that proof, 
we showed that each of the central triangles AVB ^ BVC , CVD , 
etc., is isosceles and that ^AVB ^ ABVC & ^CVD & 

THEOREM 11-16 , The area of a regular polygon is one^half the 
product of the apothem and the perimeter of the polygon, 

Proof I Let ABO.,, be a regular polygon vd.th n sides* 
Let V be the center of the polygon, let a be the apothem, 
and let e be the length of one side of the polygon* Tlie 
se^ents Joining the center V and the vertices of the polygon 
detemine n central triangles. 
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E&Qh of these eentral triangles h^s base e and altitude a 
wmd hence area =^a . The area of the regular polygon is 

therefore n(^a) ^^(ne) * Since ne is the perimeter of 
the polygon, the theorem is proved. - 



Problem Bpt 11^^ 

1. Does a perpendicular sepfient from the center of a regular 
polygon to aXslde bisect the side? Vmy? 

2. The apothem o^a regular hexagon is 10 i/IT . Wiat is the 
length of each side of the hexagon? ' 

3. T^e diagonal of a square has length 6 . vmat is the 
radius? the perimeter? the apothem? the area? 

4. Given an equilateral triangle whose side measurea s , 
find the radius and the apothem of the triangle in terms 
of s . 

5. Thm perimeter of a regular hexagon is 12 . Find the 
apothem^ the radius > the area. 

6. radius of a square is r , Find the apothem, the 
length of a side, , the perimeter, and the area of the 
square all in tems of r . 

7. The apothems of two equilateral ^ triangles are 8 and 12 

(a) What Is the ratio of the radii? of the lengt^hs of 
their sides? of the perimeters? of the areas? 

(b) Pind the area of the smaller triangle by two 
different methods. ; 

8. (a) Each side of a regular hexagon la^8 ^ . Pind the 

area of the hexagon, 

(b) The apothem of a regular hexagah is 12 . - What is 
the perimeter of the hexagon? the area? 

(c) Use another method to find the area of the hexagon 
in (b) . y 
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DEFINITIONS ; A°^ pQlyhedron is the union of a finite 
niunber of polygonal -regions, each of which coniists 
of a convex pQlygon and its 'interior^ such that <l) 
the Interlori of 'any two of the polygonal -regions 
do not interiect and (2) eve^ side of any of the 
polygons is also a jide of exaotly one other of the 
pblygons . 

Each vertex Of any of these polygons is called k 
vertax of the polyhedron. " 

Each side of any of these polygon j is called an 

edge 6f the pdlyhedron, - 

• ^ 

Each of the polygonal -regions is "Called a face of 
the polyhedron. 

E 




A 



As an example, consider the polyhedron In the above 
diagram, it has five vertices* It has eight edges^ two of 
which are W and K , It has five faces, one of which i 
the shaded triangular-region CDE , 

A polyhedron is nMied according to the number of faces 
which it contains. Since the number of sides of a polygon : 
the basis for naming a polygon, we expect some resemblance 
between the names of polygons and the names of - polyhedrons , 
The following table shows this analogy, ■/ ♦ 
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Name of Polygon 



Triangle 

Quadrilateral 

Pentagon 

Hexagon 

Heptagon 

Octagon 

Nonagon 

Decagon 

Dodecagon 

20-gon 



Number of 



J. 



Sides 



3 

5 . 
6 

7 

8 

9 

10 

20 



Name of Polyhedron 



N\^ber pf Paoei 



(No polyhedron has three faces.) 



Tetrahedron 
Pentahedr^ 

Hexahedron 
Heptahedron 
Octahedron 
Nonahedron 
Decahedron 
Dodecahedron 
OBahedron 



5 M 

6 

7 



9 
10 
12 

SO 



Prlims, pyramids^ and frustums of pyr^ids are examples of 
special kinds of polyhedrons* Other exajiiples are the so^cdlled 
regular polyhedrons. 

DEFINITIONS ^ Any non-empty Intersection of a/poly- 
hedron and a plane is called a section of ^ the 
polyhedron. <^ ^ 

A polyhedron is a convex polyhedron If and only if 
every section of It which contains at least' three 
^ non-colilnear points is either a convex polygon or 
a face of the polyhedron „ 

_ j A regular polyhedron is a convex polyhedron such 
^that: ^ / ^ 

I (l)^^ each.^face Is the union of a regular polygon 
and its Interlorj 

(2) .all these regular polygons have the same 

niimber of sides j ana ^ ^ 



(3) all vertices of the polyhedron belong to t^ 



s^e number of faces 
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It la Interesting to note that thtre are only five types 
of Regular polyhedrons i the regular tetrahedron, the re&ilar 
hexahedron (also called the cube), the regular oetahedron, the 
regular dodecah^ron, the regular iooiahedron* This faet will 
be dieeuseed again later In the ehapter. Plotures of theee 
five types of polyhedrons ^are showi b#low. 
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Models ,of*refeular polyhedrons * are not difficult to make, 
, and they are vary helpful in Btudyli^ thie propertlei of the 
're^lar polyhedrons* .l^ie plans for malang the se^ model i are 
given below.* JDhey should be constructed from stiff paper ^ 
using dimensions that are at least five times as large as the 
dimensions of the pattern. ^ 

i 




Tetrahedron ' ^ Hexahedron 




Octahedron ^ 




Dodecahedron 



Icosahedron 
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• " \ . Problem Set 11-9 
) -.. ^ - ^ = - 

Make a- .table similar te the following 'and' fill in frhe blanks 
for the Indicated regular polyhedrons. 



Regiilar 
Polyhedron 


^undary 
of 
Faoe 


Number' 
of 
Faces 


Number 
• of 
Edges 


Number 

■ of 

Vertices ^ 


Number 
. of Faces 
(or Edges) 
at ^ 
Ver;tex 


^ —— 

4'etrahedron; 
'Octahedron 
Icosahedron 
Hexahedron 
Do de c ahedr on 










i 

4 



Frbm the preceding tabre, verify the formula f - ^Z' + y ^ 2 . 
where f is the number of faces of the regular polyhedron , 
e is the number of edges ^ and v is the number of vertices, 
Dd you think the formula is also true for polyhedrons whlcja 
are not regular polyhedrons? . " 

Explain why there is no polyhedron with three faces. 

If you would like to loiow more about the relations that 
exist among regular polyhedrons, or if you are interested In 
constructing models that use regular polyhedrons as a basJa' 
for their .construction, the following books will be of 
interest to you* 

< . ^ . - • 
Steinhaus, Mathematical Snapshots \ 



Cundy and Ro^llett, Mathematical Models 
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11-10. polyhedral Angles . 

In Chap^rs 4 and 9 we studied pl^e angle e and dihedral 
' angles. In this section we introduce another type ^'^^angle 
Jmown ae the polyhedral angle. We also study some Importajit 
properties of pilyhed^al angles. ■ 

A .ploture of a polyhedral ^gle is the following^ 



^ 4 




I 



Hils polyhedr&l angle is detemined by the convex quadrilateral 
^1^2^3^4 and the point V not In the plane of the quadri= 
lateral. TOie rays TO*" , VP* i VPj # VpJ , are edges of the 

polyhedral "ang^e . Each of four angles at V.^ namely - 
/p2^3 * Z^a^^li ^ Z^ifV^i 21 face angle of the' polyhedral 
angle* A face of the pojlyhedral angle is the union of a face 
angle and its interior; for example i In the plane VP^Pii^ ? the 
imlon of ZP^yP-j^ and its "interior is a face. The polyhedral 

aaigle itself is the set of all points belonging to ajiy of the 
faces. This illustration leads us to th4 following definitions 
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TOFINITIONS . Let a convex polygon and a point V 
not in the plane containing the polygon be given j 
the ujiion of all the concurrent ^l^s which have 
endpoint V and which contain a point of the 
polygon is called ^ polyhedral angle . 

The point.^ V is the vertex of the polyhedral angle, 

^Eaeh ray ?|^th^ endpoint V and containiiig a vertex 
of ^the polygon^ls an idge of theipolyhedral angle, 
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An angle with vertex 'V and dontalning two 
cons^oaitlve vertlcee of the polygon Is a face 
angle of the polyhedral angle. - . ^ 

A face of a polyhedral angle Is the imlon of a 
face angle and its interior* 

A .polyhedral angle of three'if aces called a 
trihedral angle , y 

Notation ■■ If a polyhedrai angle *la detennined by . 
the convex polyg^ ^ P^Pg.^.P^ ^d the vertex V , 
if - is an interior point of VpJ J if Qg is 
ah inte3?lor point of VPg,*.,, and if ft^ is an 
interior point of VP* , then the polyhedral angle 
is denoted by the sjmibol ^ - ' 

In particular, the polyhedral angle may be denoted by 
other pictures of polyhedral angles are the following 
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^^^^laratbiy Problems i 

How many trlhetoal anglaa are formed by the walla, floot, 
ceiling of yoiir o^laiiroom? Vfliat do you think Is the . . 
meaBure of each of their face anglee? 

Can you make a model of a trihedral angle With exactly 
one of the face anglee a right angle? With exactly two of 
the face angles as right angles? Wl^h every face angle's 
right angle? Is it poBsible to mke )a modal of a poly- 
hedral angle v^th four faces such that eaBh of the face 
angles is a right ai^le? ^plain. ^ . ° 

Maka a model of a polyhedfal angle with five, face g so that 
each face angle measuree 6o , Ciffi you make a modal of a 
polyhedral angle with six faces if each face angle measurei 
60 1 Explain, 

Do you think it ie possible for a polyhedral angle to have 
four face anglee whose respective measures are 50 , 120 , 
90 , loo ? Explain, 

Complete the following etatementi The B\m of the measures 
of the face angles of a polyhedral angle is 



Construct a model of a trihedral angles say £v - ABC , 
such that the measures of the face angles ^AVB , £BVC , 
£CVA are 80 > 4o , 100 ^ respectively. (The pattern of 
such a model is given in the diagram below, T^e suggested 
distances are measured in inches* As you complete' the 
model by bringing A and A< together ^ keep the rays 
"pointing downward from" the vertex V and keep face ATO 
toward your right,) ^ . 

Compa^ your model with those of your classmates. Do you 
think' that all the trihedral angles represented by these 
models are congruent to each other? 
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« 

7. Construct, as in Problem 6, a model of another trihedral 

angle ^ say - DEP # where the meaEures of ^DWE , ^EWP ^ 
/FWD are 40 , 8o , 100 , respectively* ' Compare your 
, . model with those of your claasmates. Do all these 
trihedral angles appear to be congruent? 

,8, Does the trihedral angle whose model you constructed in 
Problem 7 appear to be congruent to the trihedral angle 
whose model you constructed in Problem 6 ? 

9. The models which you constructed In Problems 6 and f give 
an example pf a^pair of "symmetric" trihedral angles. 
What do you think is meant by saying that two trihedral 
angles are syroietric to each other? 

•. . 791 
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10* Draw, pie turep of a pairi of vertical trihedral anglt^s,^ Do 
they appear to "be eongruent? Do .they appear to be 
syrmnetric? (You should be able to guess the mear^ng of 
"vertical" trihedral angles by ^alogy with vertloal^ 
angles.) 

11. Try and make models of trihedraf angles, with £apf^angles 
measuring: ^ ^ 

(a) ho , 50 , 100 g respectivelyj 

(b) 40 ^ 50 , , respectively; * 
(a.) 4o , 50 , 8o , respectively* 

12. Explain ^thf. result of Problem 11. 

r - i 

13. Gomple.te the following^ sentences The sum of the measures 

of two face angles of a trihedral angle is ^ ' , 



1^ preceding exploratory -problem& -l«ad u^ *o- the -f oll^w^ 

St " ' 

ing two theorems, whose proofs wa omit. 

THEO^ra 11-17 * T^ie sum of ^the measures of ai^ "two face angles 
of a trihedral angle is'^^reater than the measure of the 
third face angle, x 

THEOREM 11-18 . The sum of the measures of all the face angles 
of any polyhedral angle is less than 360 , 

As an application of the preceding two theorems, consider 
the following situation. Suppose that the measures of two of 
the face angles of a trihedral angle are Imown to be 75 and 
115 * We ask what information can be deduced about the 
measure of the third face angle of this polyhedral angle* Let 
the measure of the third face angle be denoted by x , 

(1) ^ iiieorem 11-17^ we find that: L ' 



75 > 115 , 
X + 115 > 75 , and 

76 + 115 > X . 



The tlTBt of these Inequalities tells us that 

since x IS positive^ th$ seGond of the Inequalities 
givei ui no new Informationj and the third of the 
inequalities ^ namely |c < 190 , also does not provide 
. any new information about the nwnber x ^ (why?) . 

S) By Theorem 11-lSj we find that 
. / X + 75 + 115 < 36o . 

Henoe ^ 

X < 170 . ' 

(3) Since Part tellB us that x > 40 and Part (2) 
tells 'us that x < 170 , we finally 'conclude that 

40 < X < 170 , 



Problem Set 11-10 

In each of the following j the meaeures' of two of the face 
angles of a trihedral angle are ^glven/ Find two ntimbers 
auch that the measure of the third face angle is between 
them, in accordance with the information provided by ^ 
l^ieorems 11-17 and 11-18, 

(a) 80 , 105^ (d) 145 . 175 ^ 

(b) 100 , 125 (e) • 50 ,135 

(c) 60 , 135 ' (f) 80 I 95 

True - False statements. Write + if .the statement is 
true; write 0 if the statement is false. 

(a) Each of the three faee angles of a trihedral angle 
can be obtuse, 

(b) A polyhedral angle can have four face angles that 
are right angles^ ^ 

(e) ThB measure of the face angles of . a polyhedral angle 
with four faces can be 50 , 65 , 100 , ^d 110 . 
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. (d*) The measures of the faee angles of a trihedral ^gle 
can be l4o , 130 , Wid 120 . 

(e) If the meaiureB of two face angles of a trihedral 
■ * 1 - 

angle are 100 and 120 , the meaaure of the ^thlrd * 

face angle ±b less thMi 20 * ^ 

(f ) If each face angle a polyhedral angle measures 
60 J the poiyhedral angle must be a trihedral angle, 

(g) If the measure of each faee angle^ of a polyhedr&l 
angle is..^O * the polyhedral ajigle must have fou^ 
faces, - ' ' 

(h) If a plane is perpendicular to one edge of a polV- 
hedral angle. It is perpendicular to two faces of 
^the polyhedral angle. 




Corr^pondli^ to each vertex i V of a cmnvex polyhedron, 
there is a polyhedral angle, whose vertex ^ 
is V and.wrtbse edges are the rays con- 
taining those edges of the polyhedron 
that have an endpolnt at In the 

illustrative diagram at the right, 
the polyhedral angle associated with 
vertex V of the polyhedron .VABGDE 
is A ^ ABGD . ^e faces of the 
polyheqraX angle with vertex V contain the respective faces 
of the polyhedron th^t contain the point , 



In the preceding section we described €he so-called 
regular polyhedrons. By pictures and models we found five 
types of regular polyhedrons. I^ie number of respective faces 
is ^ , 6 , 8 , 12 . 

The length of^>^y edge of a cube (regular hexahedron) may 
be any positive number. So, although cubes can occur In any 
"size/- they all have the same "shape/* in other words, they 
kre similar^to one another. In a like manner, regular 
tetrahedrons of different ''sizes" are nevertheless similar to 
each other. In general, regular polyhedrons of any of the 
five types we havq studied are similar to one another. The 
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ramarkftble fact la that these five types are the ^nly t^es of 
regular, polyhedrons that exist. We formulate this as the next 
theorem, whose proof we merely sketch* *^ 

THEOREM ll^ig . There are no more than five types of regular 
polyhpdrooe , * 



Outline jpf proof I ^ ' 

(l) A polyhedral angle has at least three face angles. 

(Sy ^e sum of ^ the measures of the face angles of a 
polyhedral angle is less than. 

(3) Tkim face angles of the polyhedral angle 'eorresponding to 
each vertex of a regular polyhedron have the saine measure 

(4) Tlierefore the measure of each face angle must be less 
.than ISO 

(5) The meaaure of each angle of a regular polygon with 6 
or more sides is at least 120 . 

(6) Hence every face of a regular polyhedron has leM than 

6 edges; in other words, a face of a regular polyhedron 
Is a polygonal --region whose bo\mdary Has either 3 o^ 
^ or 5 sides. ^ 

(7) Suppose that each face has 3 ecjgest Thenj ^ 

(a) each face angle has measure ^ 6o j 

(b) each^^olyhedral angle can have 3 or ^ or 5 
faces, by parts (l) and (2)] ^ 

(c) no more than three types of regular polyhedrons have 
faces which are triangular^regions* 

(8) Suppose that each face has 4 edges. Then^ 

(a) taoh face angle has measure 90 j ^ 

(b) each polyifedral angle has exactly 3 faces, by 
parts (1) and (2)j 

(c) no more than one type of regular polyhedron his 
faces which are squares and their interiors. 
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(9) 



(10) 



^ppope t^at^eaeh faoe^hai 5 edges. Then, 

(a) each fa^e ^igle has measure 108 ; 

(b) eaeh^ poiybadral angle has exactly 3 facesj 

(c) ^ no more than one t^e of re^lar polyhedron has 

faGes which ar© pentagons and their interfere. ^ 

In Bvmmvy, tftere are no more #iaii five types of regular 
polyhetoone. ' » . 
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Prl sme , 



We now study another type of jaolyhedron^^ najnely the ^ prism. 

DE]raNITION ^ A prlBm Is I polyhedron sueh that two 
of its faces (called bases ) havfe boundaries whioii- 
are congruent polygons In pa^llel pl^es and each 
of the remaining faces has^a boundary which is^ a ^ 
parallelogram with two sidi^ in the parallel plahls. ^ 



Prisms^ are Glasslfled according to their bases i A prism 
each of whose bases is a trlangular-^region is oalled a 
\ triangular prlsm j a prism each of whose ba^es is a rectaji^lar^ 
region is called a reclmn^lar prlsm j and so on. Of particular 
' import^ce among tha^rlsms each of whose bases has a 
quadrilateral as a boundary^ are the foll6wingi 




(FS^allelepiped 




Rectangular Parallelepiped 
f 

1 




^ DEFINITIONS » A parallelepiped is a prism ,^suoh that * 
the boundary of each of Its base& is a paraMelogrBm* 

A reotangular par al 1 e 1 epipe d is ^ parallelepiped 
such that the boundary of each of its faoe e .is a 
rectangle. * . 

A cube is a parallelepiped such that the boundary 
, of, each of Its faces is a. square. *^ / 

NoMce that each parallelepiped is* a polyjtiedron with six 
faces', that is, is a hexahedron. In particular, the cube Is 
the regular hexahediron* 

^ ^ , An ordinary box is a modi 1 of a rectangular parallalepipad, 
A prism *such as a rectangular parallelepiped has ^^^ft^ pai^s of 
faoes, each of which jiiay be considered a^ a pair of bases* I^ 

. this also time of^ a parallelepiped which is not rectangular? 
Why? By contrast, only^ne pair of faces of a triangular prism 
may be considered as the two bases* Why? 

^ DEFINITIONS .^ With reference to a selected pair of , 
bases of a prism, we define the following: 

any one of the remaining faces is ^called a lateral 
face of tha prismi 

the union of the lateral faces is called the lateral 
r _.-6urface of the prism (sometimes taown as a p^smatlc 
surface ) ; / ' 

any edge which is the intersection of .^two lateral, 
faces is called a lateral edj|4 of the prismj 

the prism is said to be a right prism if and only, if 
a lateral edge is perpendicular to a, base* 

^e left=hand figure below is a picture of a priBm that 
is not a right prism. Pace ABYX is a lateral face and CZ 
.is a lateral ^dge of the triiuigular prlsfii. Each of the other 
' two diagrams below is a picture of a right prism. 



Triangular prism Right triangular prlsrn Right 

pentagonal 
pr*l5m 

* Problem Set 11-lla 

1. Explain why all the lateral e4ges of a prism are ^pkrallel " 
to* one, another. ' ' . 

2. Prove that In a, right prism every lateral edge Is 
perpendicular to each base. 

- DEFINITIONS . With reference to a selected pair of 
bases of a prism, ^wS define the following: 

a cross - section 'of the prism Is any non^-empty Inter- 
section of the prism and a plane which Is ^parallel 
to, and . distinct from, the planes^ containing the 
base s J ' 

^ r'ight - section is any Intersection of thf^ prism and 
a plane which is perpendicular to, and intersents 
the Intei-'lor of, avery lateral edge. 
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In the diagram at the rights 
plane ABCD , plane EJfH , and 
plane QRST are pat*allel planes- 
aM plane WXYZ is perp.^dlcular 
to *AE^ , ftuadrliateral ^ QRST 
is a crosB-section of the 
^rism and quadrilateral ^ 
WXYZ is a right=seGtion ' 
of the prism. 




DEFINITIONS, With reference to a selected pair of base^ 
of a prism, vfe define tha following: 

any segment whose endpolnts lie in the^two parallel 
planes containing the bases and which is perpen- 
dicular to these planes is an alt_ltud^ of the 
prism J ' 

the sum of the areas of all the lateral faces of 
the prism is the lat^eral area of the prismj 

the sum of the areas of all the faces of the prism 
is the tot a 1 area of the prism* 



A method of computing the lateral area of a pi^ism is to 
find the area of each of the lateral^'^aces and then to add 
th^^^^a^ea^** The following experiments help you to recognize 
simpler method for finding the lateral area of a prism* 
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Experiments 

Cut along one of the edges of^ right prismatic surface. 
Note that this surface can,fe flattened into a rectangle as 
shown in the ne_xt f lj 



I igiire , 



of the 



The base of the rectangle is the. 
of the prism, and the altitude of 

of the prism. Therefore , 

the* lateral .area of the pf»lsm is .the product of 
and 



the rectangle fs the 




A' 



B' C D' E' A' 











i 


A B C D E A 



Cut along the latei-^al edge 6f a prismatic surface that is not 
a right prismatic surface, ^platten this prismatic surface 
.into a plane surface as shown in the follov/lng figure. 





Draw a line 'in the plane perpendicular to one of the 

gdges of the flattened surface as shovm* Does the length of 

RS equal the sum of the altitudes of the parallelograms which 

It 

are the lateral faces of the prism? Why does ti:^e lateral area 
of the prism equal the product of the lengths of RS and a 
lateral edge of the prism? 



3 
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Change the flattened figure back to the original t*rlsmatic 
surface. The length of RS is the same as the perimeter of a 

of the prism. 

- - - - - — \\ - - _ - - 

TkEOREM 11-gQ . Th'e lateral area of a prism Is equal to the 

product of the length of a lateral edge and the pelvimeter * 
of a right-section* 



Proof I We are given a prism with bases P^P^*..P and 

Let L be the 



and right section f Q^Q^.^.Q 
" n ' 1 d n 



lateral area of the prism^ e the length of a- lateral edge^ 
and p' the perimeter of the given right section* We are 
required to, prove that L ^ ep . ..^ 




Statements 



P^R 



1* 1 



PgR^ - P3H3 ^ 



= P R - 
n n 



3. ^rea. of Pi%R2^2 ^(^1^2^ ' 

^Area. of.. P2%%^3 ©(^2%^ ' 

^ ^ " ' 

Ar<&at)fi P.^R^R|^P|^ la ©(QgQ]^) , etc. 

'U. 'Sum of the areas of n ■ parallelograms is 

^ ^Ca^Qg + QgQg + Q3Q4 + ... + + 

5. Thex^efore^, L .^--ep-,. 
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Reaaoni: 



1 . VJhy? 

2. Why? 

3 . VJhy? 



h , whyl 



5. Why: 



11-11 ' 

Corollary ll-SO-l , The lateral area ©I'* a right prism is 

the produ^ of the length of a 4ateral edg^ and the perlmeter^ 
of a base. ' ' 
~~~~ # 

Problem Set 11-llb 

1. Suppljithe- reasons fpr the statements in the proof of » 
Theorem 11-2.0.' 

2, PMve^ Corollary 11-20-1. 

if 

3* Find the area of the lateral surface of a right prism 

whose altitude is 10 If the sides of the pentagonal bas 
measure 3,4^5^7,2, respeotively . 

4. Find the total area of a right triangular prism if the 
,base.is an equilateral triangle 8 inches on a side and 
the. altitude of the prism Is 10. inches. 

5* If the sides of a cross-section of a right triangular 

prism measure 3,6, and 3 ^ , then any other cross 
section will be a tflangle whose sides measure , 
y and , and whose angles measure ^ 

^ , ' J and whose area is 

D. The length of a lateral edge of a right prism is 10 and 
its lateral area is 52 , What is the perimeter of the 
base of the prism? . 

/ 

7* /^!ie apothem of the base of a right hexagonal prism is 
8 ^ The altitude of the prism is 20 . Find the 
lateral area of the prism. 



V 

8, 



At one of the vertices of a certain, square prism^ the 
associated polyhedr^al angle has face angles which 
measure 90 90 , 30 , respectively. Each lateral edge 
of the prism is 20 inches long, and the perimeter of 
the base is 48 inches. Find the total area of the 
prism. 

9^ Prove by the use of coordinates that the diagonals of a 
rectangular parallelepiped have equal length, 

10* prove by the use of coordinates that the diagonals of a 
rectangular parallaleplped^ bisect each other. 
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11-12* Pyramids . 

pyramids resem'Qie prisms in several^ respects , Many of the 
terms such as lateral face, lateral edge, cross^sectlon^ and 
. lateral area are the same^ and we shall 'us"e tnem without formal 
defin}.tion* 

DEFINITIONS, A pyramid is^'a convex polyhedron wni-(?^i/ 
except for ^ the interior of one of its faces, is con- 
tained in a polyhedr^al angle p . ^ 

The vertex of the polyhedral angle is called the 
vertex of the pyramid. 

The face of the pyramid which is not Gontalned In 
the ^ polyhedral angle is called the base of the 
pyramid , 

The segment v/hicn Joins the vertex and the plane 
containing the base and is perpendicular to that 
plane is called the altitude of the pyramid. 

In the diagram below^ V is the vertex of the pyramid; 
the polygonal^region CDIFGH is the base of the pyramldj with 
the exception of the interior of face CDEFGH , the pyramid is 
contained in £v - CDEFGH . 

V 
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DEFINITIONS , A pyrainld Is a regular pyramid If and 
only If the boundary of Its base Is a regular 
polygon and the canter of the base Is an endpolnt 
of the altitude of the pyramid* 

The slant height of a regular pyramid is the 
distance between the vertex of the pyramid and an 
edge in the bas% of the pyramid. 



I In the following diagram, the altitude VQ 
Isosceles triangle EVA 
pentagonal pyramid. 



of the 

is the slant height of^the regular 

% 




Associated with the set of all pyramids is another 
important class of polyhedrons. If we imagine "cutting off 
the top'^ of a pyramid^ the remaining figure suggests a frustum 
of the pyramid. In the diagrajn below, the polyhedron with 
vertices A,B,C,D,P,Q,R^S is a frustum of the 
pyramid whose vertex Is V and whose base is the polygonal- 
region ABCD , 



DEFINITION . Given a pyi^amld^ a fru'stum of the 
pyramid is a polyhedron such that: 

(1) q^e of its faces is the base of the py^amldj 

(2) another of its faces is In a plane parallal 
to the plane containing the base of the 
pyrajnidj and t 

(3) each of its other faces is contained Iji the 
pyramid. 

The proof of the follpwing theorem is left as a problem. 



TKSOREM 11-21 , Let a triangular pyramid be given. 

(a) Every cross-^sectlon of the pyramid is a triangle 
similar to the boundary of the base, 

(b) If the distance from the vertex of the pyramid to 

the plane containing the croBs-section is k and 

if the altitude of the pyramid is h ^ then the 

area of the cro^s-section and the area of the base 

2 2 

are proportional to the numbers k and h 
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Problem Set 11^12 

1. Prove that the boundaries of the lateral faces of a 
regular pyramid isosceles triangles which are 
congruent to one another. 

2, Prove that the lateral area of a regular pyramid is given 
by the formula A ^ |ap , in which p is the perimeter of ^ 
the base and a is. the slant height. 

3* If p is the perimeter of the base of a regular p3rramld 
and a is the slant height, find the lateral area of the 
pyramid/ In each of the following cases. 

(a) p - 18 , a - 3i . 

(b) p - 2| (yards) , a - ai (feet; . 

Find the area of the lateral Surface of a regular square 
pyramid if each side of the base is 8 Inches long and 
the slant height of the pyramid is 5 Inches long* 

5* What is the slant height of a regular pyramid if the 

area of Its lateral surface is flo and the perimeter of 
its base is 20 ? 

6, Find the altitude of a regular square pyramid with a 
lateral edge measuring 25 and a diagonal of the base 
measuring l4 . 

7. Fill the blank". The boundary of each lateral fa6e of a 
frustum of a pyramid is a 




Derlv© a formula for the lateral 
area of a regular frustum (such 
as tfiat shown in the diagram) 
If p is the perimeter of 
the lower bas#^ p* is the 
perimeter of the upper base^ 
and a is the altitude of- a 
lateral face of the frustum, ^ 

The bases of a frustum of a regula^ pyramid ^ are squares 
8 Inches and 6 ir^ches on a side. The altitude of a 
lateral face of the fruBtum is k ' Inches* Find the 
lateral area and the total ar^ea the fruitrum.^ 

In a frustum of a regular. square pyramid^ an edge of the 
lower base measures l4 and an edge of the upper basf 
measures 8 . If the lateral area of the frustum is 226 
find the altitude of a lateral face of the frustum. 

In a pyramid with vertex /J , rectangular 'base ABC D and 
altitude VO (as in the /diagram) ^ let EFGH be a '^bss-- 
section similar to the rectangle ABCD such ^that th^ 
proportionality constant is 

(a) "aFVG ^ ABVC ^ Why? 

(b) TO l^OC ] Why? 

(c) AKVG ^ AOVC . Why? 

(d) Vftiat is the ratio of 
VK to VO^' ? 

te) Suppose^ the perimeter 
of th§ rectangle ABCD 
is 36 . What is the 
perimeter of the 
rectangle IFGH ? 





1 
/ 
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(f) SuppOBe the altitude of a lateral face of the pyramid 
Is 18 , Vfliat Is the altitude of a corresponding 
lateral face of the frustum? , ■ 

(g) What is the area of the lateral surface of the 
pyramid? 

(h) What Is the area of \^the lateral, surface of the 
frust\un? ^ - . 

(1) What is the ratio of the lateral ^re^ of the pyramid 
to the lateral area of the frustum? Explain. 

Prove Theorem 11-21. 

Hint I Let ^ABC be in plane ^ and point V a distance 
h froTn £ . Let plane ^ ^ parallel to ^ and 
at distance k y^^pm V , Intersect W , TO , W 
In A« / i C' p respectively* Then show that 
AA'B'C' ^ ^ABC and that 

I 

area of AA^B^C^ _ /kv2 
area of" AtW * 

V 




B 
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11*13 



( 



13, A point of light is 6 feet from a wall, A piece of.. 



the cardboard on the wall, 
l4, A point of light is 10 feet from a wall, flow -^^r from 



held so as to cast a shadow four times the area of the 
paper? ' • 

11-13. Summary , 

There are four major types of measures in our geometry. 
In Chapter 3^ we discussed the measure of the distance between 
two points^ or equlvalently , the length of the segment Jolnlns 
the points. This is the basis for measuring a figure In one- 
dimensional geometry. In the present chapter, we treated a 
measure of convex polygons^ or more geherally^ the area of any 
polygonal -region. This Is the basis for measuring a figure in 
two=dlmensional geometry. The next stage in this development 
would be (if we only had timet) to examine a meaBure of a 
convex polyhedron, or more generally^ the volujne of any 
"polyhedral-region," This would be the basis for measuring a 
figure in three-dimensional geometry. In Chapter 4, we con- ' ^ 
side red the measure of an angle, or if you like, a measure of 
the "angular distance" between two concurrent rays. 

There are extensions of measurement. The measure of/a 
dihedral angle is defined in terms of the measure of arf angle. 
In the next chapter the measure of an angle will permit us to 
measure an arc of a circle. Also in the next chapter the area 
of a polygonal -region will pemlt us to describe the areas of 
circular-regions and of other two-dimensional regions associated 
with circles. The volujne of a polyhedral -region would permit 
us to dlscus3 the volumes of spherical regions and other regions 
in space. 




the wall, but parallel to it, should a piece of paper be^ 
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- These types of megisure have certain prq^ertles in common. 
(Ij A measure $lf a real number that is not negative* (2) A 
measure depends upon a chosen unlt^ and the measures of the 
same .geometric figure relative to/ different urjits are related ' 
in a simpli manner. (3) Thfe measures of two^^o^^ruent figures 
are the same. (4) IJie measure of ^a "whole^^ls* the sum of - the 



measures of Its ndndverlapping *'part3-'] t^t is, the lehgth of 
a segment- is the sum of ^ the measures of any ^ segments sugh that 
tiie interlgrs of any fwo of them do not intersect antf^thiit^ 
union Is the ^giveft segment- the aretf o'f %^o^^dial -region is 
the ^sum of the measures of any polygonal -^glons such that the 
interiors of any t^o of them do not interse^ct and their union 
is 'the given polygonal^re^lonj a similar remark would fepply to 
the volume of a polyhedral = region; the measure of an angle is 
the sum of the measures of any angles such that the Interiorc 
of any two of them ^do not Intersect and the union of tiie 
angles and their Interiors Is the same as the union of the 
given .angle and its interior. 

There are connections among the various types of measure* 
The area o"t a two-^dlmenslonal region may be related to a product 
of two lengths. The volume of a three-dimensional region may 
be related..io a product of three lengtho, or to a product of a 
length and an .area. These relationships are the' familiar 
fonnulas for calculatirig areas and volumes* Their pr'actical 
importance depends heavily on the fact that In the physical 
world It is often less convenient to "measure an area or a 
volume directly than to compute it from data obtained by 
measuring appropriate distances and perhaps angles* 

A similarity between two geometric figures either direc€ly 
or Indirectly prescribes man^ corresponding parts: sides, 
angles, diagonals, altitudes, medians, faces^ ^bases, and so 
forth. In a similarity ^ the lengths of all segments, the 
square roots Qf-tne areas of all polygonal-regions, and the 
cube roots of the volumes of all polyhedral-regionB in one 
geometric figure are proportional to the corresponding numbers 
for the other geometric figure* For the special case in which 
the constant of proportionality is one, the similarity Is a 
congruence. 
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Review Problems 



I 



What is -the^easure of each interior angle of a regular 
polygon of fifteen sides? What^is the measure-x^f each . 
exterior angle? " , ^ 



If an exterior angle of a regular polygon has measure 
howrf&y sides has the poison? 



10 



The ,sum of the measures of the angles of^a ten- sided 
"Ipoly^n is l44o Is the sum"of the measures of the ' 
angles of a twenty-sided polygon twice as much? Yerify 
your answer* ' ^ 

The hypotenuse of a 30 , 6o , 90 triangle is l6 and 
tihe shorter leg of a second JO ^ 6o , 90 trlahgle is 
13 . ^lat'is the ratio of their areas? 

Two face angles of a trihedral angle measure 56 and 
100 . Between what numbers must the measure of the third 
face angle of the trihedral angle be? 

Which of^tfie following triples of numbers can be the 
measures of^he three face angle s^f a trihedral angle? 

(a) ?^^5 , 90 . ■ (c) l^W , 171 , /70 , 

(b) 60 , 6o , 6o . ^ (d) 150 , 118 , 130 . 

In choosing tile for a floor covering, would- congruent 
regular hexagonal tiles give a complete Goverage? What 
other regular polygons would fit together? How do you 
Imow? 



By hypothesis we have an 
equilateral triangle with 
side measuring s , 
altitude h , and area A 



(a) Show that h 

(b) Show that A 
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9. Find the area of an equilateral triangle having t^ length 
.of a aide equal toi ^ , ■ • . 

(a) 2 V . (e) • 

(b) '8 ■ (d) 

10, Itie area of an equilateral ti*langle Is 9^ * Find the 
length of its side and its altitude* > 

11. Kie altitude of an aqullaterial triangle is. & ^/^ . 
Dete™ine the length of Ite side and its area, • 

12* A Bquare whose area* is 8l has its perimeter equal to 
the perimeter pf ^ an equilateral triiaigle. Find the area 
of the equilateral triar^le , - . 




A . B 
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prove that the area of an IsgBceles right triangle is 
equal to one "fourth the area pf a square having the 
hypotenuse of the triangle as a side. 

Given- ' Square ABCD wltji 
points E and P as shown^ 
so that X W , Area of 
ABCD is 256 . Area of 
ACEP is 200 



Find EE 




812 





813^ ^ 



17.' 



J 



18, 



19. 



20. 



21. 



1' ' 
If w , X i Y and z 

aPB midpoint B of sides 

of equtfi*% ABOD , as 

shown in the figure, 

compare the area of 

ABCD *wlth the area 

of squai'e. i RSPQ . 



; ■ 




The area of a ab&veX quadrllattral is .126 and the length 
of one diagonal li; 2i , if the diagonals are perpen- 
'iddcular, find the Itfngth of the other diagonal, 

•The dlagonalB of a rhombus have lengths of 15 and SO • 
Find itV area. If an^gtltitudp of the rhombus is 12 ^ 
find the length of one side.* ' ^ ^ 

Find the area of the polygonal^reglon which la the intern- 
section of [(x,y): -7 £ X ^ 5) and 
[(x,y)t "5 .< y ^ ^13.* (toaw and ahade the polygonal- 
region, ) - ^ ' ' 

Diagonal iC of the pentagon 
ABODE shown has length 44' 
and the 'perpendiculars fromi 
B ^ C ^ ^ , and:^^ E have lengths 
24 , 16 / wid 15 ^ 
respectively. AB * £5 and 
CD s 20 , What^lr the area 
of the pentagon? ' ^ 
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Qiverii Parallelogram ABCD / 
with X and E nd^dpoints 
o!P: - 5b ^d SB rtspactively 

To ]^^vei Area of AlCX Is 

i the area of ABCD , ^ 




23, 



2k. 



25. 
26. 



If SB lB*a segment In plane ^ j what other posltioni 

of P in plane TS^ will let the area of ^ABP remain 

oonitant? . Deecribe the location P ' " 

of ifll possible poeitions of P 

in plane )^ which satiefy the 

^.oondition. Describe the location 

of all possible positions of P 

in space which satisfy the 
f 

condition. 

This figure represents a 
cube, ^e plajie ^determined 
by ^oints^ A ^ C and F 
is shown, ,If 1b is 9 
inches long^ how long is 
AC ? ' ' ^ 

What is the measure of» £ FAC ? 

V^at is the area of AFAC ? 

Find the length of the diagonal of a cube whose edge is 
6 units long. 

Explain how to cut a polygonal-region bounded bjT a 
trapezoid into two polygonal-regions having equal areas 
by a line through a'vertex of the trapezoid. 
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In trapeEQld ABCD , baee 
angles of measure 60 Inelude 
a bass of length 12 . Thm 
pi^ntp^rsLtXml side TO has 
length 8 Find the area 
of the trapeioid. 



D C 




i 



Find the area of 
^^rapegQld ABGD , 




D(2,2) 



A(0,t) 




(a) ^Prove the following theoremi The median of -a 
trapezoid is parallel to the bases and equal l^n^ 
length to half the sum of the lengths of the base 

(b) If AB - 9 and 
DC - 7 , then 



In surveying thm field ABCD 
shoim here, a surveyor laid h 
off iiwctB^ajid- south linf *NS* 
throu^ B and then Idjpatad D 
the east-itfid-w#it llnei ^CE*, 
'df^, *AG*% He found that 
GE ^ 5 (rods) / DP ^ 12 (rods), 
AG m 10 (rods) , BG * 6 (rods), 
HP ^ 9 (rods) , PI ^ 4 (r^ij. 

Find the area of the field. 



^ hypotheeis we have a 
right triangle ABC with 
the right ajigle at C . 
We are to prove that the 
area of square AMB is 
equal^ to the sum of tyte 
areas of square ACDE ^d 
square BPM * 

Hint I Cdh^iiaer CK , M > 
Wl such that "OT j I SK * 
Study AKAC and ABAE * 
(Proof from Euclid.) 



A proof ^ of the Pythagoreto Theorem by the following mathod 



la jfitti»lbuted to President Garflal 
right angle at C « ^ the ray^ 
to AC J let T be a point suah t 
AT ^ a * Let U be a point on the 
siune elde of ^AG* as B such^hat 
W and TU - b 

Find AU I express the area of 
the trapezoid 
and deduce that 




BCTU 
2 



in two ways, 

2 2 



have 




In a cube with A as one vertex, a triangular pyrand^d Is 
fqrmad by Joining to A ^ wd ^o eaoh other the midpoints^ 
of the three edges whloh meet at A * Find the tpt^ 
area of the pyramid If eaoh side of the cube .Is 12 * 

A regular rlpht hexagonal prism 10 iinit^s high has a 
laterai area of 48o • Find the apothem of the base and 
the total area of the prism. 
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^ : Chapter 12 

^ { 

- ^ . GIRCLEg AND SPHERES , 

12-11 Basic ^flnitione. 

In this chapter wa begin the study of aetg of points not 
made up of planer, half planes, llnes^ rays and sfep^ents.r ©le 
ilmplest Eueh ourved figure a are the circle and the aphe|;e and 
portions of these, We begin With some definitions. 

./ . . DEFINITIONS , The set of ^all points in a plane whose 
' distances from a given point in the plane are a 
' givert number is cailed c^Ate i . - ^ 

' . ,;The given point is called the center of tlie circle. 

The given number is called the radius ^^of ' the circle. 




mm 




If we choose a two-dimensional coordinate system in the 
plane whose origin is the center P and if Q is any point 
of the circle > then PQ ^ r ,^ Uslrfg the distance fomula of 
Theorem 8-4, we can write 



/(x ^ 0)- + 



(y ^ 0)^ - r 



2 2 2 
or x" + y - r 



TOierefore the circle Is ((x,y)i x + y^ r^) 



DEFINiTtOijS ^ The set of all points In'apaea.whbse 
d±$4wAq^ from a given point are a given number- is 
as}2€d a sphere . ; 

Thm given point is ^palleA the oenter of the aphare, 
The given number ii oalled the radius of the sphere. 

~ — 

s . _ ■ 

Z 




If we choose a three-dimensional coordinate syitem whose 
origin is at the center^ P , and Q is any point of the 
sphere, then PQ ^ r , Using the three-dimensional dlstano© 
formula, we can write . ' 

i/(x - 0)® + (y - 0)^ + (z ^ 0)^ * r or + y^ + - r®^ . 

Therefore the sphere is [(x,y,E)i x" + y + e - r ] * 

DEFINITION . *Two Or^^r# ;§ph#j^^ circles with the 
same center are called eori&ehtrlo. 



TOBO^< 12-1 . The Intergection of a sphere with a pl^e 

t&*DUgh Its oantar Is a olrale whose center and radius^ 
r,ire the a^e as those of the sphere,* " 

p^of I We ehooie a 'thre%-dlmenslonal edordlnate ^stem 
with ^e* aenter of %he sphere f as origin (0,0,0) and the 
given plane as the xy-plane (in which every point has iero as 
its z-coordinate) , If r is the radius of the sphere, the ' 
Intersection of the sphere and the plane Is 

((x,y,E)i + y- + ^ r^ and z ^ 0) . 

We reeognize this^ to be the set of points In the 3Qr-plane 
given by , . 

This is a clrel'e whose center and radius are the same as those 
of the sphere. 

DEFINITION ^ cirdle of intersection of a sphere 

with a plane through the center Is called a great 
circle of the sphere* 

There are two types of se^ents that are associated with 
spheres and circles, 

DEFINITIONS > A chord qf a circle or a sphere Is a 
se^ent whose endpoints are points of" the aire 1^ or 
the sphere. The line containing a chord is a secant. 

A diameter is a chord containing the center, 

A radius is a sepient one of whose endpoints Is the 
center and the other one a point of the circle or 
the sphp^e. 

The latter endpolnt is called the outer end of the 
radius * 

The plural of radius Is radii, ^ 
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Notice that jhe single word "radius" la used to me^ two . 
.difftrant objeete — certain eegment and also, the ^frigth of 
that sagment* This should not be eonfusing bioauaa we 
imQW that the word has two meanings we can easily ftecide which 
one lew intended wherever the word oooUrs. ^ ^ 

The word "dlMet^r" also has two meaning^. In addition 
to meaning a oertaln kind of chord It also is used to m^an the 
length of such a chord. 



DEFINITIONS ^ Circles with congruent radii are 
called congruent circles . 

Spheres with congruent radii are called congruent 
spheres . 

A direct outcome of these deflnltidns are the following two - 
theorems. 

TlfflOREM 12-2. The radii of a circle^ or congruent circles^ or 
of a sphere or congruent spheres^ are congrnient, 

THE0RB^fkj.g^3 . The dlmieters of a eircle or congruent cli^oles^ 
or of a sphere or congruent spheres, are congruent* 

It should be clear that the radii ^d dimeters referred 
to in these theorems are segments, not niimbers. 
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Problein Set 12-1 



Pill In the blanks with a word or words which will bast 
iTMrn or daaorlbe the Indicated parts. Aesume that point 
are where they appear to be* 



A 




B 

Diagram (a) , Diagram (b) 

(a) Refer to Diagram (a)* ^ ^ 

Point 0 le the center of the cirole, 

(l) Any point X on ar^ subBet of the oirele Is a 

^ distance ____ from^ 0 ^ f 
(2> DS is a * 

(3) OS is the , 

(4) M is a ____ >^MN^ is a * 

(5) IT is. a , *RT^ is a , 

(6) points in the diagrmn which are in (oh) the 
given circle are * 

(7) Points in the diagr^ which are not in the 
circle are ____ - 

(8) S is the _____ of the radius , 

(9) Each point in the circle is the of one 
and only one^ radius . 

(lO) Any point X on the subafet of the circle 

between R and M would in every possible 
^ position be a distance ^rom 0 • 



3. 
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tb) Refar to ^agram (b)* 

Potoit 0 Is the oentar of the sphere, 

■ is. a : . ■ ■ i 

(2) Points are outer endpoints of given 

radii, 

(3) If 0, A, and B are oolllnear, then IS 

Is a - , ^ ' ^ 

(^)-If 0 lies in pl^e ^ , then the olrele with 
center 0 and radius M In ^ , le a 
of ^ the sphere. 

(5) ffl Is a . ^ 

(6) Every point on the is the outer end of 

' jfadius. 

(7) All points in ^ whloh lie at a dlstanoe OB 

from 0 Ife In with eenter . and 

radius . ' 

(8) How many planes may oontain ar^ given point 
such as 0 ? How many great ciroles are there 
on ai^ given sphere? All great elroles on a * 
given sphere are ^ to each other, 

{9) in order to speqlfy a unique sphere jWf^ must 

be given ^ ^ , 

(lO) With a given point as center^ It la possible 
to consider (how many) epheres? All these! 
spheres are called spheres* 

Tell whether the following statemants are true or false. 

(a) There is exactly one great cirela of a sphere* 

(b) irvery chord of a circle contains two points of the 
^Ircle, / 

(c) A radius of a circle Is a chord of the circle, 

(d) Ttm center of a circ*^le bisects only one of the 
chords of the circle. 

(e) A secant of a circle may intersect the circle in 
only one point, 

(f) * All 'radii of a sphere are congruent. 



(g) A chord of a Ephere may be longer than a radius of 
the sphere, ' , 

C*i) It a ,iphere and a olrole have the sam© , center and 

if they intereect,^ then., the Intersection is a olrola 

3, Tell whether the following statements are true or false, 

(a) If a line intersects a circle In onp. point, it 
. intersects the circle In two. points', ^ 

(b) Thm intersection of a line and a circle may be 
empty, 

' (o) In the plane of a clrclej a line which passes 

through the center of the circle has two points in 
commpn with the cirolf, 

(d) A oirole and a line my havi three points In common, 

(e) ./ If a plane intersects a sphere in at least tw© 

points, the Interseotlon Is a line, 

(f) A plane cannot Intersect a sphere in one point, 

(e) ' If two circles Inte^&ect, their Intersection Is 
^ two points*. , - ^ 

(h) radius of a circle is a subset of the circle* 

4* Consider an^ xy-coordl^^^^^^em and ys-coordln^te ^ 



system as Indicated In the diagrams below. 




Figure (a)- Figure (b) 
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(a) Refer to Figure (a) 



In 



(1) Express the distance between C and 
terms of x and y * P 

(2) Write an equation of the circle with center at 
P and radius 5 . j 

(3) Write the coordinates of 4 points wMch you 
Imow lie on the circle in Part (2). 

(4) Find the distance between B and P , 

(5) Write an equation of a circle which has P as 
a center and contains B * 

(6) Write an equation of the circle which has P 
as its ^center and contains A . 

(b) Use Figure (b) . 

(1) What is the radius of the circle which has P 
as center and contains B ? 

(2) Write an equation of the given circle* 

(3) Find the distance Rp . How can you tell 
without a diagram that R is not on the circle 

(4) Write an equation of a circle with center P 
and which contains A , 



(a) 
(b) 



B is a point on the circle with center A 
Use the xz-coordlnate system as Indicated. 

Express the distance 
between B and A , 
Write an equation of 
the circle which has 
A as center and 
radius 3 . 
Write an equation of 
the circle which has 
point (-2,0) as 
center and which 
contains the origin. 
Write an equatjDn of 
a circle In the xz-plane 
with center at point (h,k) 
and with r as Its radius. 



and radius 



(c) 




-5 
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12=1 

6. Qiven circle C ^ [(x,y): + ^ 25} * Check whether 
or not the following points are* points of C . 

(a) (0,-5) . (c) (^,-4/5) , 

i^y (-3,4) . ^ (d), (12,13) . 

7, Write an equation of the sphere with center at poiftt 
(0,0,0) and radius ^ 3 . S ^ 

8, Qiven sphere S ^ [(x,y,z): + + ^ 169) . Check 
whether or not the following points are points of S . 

(a) (0,13,0) . (a) {/TES.l.O) . 

(b) (^3,4,^12) . (f) (^TSO,-^ 4/TC,3) . . 

(c) (4,-12,3) . (g) (-^.^^,2,-^) , 

(d) (0,0,0) , ' , 

9. Find 5 more points of S in Problem 8, 

10, Using the set notation, write an expression for the points 
of the circle whose center Is (0,0) and =whose radius Isa 

' (a) 3 . (b) I . (c) i/5 ^ . 

11, Given C ^ [(x,y)^ x" + ^ 25) . 

(a) Wliat restriqMon on x and y would give only the 
portion of the circle in Quadrant I? 

(b) What portion of the circle would you be considering 
under the restriction, x > 0 ? 

--^^fc) Vffiat"' restriction on x and y would give the 
Intersection of C Quadrant III? 

12, Given C ^ C(x,y): x + y 



(a) Find x if (x,2) Is ^ point of C . 
(k)ja^ind y If (3,y) is ai point of c . 
(cJ^feCan you find y so that \^ (4,y) is a point of 
lExplaln. ^ I 





Given S = ((x,y,z)s + + ^ 25] * 

(a) Find z if (3,0,e) is a point of S 

(b) Find y if (^4,y,3) is a point of S . 
(0) Find X if (x,0,0) is a paint of s , 

(d) Can you find g such that (3,5,z) is a point of 
S ? Explain, 

Prove: A dlarieter'of a circle Is Its longest chord. 
Given-. and CD ^ / 

are diameters. 

Prove. 17 S ID * 




Prove* If AB and CD are distinct diameters of a 
circle, then ACBD la a rectangle. 

Prove that the midray of the angle formed by two radii 
of a circle, W and PB , lies In the perpendicular 
^ bisector of AB * 

Consider a sphere whose center is at 0(2,3,^1) , Let 
Q(x,y,z) be a point of the sphere. What is the distanc 
OQ , by the distance formula? is a radius of the 

sphere? Write an equation of the sphere which has 
(2,3-1) as center and which contains Q , if OQ ^ 5 \ 
(Eliminate radicals by squaring both members of the 
equation, ) 
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12^2, Tangent Lines , 

Anyone who looks at a drawing of a circle sees that it 
divides the plane Into two regions^ one consisting of the 
points inside the circle and the other of the outside points. 
We now define these tenns formally, 

' V * . : , \- 

DEFINITIONS . The Interior of a circle is the set of 

all points In the plane of the circle whose distances 

from the center are less than the radius. 

The exterior of the circle is the set of all points 
in the plane of the circle whose distanGes from the 
center are greater than the i^adius. 

From these definitions it follows that i point In the 
plane of a cli'cle is either in the Interior of the circle ^ on 
the circle, or in the exterior of the circle, (We frequently 
.use the more common word "inside" for "in the interior of 5" 
etc*) In terms of an xy^coordinate system whose origin is the 
center of a given cli'cle of radius ^ the interior of the 
<^rcle is 

{ (x,y) : x"^ H- y^ < r^i 



and its exterl*^^ is 




Q is an interior point Q is an exterior point 

of C . , , of C . 
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Pr-oblem Set Ig-ga 
(Exploratory) 

Given C - ((x.y): + ^ 16} and M - [(x,y): x - a) 

Find the set of polnteln the Intersection o^- C and M 

if a - 3 j if a - 4 J if a - 5 , ' 

_ - . , ^ 

Using the resul-3 you found in Problem 1, complete the ' 

following, * 

(a) The intersection of c and ' M oontalns ? " 
polnt(B) If a < 4 , 

(b) The Intersection of C and M contains 7 



point (s) if a ^ 4 , ' 
(c) The intersection of d and M contains ? 
point (s) If a > 4 , . 

What three relations between a circle and a line In the 
plane of the circle are suggested by Problems 1 and 2? 



If a stone Is twirled on the end of a string In a circular 
path and then let go. It will *'fiy off on a tangent." Try. to 
see how this use of the word tangent Is related to the one we 
now give. 

DEFINITIONS . A tangent to a circle is a line in the 
plane of the circle which Intersects the eircle In 
only one point . 

This point is called the point of tangency , =or ^point 
of contact , and we say that the line and the circle 
are tangent at this point. 

In the figure, is tangent to the circle at 0 . 
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1 Lines an^. elrcles are important siibsets of planes* Let us 
Gonsldep a single plane and study the relations of lines and 
circles to one another. It looks as if the following three 
figures Indicate a complete catalog of the possibilities: 




In each case, P is the center of the circle, and F is the 
foot of the perpendicular from P t^ the lin e. We shall soon 
see that this point^ P ^ the foot of the perpendicular ; is the 
key to the whole situation. If F Is outside the ci^rcle/'as 
in the first figure^ then all other points of the line are also 
outside J and thi line and the circle do not interiect at all. 
If F is on the circle,, then the line 13 a tangent line^ as in 
the second figure, and the point of tangency is F I If F is 
inside the circle, as in the third flgurej then the .ifrife is a 
secant, and the points '-of Intersection are equidistant from the 
point F , To verify these statements, we need to prove the 
following theorem-,, 

THEOREM 12-4 , Given a line ^ and a circle C In the same 
plane. ■ Let P be the center of the circle ^ and let 
4 be the foot of the perpendicular from p to the line) 

(1) Every point of ^ is outside C if and only If F 
is outside /C . 

(2) ^ is a tangent .to C If and only if F is on C : 

(3) ^ is a secant of C if and only If F is inside C 



proof: 



Let r be the Radius of C and let Pi 



We Introduce the xy^coordinate system with origin at P 



whose y-axls. is parallel^ to ^ and whose positiv<^x=axls 
contains F . Then F - (a,o) , C ^ C(K,y)i + y"^ ^ r^J and 
d - C(x,y): X - a] or [(a,y)} . 






V 


J ' 






>x 


I P(o,o) 


Hap) 












' 1 
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(l) F Is outside C , (2) F Is on C , (3) F Is Inside C. 

/ > . ^ ^ 

{!) Suppose F is outside C ^ then a > r , Since a 

op 

and r are positive numbers^ It follows that a" > r and 

2 2 2 

a + y" > r , Therefore all points (aiy) are outside C . 
Since ^ =C(a,y)) ^ then all points of ^ are outside C . 

Of course, if every- point of ^ Is outside C ^ then F 
Is also outside C * This proves both parts of (l), 

(2) Suppose F i# on C * Then r = a , and the Inter^ 
section of d 'and C Is [(Xiy)i x^ + y^ - a^ and x = a) , 
or ({a,y): y^ ^ 0] . . ■ 

But there Is exactly one number whose square is zero, 
namely zero. Therefore the only point of intersection of J 
and C Is F(a,0) . Therefore J ±3 a tangent to C , 

If J Is a tangent. It can have only one point in common 
with C . That poiq± is shown to be F(a,0) . Thus, both 
parts of (2) are proved. 
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(3) Suppose F is inside , then r > a . The Inter- 
ectiork of and c is [(x,y): x^. 4= ^ , x = a ^and 



2 



a\< r) or ((a,y): y^ ^ r - a ^ 
a positive number, y can be either - a 



_bince 



^ a 



or 



./2 ^ 

yv ^ a 

Therefo ^ the i ntersection consists of (a, 4/r^ ^ a^) and 
(a, - i/r^ - a'^) . These are distinct points, wliy? Therefore ' 
^ Is a secant. 



If A is 

points^ which v/e^ have shown to be 



secant, it Intersacts C In tw o distinct* 

(a, /j/r" - a") and 

2 



(a, - 4/r^ ^ a^) . This implies that r^ ^ a" > 0 . (Why 

can^t r " ^ ^ 0 ?) . Ancl because r and . a are positive^ 

r > a , But PF = a J therefore PP < r , or F is inside 

C . This completes the proof of the theorem. 

The following table dleplays some of the facts about F 
that we met in our proof, \ 



F{a,0) 



Case 1 



a > r 
2 



+ y- > r" 
for 



no y 
which 

2 £ 
a + y 



No point of 
lies on 

C . 



Case 



if and only 
if y ^ 0 * 



Only F 
on C , 



i4 



Case 3 



a < r 

2 2.2 
a " + y < r 

if and only If y ^ r' 
or 



= a 



y ^ - ^r - a 

and c have exactly 
two points In common. 
They are 




Now we can proceed to our first basic theorems on 
tangents and chords which are all corollaries of Theorem 12-4. 
To prove them, you merely need to refer to Theorem 12-4 and 
see which of the three cases of the theorem applies. 



\ 



) 
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Corollary lS-4-1 , Given a circle and a coplanar line, the 
line is a tangent to ti^ cirGle if and only if it is perpen- 
dicular to a radius of the^ circle at its outer end. 

Coroilary 12-4-2 . A diameter of a circle blseats a non- 
diameter chord of the circle if and only if it is perpendicular 
to the chord. 

Corollary 12^4^3 , m the plane of a circle, the perpen- 
dicular bisector of a chor^d contains the center of the circle* 

Hint for proof s Use Corollary 12=4^2, 

Corollary 12-4-4 . if a line In the plane of a circle 
intersects the interior of the circle, then it intersects the 
circle in exactly two pointe. 

Case (3) applies, [in Case (l) and (2), the line does not 
Intersect the Interior of the circle.] 

THE0RE^1 12-5, ' Chords of ctogruent circles are congruent if and 
only If they are equidistant from the centers. 



Proof : Let P ajid p' be the centers of the congruent circlaa, 
let AS and A>B' be the chords^ let F be the foot of the perpen- 
dicular from P on ^AB^ and let F» be the foot of the 



perpendicular from P» on 
we have PB - ^AB and f»B* 



^A'B*^ . Then by Corollary 12-4^2, 




By the Pythagorean Theorem 

- mf + (|ab)^ 




(P'B')^ 



^ (P»F» )^ 4- (F»B» )^ 
^ (P*F» )^ + (iA»B' 
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By hypothesis PB » P'B' so 

(PF)- + (|ab)2 = (P»pi)2 + (|AtB')2 . 
It^^ followB that PF - P'F* if and only if AB - A»B» , 

y 

DEFINITIONS , circles are tangent if and only 

If they are coplanar and tangent to the same\llne 
at the same point. Tangent circles are Internally 
or externally tangent ^ccordingly as their centers 
lie on the same side on opposite sides of the 
common tangent line. 




Internally tangent / Externally tangent 



Problem Set lS-2b 

1. Given: C ^ [(x,y): x~ + y^ ^ 36) . Tell whether each 
the following points Is in the interior/ bn^ or in the 
exterior of C . 

(a) (-6,0) . ' (e) (= yW,-^3) . 

(b) (-6,1) . (f) (5,5) . 

(c) (-6,=i) . (g) i^.-^) . 

(d) (5,2) . 

2, Given: ' (3>5) is on the circle whose center is (0^0) 

(a) Find the radius of this circle, 

(h) Find four points on the circle, 

(c) Find two points in the interior of the circle, 

(d) Find two points in the exterior of the circle. 




State the number of the theorem pr corollary which 
Justifies each conolusion below, p is the center of a 
circle. B, A are points on the clrole and 

S, T, and R are coplanar with the circle, 

(a) If TA ^ TB ,^ then PK ^ TO . 

(b) If ^RK*1 PK , then '*RK*^ 
is tangent to the circle. 

(c) If T is in the interior 
of the clre^e, then ^KP^ 
will intersect the circle 
in exactly one point other 
than point K , 

(d) The perpendicular blsecto^^' 
of M contains p , 

(e> If 11 and PH are equi- 
distant from P f then 
AB = FH . 

(f) If *RS^ is tangent to the circle, then PK ^^RS^ , 
^ (g) If PK ^ AB , then AT ^ TB . 
(h) If AB S M , than 11 and FH are equidistant 
from P , 

In a circle with radius of 5 units, how long is a chord 
3 units from the center of the circle? 

If a ^chord 4 Inches long is 1,5 Inch^es frpm the 
b enter of a circle ^ what is the radius of the circle? 

How far from the center of a circle with radius equal to 
12 is a chord whose length 'is 8 ? 

Chord AB Is parallel to ^^^--^ ^''^^^^ A 

which Is tangent to the circle 
at Q . P is the center of 
the circle, ffi bisects p5" 
at R . AB ^ 12 * 

Find Pft . 
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Giveni The figure below, with C the center of the circle 
and KT ^ RS * Ii)^, the ten problems respond as follows: 

Write "A" If more numerical ^Information Is given 
= than Is needed to solve the prohlem. 

Write / ''B" if there is insufficient information to 
solve the problem. 

Write "C'' if the information' is sufficient and 
there is no unnecessary information. 

Write "d" if the information given is contra- 
dictory. 



(You do not need to' do the computations,) 



(a) 
(b) 
(c) 
(d) 

(e) 

(f) 

(s) 
(h) 

(1) 
(J) 



KP = 4 , PC = 1 , CT = 6 , KT 
RP = 5 , RS - 7 
CT = 13 , CP = 5 J RS = ? 
KP = 18 , RS = 48 , KC = 25 , 
RK = ? 

PC a 3,5 , RS ■= 24 
RK = ? 



KT 



40 , RP , 




cs ^ ? 
OS - 8 , 

PC ^ ? 

RK ^ 20 , RS ^ 32 , 
KP ^ 13 , KT - ? 
RS ^ 6 , KG ^ 5 , FT 
PT ^ 5 > CS ^ 6 , RS 







r 


P \ 






c 





In a circle whose diameter is 30 Inches a chord is 
drawn perpendicular to a radius at a point on the radius 
3 inches from its outer end. Find the length of the 
chord , 

Prove that the tangdnts to a circle at the ends of a 
diameter are parallel* 

Write Corollary 1^^4-^2 as two statements, each the 
converse of the omer. Prove each. 



For the concentric circles 
of the figure J prove that 
all chords of the larger 
circle which are tangent 
to the smaller circle are 
bisected at the point of 
contact , 




One arrangement of three Gircles 
so that any one Is tangent 
to each of the other two 
is shown'^here. Make 
sketches to show three 
other arrangements of 
three Gircles with each 
circle tangent to each of 
the other two . 

Prove I The line of centei^s of two tangenf circles 
contains the point of tangency. (Hint: toaw^the common 
tangent , ) 




15, 



16, 



In the'"figure, B 
and"^ C . are the 
centers of the circles, 
AB - AH , BC ^ 10 , 
AC ^ l8 . Find the 
radius of each circle. 




Prove: The midpoints of all chords oongruent to a given 
chord in a given circle lie on a circle concentric with 
the original circle arid with a r'adius equal to the die-- 
tajice ,of a chord, from the oenterj and the chords are all 
tangent to this inner circle. 



17. (a) 



(b) 



The distance from P ^ the center orf a circle, to 
T , an exterior point. Is 20 . ^ A tangent from T 
to the circle has a point of contact A * the 



radius of the circle is 
A secpnd tangent from T 
contact Find AB , 



12 , find .AT * 
has B as a point of 



l8. In the circle with center 
at 0 , AB is a diameter 
and AC Is any other chord 
from A , If ^CD*^ Is the 
tangent at C , and ^DO*^ | | ^AC^ 
prove that ^BB^-is tangent at 




Corl^der the circle C ((x,y),: + - 100] , 

(a) If lini-^, ((x,y)i x ^\a) , is tangent o circle 
/ C , find the values for ^^a , 

(b) Find an equation for a llfie t ' tangent to circle 
C at T(5yl,5i/2) . 




Hints I Wiat Is the slope of the radius to t ? 
What must be the slope of t ? 
Must t oontaln (5v^, 5v^) ?) 



Consider the set p - [(x,y)i (x - l)^ + (y + 2)" - 25} , 

(a) Can you Interpret the equation ae ipeGlfying that 
tha diitanoe batween (x^y) and (1,-2) Is 5 ? 

(b) Is the set a circle? If bo, what are the 
coordinates of Its center and the length of its 
radius? 

(0) Given P ^ [(x,y)i (x^ - £x + 1 ) + (y^ + 4^ + 4 ) ^ j 
Show that P ^ ((x,y)s x" + y^ ^ ^ g^j ^ 

If you were oonfronted with this last equation, could 
you complete the squares to reproduce the original? 
Demonstrate this process, 

(d) Find an equation of a line t which is tangent to 
' the circle P at the point (5,l) . ( Hlnt i Find 
the slope of the radius to (5,1) . Use Its 
negative reGlprocal as the slope of t , Tangent t 
must oontaln (5,1),) 

Consider the circle C ^ [(x,y)' x~ + y^ 1) , 

(a) Write an equation of the line tangent to C which 
contains the point (-1,0) , 

(b) Write an equation of the tangent line to G which 
contains the point 1 ^ - 1 ) (Hint' is 

/ the tangent line perpendloular to the radius of C 
which contains T ?) 

(c) Find the coordinates of the point P on the x=axls 
which contains the tangent to T determined In (b) 
above , 

(d) Find the distance FT , 
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♦22. Consider the sphtra S 
and the plana ^ suoh 
that 

S ^ ((x,y,E)i + + 
((x,y,z)i z - a] . 

How Is ^ ralatad to the 

How is ^ related to the 
E-axiB? 



z 




^ intersect i the z-axis at a point, say F , with 
coordinates . (0,0, a) , Consider the intersection of S 
and ^ , whfen a has the values Indicated below* ^ 

(a) Assime a ^ 4 , 

V^at gepmetric figure is thia intersection? 
(to) Assume aN^ 5 , 

How ma^ poiLnts are in this Interiectlon? 
(o) Assume a - 7 . 

Hok many points are in this interseGtlon? 
(d) What appears to be the relation between the inter» 

section of S and and the distance PF ? 

12-3* Tangent Planes , 

We have Just studied circles and lines in a plane. We are 
now going to study spheres and planes In space. We shall see 
that many of the definitions and theorems of the last section 
resemble the definitions and theorems about spheres and planes* 

DEFINITIONS , The Interior of a sphere Is the set of 
of all points whose distances from the cpnter are 
less than the radius, ^^.-^-^ 

Tm exterior of the sphere is the set of all (points 
whose distances from the center are greater than 
the radius. 
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In terms of a ooordlnate syatam whose origin Is the oentar 
of a given sphere of radius ' r , the Interior of the sphere is 

[{x,y,m)% + + < r^) 

and its exterior Is 




[(x,y,z)i + y^ + > r^) . 



SPHERE 



Q iB an interior point 




2 2 2 2 
X + y + z < r 



Q is an exterior point 



^2^ 2 2 2 
X + y + z > r 

DEFINITIONS . A plane that Interseets a sphere In 

exactly one point is Qalled a tMigant plane to the 

sphere. 

If the tangent plane Interseats the sphere in ttie 
point e then we say that the plane Is tangent to 
the sphere at Q * 

Q is called the point of tangancy ^ or the point 
of contact* 




842 



12-3 • 

^ mien m invustigated cirale-line rtlatloni In Thaortm 
we foimd that the key In each, phase of? the stuc^ was the fc 
of the perpendicular from the center to the line. Our ephi 
plane study also has a keyi It is the foot of the perpen- 
diGuiar from the center of the sphere to the plane. 

The basic theorem relating spkeree and planes Is the 
following: 

. t - 
THEOREM 12-6, Given a plane ^ and a sphere S with cent 
P . Let F be the foot of the perpendicular from P 
to ^ . 

1. Every point of ^ Is outside S if and only if 
is outside S . 

2. ^ is tangent to S If and only if F is on S 

3. Intersects S in a circle with center F if 
and only if P is inside S , 

Proof r Let r be the radius of S and let PF ^ a . 

We introduce an xyz-coordinate system with origin at 
whose xy-plane is parallel to ^ and whose positive z-axia 
contains P. Then P ^ (0,0, a), C ^ [ix,y,z)i x^ + y^-f^^=: 
and ^ ^ {(x,y,2)i a) or {x,y,a)]. 



Z 




(1) Suppoee F Is ^outside S , then a > r . It follows, 

alnee a and r are positlv# numberi* that a" > and 

2 2 2 ' r 

X + y + a > r , ThlB tells us th%t (x,y^a) Is outside 

S . mt ^ ^ ((x,y,a)). Therefore^ is ptitalde 3 . 

^ Of oourse, if every point of ^ is outside S , then F 

is also outside S OTiii pr»oves both parts of (l) . ^ 

(2) Suppoee F Is on S . Then r ^ a* and the inter- 
J section of ^ and S is - , ^ 

{(x^y, z)i + y^ + a^ and ^ = aj or 

^ ((x,y,a)i + y^ ^ 0) - 

But there is only one pair of numbers^ (x^y) , nMiely (0*0) j ^ 
such that x^ + ^ o . Therefore ^ and s have only 
F(0>Oja) in common and it follows that ^ is tangent to S , 

If ^ is tangent to S * they have only one point in 
oormon and it has been shorn that (o^O,a) le that point. 
ThuB both parte of (2) are proved* 

(3) Suppoee P is Inside C ^ then r > a . The 
interaeGtion of and S is 

t(x,y/z)i x^ + y^ + 1^ = r-* g = a, r > a) or 

C(x,y,a)i + y^ ^ r^ = a^ , r > a) . 

- 2 2 

Becauee r - a > 0 , we can see from the form of ^he equation 

2 2 2 2 
X + y - r - a , that we have a circle i n the plane ^ = a ^ 

with center (0,0*a) and radius \/v^ = a^ , 

On the other hand^ if Intersecte S it follows that 

2 2 2 2 _ 
X + y - r = a has a solution* I^is Implies that 

2 2 ~ 
r" > a or r > a , Therefore P(0^0,a) is in S , 

This completes the' proof of the theorem. 

Corollary 12-6-1 . A plane is tangent to a sphere If and 
only if it is 'perpendicular to a radius at its outer endpolnt. 

Corollary 12-6-2 . A perpendicular from the center of a 
sphere to a chord of the sphere bisects the chord. 

Corolla^ 12-6-3 . T^ie sepnent Joining the center of a 
sphtre to the midpoint of a chord is perpendicular to the 
chord. Qkk ^ ^\ ' ' 



Problem Set 12-3 



Thq- sphere with eenter 0 
la tangent to plane ^ 




at A , and *RT* are . , 

lines of ^ through A . 
What le th^ relationBhlp , 
of *0A* to *FB* and ^RT**? 



In a sphere having radius 10 * a se^ent from the center 
to the midpoint of a ohdrd has ler^th 6 . How long is 
the chord? 

A sphere has radius 5 . A plane 3 units from the 
center intersects the sphere In a circle. What is the 
radius of this circle? 

Prove that circles on a sphere in planes equidistant from 
the center of the sphere are congruent. 

State Corollary 12-6»1 as two statements which are 
converses of each other. Prove each. 

Show that two great circles of a sphere intersect at the 
endpoints of a diameter of the sphere, 

o o o 

Consider the sphere S ^ [(x,5r,^)i x +y +z"-9), 

(a) Wiat Is the center of S ? What is the radius of S 

(b) Write an equation of a plane tangent to S and 
parallel to the xz-plane. How many such planes are 



there? 



Write equations of all planes tangent to 
parallel to the yz-plane. 



and 
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8. 



10, 



11, 



12. 



Consider the eetsi ' 

M - C(x,y,2)i jxf > 4) I N - lix,y,i)t \y\ > 4) 
R « C(x,^.^)r Nl > 4] ^^^^^ 
T - [(x,y,^)r |x|^ < 4S |y| < 4 , \z\ < 4} 

(a) Describe the intersection of S and M i of S and 
- N I of & anfl R . . , 

(b) Daseribe the set T, 

(c) Vftiat is the intersection of s and T' ? • * * 

Two great clrQles arm said to be- perpendicular ir they lie 
in perpendicular planes. Show that^ given any two great 
elroles, there Is one other great cirdle perpendicular to 
both* If two great circles on the earth are meridians 
(through the north and south poles) what great circle Is 
their common perpendicular? 

Plane & intersects a 
sphere whose center is 
0 . A and B are two 
points of the inter- 
section . F lies In 
plane ^ . ^OF^J^ i . 
AP 1 If . If AB ^ 5 
and OF ^ AF , find t 
radius of the sphere 
and m /AOB . If G 
the midpoint of ^ 
find OG . 

Given a sphere and three points on it. Describe the 'steps 
you would take to find the center and the radius of the 
sphere , 

Plane ^ is tangent to a sphere X at point T j and 
plane is any plane other thkn ^ which contains T , 
Prove : 

(a) that plane intersects sphere S and plane ^ 

in a circle and a line respectively] i 
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(b) that the line of Interseatlon is t^igent to the oirol© 
of intersection. - 

13. Gonsldet* the sphara s ^ ((x^y^z)! + + ^ loo) , 

(a) Find th^nterseQtion of sphere S with the plane 
[(3C,yt^T* Z m 10) , ^ 
, (b) Consider the pl&ie P m [(x^y,m)% e ^ 8) . In order 
for a polrit {K.y^mf to be in the Interseotion of 
S and P , Gertalnly m B j what conditions, then, 
must X and y meet? 

- p P ^ ^ 

14, Consider the circle C ^ ((x,y)i + y = 6y ^ 23) , 

(a) Complete squares and traneform the equation of C^ to 
the fo™ (x - h)^ + (y - k) ^ r . 1/mat are the/ 
coordinates of the center and the length of the 
radius of C ? 

(b) Write an equation of the sphere S whose radius has 
the same length bs the radius of C md whose oenter 
is at (2,-3,0) . . 

(o) » Write an aquation describing a plane tangent to sphere 
^ S an£L perpendicular to the z=axis. (Two answers are 
possible.) 

12-4. Arcs of Circles . 

So far in 'this chapter we have been able to treat circles 
and spheres in a similar manner. For the rest of this chapter 
we cdr^flne ourselves exclusively to circles. The toplos we 
discuss have their corresponding analogies in the theory of 
spheres but these are too complicated to consider in a beginning 
course . 

DEFINITION . A central angle of a given circle is 
an angle whose vertex is the center of the circle. 
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DEFINITIONS . If -A B ar# two pQlnti of a elrol# : 

with ©tnter P mi 1/ As and B are not the enapelnts 
of a diameter of that clrole, then the imlon of A, B, 
and ali the points of the oirola In tht Ihterioi' of ^APB 
is a ndnor mvo of the olrGle. ^ 



Ttim imion of 8, and all points of th© ofrcla In 
the exterior of . ^APB Is a major arc of thf alrele. 



major 




If , AB is a diameter, the union of A, and all 
^ points of the circle in one of the two halfplaneB, 

^ with edge *AB*j lying in the plane of the olrcle Is 

a saniicircle . 

An arc la either a minor arc, a major 'arc ^ or a 
Beml-clrele * A and B are the endpoints of the 
arc * 

In some ways an arc of a circle is like a se^ent of a 
line; for Instance, it has two endpoints. However, unlikt the 
segment, an arc is not determined by its endpoints. In fact 
there are infinitely many arcs which have any given pair of 
points as their endpoints, as the figtire ^ggests. This makes 




it hard to find a symbol to denote an arc, tpllt^ up from the 
S5rmbols for its endpoints. In spite of this\we often de^te 



8^+8 



an are whos4 endpoints are A and B hy W . We. must be 
Bura loiow What circle we have in mind for this to make sense, 
and also we must toow which of the two arcs on that cirele we 
have In mind. Sometimes It will be plain from the Gontext which 
arc Is TOant* If not, we will pick another point X somewhere 
In the arc , and denote the arc by ^3 . For example, in 
^ .the figure, AXB Is a minor arci ATO is the associated major 
l^arcj and the arcs CAB and cra are semicircles, 

A 




The reason for the nMes "minor" and "major" is apparent 
when one draws several arcs of' each kind. In such, drawings the 
major arc looks "bigger" than a minor arc. This relation will ^ 
be made more precise in our next definition. » 



DEFINITION , 
measure, mAXB 



AXB Is any arc then itsydegree 
is given as follows^ 



If A}CB Is a minor arc, then mAXB is the 
measure of the associated central angle. 



mAXB m m /q 




If AXB is a semicircle, then mAXB ^ l80 , 
If AXB is a major arc, and AYB is the corre- 
sponding minor arc, then 

mAM ^ 360 - mATO . X /XY 




In the figure, m ^APB Is 6o • ^erefore xaAYB Is 6o 
and n^3 Is 300 . , ^ \J 

Hereafter, mAXB will be cailed simply the measure of- the 
arc Affi * Note that an arc Is minor or major aacorilng as its 

measure is J^esi ;yjan or greater t*im 180 . 

j' ' ' 

If % is a point of an arc different from ^ and B , 

It determines I with A and B , two other arcs, AX and "S * 
It is natural to Inquire how the measures of such arcs, AX wid 
XB 3 are related to the measure of AB j the^ answer is simple 
and reasonable, namely, itLAM ^ mAX + . I^ils cwi actually 
be proved as a theorem but the proof is surprlsliigly long^ and 
tedious* We prefer to state the result as a postulate* 



Postulate 30* If SI 


and BC aLre 


arcs of 


the same circle having onl^ 


r the point B 


in 


common, and if the,lr \mlon 


is an arc AG 


J then 


+ mK - mAC . 








mAXB + mBYC ^ mAK . 

NotlGe that for the cases in which AC is a minor arc or 
a semicircle the theorem follows from the Protractor Postulate, 
It is the other case , whose proof is difficult. 
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In each of the fipares below, the angle x Is said to be 
Inscribed In the arc AM • 




DEFINITION , An angle Is Inssrlbed in an arc if and 
only If (1) the angle contains the^two endpolnts of 
the arc and (2) the vertex of, the angle >ls a point, 
but not an endpoint, of the arc. 



More concisely^ £aBC is Inscribed In ABC , 

In Figyire a, the angle is inscribed In a major arc, and 
in Figure b, the angle is inscribed in a semicircle. 

In each of the figures below, the angie shown is said to 
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In Fipire Oj the amgle Is Inscribed j In Flgurt the vertex Is 
outside the eirolei In Figure e^ the angle is a central anglej ^ 
and in Figure f, one side of th^' angle Is tangent to the eircle.,i 
In Figure d, the wigle shown InterGepts not only but also 

^ % . . ■ ' 

Th%Bm figurei give the general idea of aji intt:^depted are. 
We will now define what it meana to say that an angl^ Inter- * 
oepts an arc. You should cheok earefully to make sure that the 
definition really takes care of all four of the above oases. 

DEFINITION t An angle intercepts an arc if (1) the 
endpolnts of the arc lie in the angle j (2) each 
side of the angle containe at least one endpoint 
of the arc and (3) except for its endpolnts, the 
are lies in the interior of the anglt* 

The reason why we talk about the arcs intercepted by 
angles is that under certain conditions there is a simple 
relation between the measure of the angle and the measure of 
the arc. 




In the figure above we see three Inscribed angles , , 
? ' which intercept BYC and are inscribed In 

BXC . It looks as if thege thr#e angles are congruent.' That 
this is so Is a corollary of the following theorem: 



TOfflOMM 12-7* . Ttim maasure of an InSGrlbed angle im half the 

'if " 

maasure of its Intaroaptad arc. 

\ - _ •■ .V , ^ 

proof i 

t -- ' • ■ ■ ^ : . 

Olvani Clrola with centar ,P 

A la an Iniorlbad angle intercepting K 



To prove I 




There are three possible easesi (l) p is on a side of ^ 
say M , (2) p Is an interior point of £a ^ (3) P is an 
exterior point of . 

Case (1). P la on 1g , 

Let 1%. and be as shown* gy Theorem 6-lOj 

m ^A + m £x ^ m * By Wieorem 12-2^ AP & W and therefore 
m £A - ni;^x * ^ the substitution property of equality. 




2m ^A - m ^ , ^ the definition of the measure of an arc, 
m ^ mBC , ^ the multiplication property of equality we 
conclude that 

* /- 1 ~ 

853 - 



12^4 

Case (2), p is ^^^Tmc^ijior point of/A , 

/ \ \ J 

By the Betweenness-Angl^^s iH|orern^-'2^ - m /v + m /w , 

and by the Postulate 30, mBM ^ mBD +"m5c . 




m /BAG ^ m £t ^ m /s - m £u 
^ i(mBD = mCD) 

From this thaorem we get two very important corollaries^ 

Corollary 12-7-1 , An angle inscribed in a semicircle is 
a right angle. 

This is so because such an angle intercepts a semicircle, 
which has measure l8o , 



Corollary 12^7^2 , Angles Inscribed in the same arc are ,. - 
congruent . 

This is so because all such angles intercept the same arc, 

4 

We now say what we mean by congruent arcs. Just as we 
already did for se^ents and angles^ we state our definition in 
terms of the appropriate measure , X 

DEFINITION , In the same clr'cle, or in congruent 
circles^ two arcs ai^e called congruent if they 
have the same measure,. ' 

Corollary 12-7-3 . Congruent angles inscribed in congruent 
circles Intercept congruent arcs. 



Problem set 12=4i 



In the circles in each diagram^ P is the center and 
points A, B> M are contained in the circles aE 

indicated . 




Figure a 
AB contains P 
DP AB 




Figure b 
AC contains P 



(a) Refer to Figure a, 

(1 ) Name the central angles . 

(2) The measures of all central angles are positive 
numbers less than what number? 

(3) Name all the minor arcs in the circle. 
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(4) Name all the major arcs In the Glrcle, 

(5) Name the pairs of congruent arcs in the circle. 

(6) Name two arcs which do not have central angles 

associated with them. 

ft 

(b) Refer to Figure 

(1) \How many inscribed angles are shown? 

(2) ^sme any 5 of these and for each name. the arc 
/in which it is inecribed and the arc it:./ - - - 
'Intercepts. 

(3) For which of the inscribed angles can you give 
""'the Jegree measure? 

(c) Refer to Figure 

(1) Name the arcs Interoepted by , £b , /C , /D . 

(2) Give the degree ^^maasure of each angle in Part 1. 

(3) Najne two pairs of congruent angles. Justify 
your statements in two i/ays. Write the 
definition, theorem or CT^rollary used. 

Consider angles formed by secant-rajrs, tangent rays, and/or 
chord-rays. Gall the vertex of such angles, V , Make 
diagrams which indicate all ^Bsible pairing of chords, 
Becants, tangents^ to form thfese angles if ^ 

(a) V is in the exterior of the circle* 

(b) V is on the circle. 

(c) V is in the interior of the circle, 

^le center of an arc is the 
center of the circle of 
which the arc is a part. 
How would you find the 
center of AB ? 



Given: P la the center 
of AC , m £c - 45 . 

Prove; W j^W ' . 




^> 'j 
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5. If mAB mBF , 

(a) Prove ^AHK ^ ABEF 

(b) What other triangle 
in the figure is 
similar to ^BHP ? 



6, In the circle with center P ^ 
let m /R - 85 , mRS - 4o , 
- 90 * Find the degree 
measures of the other arn?i 
arid angles indicateci in 
the f igiire . 



7* An inscr'ihed qiiadrilateral Is 
a quadrilateral having all of 
its vert ices on a circle. 
Pi^ove the theorems The 
opposite angles of an 
Inscribecl quadrllater^al 
are supplementary. 



8. The two circles in this figure 
are tangent at ^ and the 
smaller circle passes through 
0 , the center of the larger 
circle. Prove that any 
chord of the larger circle 
with endpolnt A is 
bisected by the smaller 
circle * 



12^4 

g, ^^j^the figurej ACB is a 
Semicircle and C0 j_ M , 
Prove that (CD)^ ^ AD * DB , 
'Refer to Corollary j^j^^, 

10. Prove the following converse 
f or Corollary 12=7-1: If an 
^ angle inscribed in a circular 

arc Is a right anglif then 
*the arc is a sem' IrQle. 






11. P are points on a circle such that AC 
/bad . Prove that = mCB , 

12, Prove: A diameter perpendicular 
to a chord of a circle bisects 
both arcs determined by the 
ch^)rd. 




13* Prove: If a line bisects both an arc and Its chord, it 
contains the center of the circle. 

14, In the diagram m ^ W . 

Prove that mAB ^ mAC , 
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i5. 



16. 



17- 



grove Corollary 12-7-1 by using coordinates. [ Hijit - Let 
an xy-coordinate system assign (0,0) to the centar of 

the circle » Find the slopes of the rays forming the 
angle. V/hat must the product of these slopes be?] 

XY is the coiTimon chcsrd of 
two Intersecting circles. 
aS and W are two 
segments cutting the 
circles as shown in 
the figure and con- 
taining X and Y 
respectively. 

Prove : TO I I BC . 





(Hint: 



see 



Problem 
In./ this diagram AB 



7 j 

is 



diameter and DE AB , 

(a) Indicate a corre- 
spondence which is a 
similarity between the 
triangle with vertices 

Af C, B and the triangle 
with vertices B, 1 . 

(b) Express the relation 
between the corresponding 
sides of the two t r i a ng 1 e e 
fo^r a proportionality. 

^(c) Prove: BD * BC ^ HA * ' BE 




in (a) using the symbols 



18. In this figure, TO is a 
diameter of the smaller of 
two concentric circles, 
both with center 0 , and 
^AC* and ^BD^ are tangent to 
the smaller circle, TO 
and DO are radii of the 
larger circle. 

Prove that CD is a diameter 
of the larger circle, 

( Hint : Consider TO and , ) 

We return to congruent arcs Md related fihords, 

'{ 

\ '■■ ^„ 

THEOREM /lg-8. In the same clrQle or' in congruent circles, if 
two chords, not diameters^ a^e congruent, then so are the 
associated minor arcs. 






Proof: Referring to the above figure, we need to show 
that if AB - A«B« , then S m , By the S.S*S, Postulate 

wo have 

^APB - ^A»P«B» , 

Therefore ^P' . Since mAi ^ m /P and mA^^ - m /P' , 

this means that AB A'B* , which was to be provod. 

The converse is also valid and the proof is very similar. 
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THEOREM 12-9 > In the same clrole or in congmient circles, If 

two arcs are congruent, then so are the assoolated chords. 

That Is, referring to the figure above. If AB S a»B' , 
then AB S A*B^ , If the rnajor arcs are toown to be congruent, 
then the same conclusion holds. 

We now relate measure of other t5rpes of angles to measures 
of Interoepted arcs. The 'figures below show the types of 
angles we consider. 




Flgiare c Figure d 

In Figure a the one ray is contained In a tangent and the 
other ray contains a chord. Descrlhe.the rays in Figure b. 
In Figure c, in Figure d. 

DEFINITION, If the vertex of an angle Is on a circle 
and one of its sides is contained in a tangent, and 
its other side contains a chord, then the angle is 
called a t ange nt - c nor d angle. 




12^k 

DEFINITI0N8 , ^If the vertex of an angle is an exterior 
point of a circle and its sides are contained in two 
secants, or two tangents, or a secant and a tangent, 
then It is called respectively a secant -^secant angle, 
or a tangent - tangent angle or a secant -tangent angle. 

THEOREM 15-10 . The measure of a tangent-^choi^d angle is one-half 
the measure of Its intercepted arc. 



Proof 



Given: 



Circle with center P . 
■ — ^ 

is a tangent at Q 



QS 

^ is a chord. QR i^ 
the intercepted arc of 

Ims . 

To prove: m^QS * ^W. * 

We consider three cases * 

Case (1), P is in ftR* , 

Caee (2). p ±% an exterior point o; 

Case (3), P is aii interior point oi 

Case (1), p Is on Then by c 

/RPQ is a right angle. Since rnRQ - l80 

Case (2), p is an exterior point 
of ^RQS . Consider diameter 5T , By 
the Betweenness-Angles Theorem 
m ^RQS - m /TQB - m /TQR , 
1 




m ^TQS 



a80 , m 



Therefore rn £HQS - ^(iSo 



^ imRS 



:llary 12^4^1 
m £rpq ^ 




Case (3) is left as a problem* 
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THEOREM 12-11 , The measure of an angle whose vertex is In the 
interior of a circle and whose sides are contained in two 
secants^ is one-half the sum of thcj measures of the inter- 
cepted arcs. 



Proof: 



Given: A circle v/ith secants 
^AB*^ and *CD* inter^ 
sectlng at E , 

To prove : m /DEB ^ i(m5B + mAC ) 

The remainder of the proof Is 
left as a problem. 

(Hint: m /DEB - m /EAD + m /ADE) . 




THEOREM 12-12 . The measure of a secant-secant angle, or a 

tangent = tangent angle or a secant -tangent angle is one- 
half the difference between the measures of the inter- 
cepted arcs. 



The proof of this theorem 
for a secant- secant angle should 
suggest the proofs for the 
remaining two angles. 

Let the secants be as shorn 
in the diagram, 

m /ABC ^ m ^E + m /BCD , Why? 
Or m /E ^ rti /ABC - m /BCD 
The rest of the proof Is dasily 
completed by noting that 
m /ABC ^ iAC (Why?) and 

m /BCD ^ -imBD , 




Problem Set 12^4^ 



Consider the points in the following diagrams to be located 
as the figures suggest. The degree measures Indicated are 



assigned to the arcs, 
A 




220 



Figure ( 1 ) 
V 



Figure (2) 




Figure (3) 




Figure (4) 




Figure 



(a) 



(b) 



Pigure (5) 

Match the numbers (l) through (5) from the diagrams 
with the appropriate angle-name selected from 
tangent -tangent angle, tangent -secant angle, secant- 
seoant angle, tangent-chord angle, central angle, 
inscribed angle. 

Give the measures of each indicated angle. 



(1) 


Figure 


(1), 


m 


/AVB s 


(a) 


Figure 


(2), 


m 


^RVS « 


(3) 


Figure 


(3), 


m 


/AVE - 




Figure 


(^), 


m 


£kVB ^ 


(5) 


Figure 


(5), 


m 


/TVQ ^ 


(6) 


Figure 


(6), 


mf 


/AVB ^ 



Find the measures of each indicated part. The arcs have 

i 

degree measures as marked. 




P is the center of the circle, E is in the interior of 

the circle, F is In the exterior of the circle, 

B, Mj Cj R are on the circle. AS and AM are tangents 

to the circle at s and M respectively. TR is a 

diameter. 



a) 


mBM . 


(f) 


m /ASP 


b) 


mST 


(s) 


m /TRM 


o) 


ra ^FMR 


(n) 


m /SAR 


d) 


m /FAC 


(1) 


m £S?R 


a) 


m /CAR 


(J) 


m £CER 



Prove Ttieorem 12-9* In the same circle or in congruent 
circles, if two arcs are oongruent, then so are t4ie 
associated chords, 

In the figure AF ^ BH . 




5, ABCD is a square. E is 
any point of , as shown 
in this figure. Prove that 
EA and EB^ trisect /DEC . 



6. In the figure, A^ C, D 

are on the circle and ^EP*^ is 
tangent to the circle at A , 
Complete the following state-- 
ments : 

(a) /BDC - . 

(b) /ADC - V , 

(c) /ACB - ^ , 

(d) /EAD Is supplementary to 
(a) /dab Is supplementary to 
(f) /aBC is supplementary to 

(s) /DAE ^ ^ ^ . 

(h) /DBA is supplementary to 
(l) /ADB is supplemental-^ to 
(J) /DAC ^ , 

7. In the figure *CP^^ and ^Q*" 

are tangents, is a 

diameter of the circle, if 
mPB ^ 120 and if the radius 
of the circle is 3 , find 
the length of W , 



8. Two circles are tangent, either Internally or externally^ 
at a point H . Let u be any line through H meeting 
the olrcles again at M and N . ■ Prove that the tangents 
' at M and N are parallel. 




10* Prove ^the theorem: If two parallel lines intersect a 
circle, they intercept congruent arcs. 
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*11. 



^12. 



*13. 



Cons4der the elrole 0 ((x,y)i + ^ 25} Mid 
the point Q(0,3) , ' = ^ , 

(a) Find the interieotlona A,B of the line ^QA* with 
the aircle 0 , given C(x,y)i y ^ 3) , 

(b) Find the interseetiona G,D of the line 
OP ^ ((x^y)i X ^ 0) J with the olFole 0 . 

(c) .*1imat iB the product of the lengths of se^ents *^ 
and 5S ? Of sepfients qS" and ^ ? Are these, 
products equal? (If not, dieek your work.) 

Consider the elrole 0 ^ ((x,y)i x^ 4 y^ = 25) and the 
I point p(8,3) , * ^ . 

(a) ^Fln d the points A|B which are the\nterseotlons of 
PA which equals [(x,y)i y ^ 3j , with the olrole 0 
/ (b) Find the polnte C,D which are the Intersections of 
^PC^ [(x,y)i y - X - 5) with the olrole 0 * 
(o) Find the product PA * PB and the product* PC * PD , 
(If these producte are not equals check your work*) 

aiven ^AD^ tangent to the 
circle at . A and the - 
secant BD Intersecting 
the circle at 3 and, C . 



(a) 



(b) 



(d) 



What is the relation 
between AADB and 
^CDA ? Why? 
Why does AD (of ^ADB) 
^ k * CD (of ^CDA) ? 
Why does BD <of ^ADB) 
^ k * AD (of ACDA) ? 
Assume CD ^ 6 , " 
depress AD In tems of 
Express BD in tems of- 
Compare AD ^ AD With 
BD • CD , Would this relation 
be. true for all values of k ? 
Would it.J^e true for eve^, value 
assigned to CD ? 
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12-5. LangthB of Tangent and Seo^t Segments , 

DEFINITION , If the line is tangent to a circle 

at R s then the se^ent W Is a t^gent - segnent 
from Q to the eircle. 




THEOREM ,12^13 , "nie two tangent -ee^enti to a circle from an 
external point are cor^ruent^ and form congruent angles 
with the line Jrflnlng the external point to the center 
of the circle , 



Proof : 

Giveni W Is tangent to the circle C 
iB tangent to C at S , ^ 



at R 



and ^ 



To prove i- QR - 4s 



i 




By Corollary la^^^l^ ^Pft^and^PQS are right triangles^ 
with right angles at R and S \ Obviously W ^ ^ and 
PR''^ FS because R and S are points of the circle. By the 
Hypotenuso^Leg^ Theorem, thiK^mjans that 



There 



[ore m ^ M , 



hFQR ^ ^PQS . 



j^S , and /PQR ^ ^PQS , which was to be^^rovec 
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D^INITION . If^*i|^| OR InterBeots a olrole In A 
B such that A iWBtween Q and B , thtn W Is 
called the aacMit - gagment fr©m Q to the olrola 
is called the exteTOal Beo^t - sagnent from Q to the 
oirole* 



and 





TKEOREM 12-14 . ^le product of the leiisth of a Beoant-iegment 
from a given exterior point and the length of its external 
secant- segment is Gonat^t for any secant containli^ the 
given point. 




proof I Let Q be the given point and let and ^ 

two secant- se^ents, having respective extemal^ secant- 
scents W and W . W the A. A, Hieorem for similar 
?iangles^ we prove 
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It follows that . ' 

(ftS , QT) I (QU , OR) 

and therefore / 

: QS ' OR - QU • QT , 

We prove that the product QS • QR is equal to the produet 
of the length of any eecant-eep^ent from Q and the length of 
Its extemal secant -segment. This proves the constant to be 
QS * ftR . ^ -1^^ 

Notice that this theorem means that the product qr . 
is determined merely by the given circle and the given external 
- pointy and is Independent of the choice of the secant. {The 
theorem tells us that any other secant gives the same pff^oduct.) 
This constant product is called the power of the point with 
respect to the circle. 

The following theorem asserts that, in the figure below. 




TmiOREM 12-15 * Given a tangent- segment ^ to a circle at T 
and a secant through Q ^ intersecting the circle In 
points R and S , Then 

T^e main steps in the proof are as follows. You should 
find the reasoiis in each case, - 

1. m ^ |mTO • 4. ^QRT ^ AQTS , 

2, m £rto ^ |mffi . 5. (ftR.QT) p (QT,qs) . 
.3, Is ^ iRTQ . 6/ OR * QS - (QT)2 . 
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The following theorem Is a further variation on th^ 
preoeding twoi the difference is that now we are going to draw 
two lines through a point in the Interior of the circle. T^e 
thaorem says that in the figure below, wa have 

OR • QS ^ QU * QT . 




You will recognize this theorem as the generalization 
arrived at In Problem 5 of Problem Set 1-4, 

TMOREM lg"l6 . If two chordB of a clpeie lntei!sect, the product 
of the lengths of the segments cQT one Is equal to the 
product of the lengthe of the Begments of the other. 

The main steps in the proof are as follows* You should 
find the reaifcon in each case, 

3; ^SQU ^ ^TQR . 

(QS,QT) I (QU.GR) , 



Problem Set 12-5' 

Complete the following statements by replacing the blanks 
with appropriate words or expressions, 

(a) If M IB- any point in the exterior of a circle, 

there are ^ tangent -se©nents to the circle 

from M and their are equal. 

If P is the center of -^he circle, 

872 



therai is the 



of the 



Qontalnlng 




the t^gent"Se©nente* Illuetrate vrtLth a diagr^. 
f 11 la a see^t-Begnent^ R Is in the eKterior 

of a circle and S is the circle. If TO 

is the external secant-iegment a^d a subset of 
then A is the Girole and ^ is between 

______ and ^ Illustrate with a dlagrMi, 

(o) If in a circle three chords TO , c5 and W 

Intersect at X and if AX * KB ^ 12 , then what 
is CX • XD ? What is EX * XF ? 

Points pj R, M are in the exterior of the circles and 
A| B, X, H, K, S, T are on the circles as Indicated in 
the diagrMis. R is the center of the circle in Figure a. 
A,' B^^ and X are points of contact of tangents In Flgurer 
(a) and (b)^ respectively. 




Figure a. 



Figure b , 



Figure 0, 



(a) Refer to Figure a, 

(1) Se^ents PA' and ?B .are 

(2) If PA ^ 10 , then PB ^ _____ 
(state the theorem,) ^ 

(3) If m £aPR m 45 J then m ^BPR 
Why? (state the the^orem.) 



Vftiy? 




12-5 



(b) Refer to Plpire b, 

(1) Ttirn tangent -ae^nent Ijb . 

(2) Ttim sea ant -segment la - , 

(3) ^ ^e external seeant-sepfient is , 

(^) HA + AB ^ * What theorem did you use? 

(5) If XR ^ IS , could m ^ B wheo AB ^ 10 ? 
pustlfy your answer, 
, (6) tf XR ^ 12 , could RA ^ 6 when AB ^ 18 ? 
Givei^ another pair of numbers whleh could be 
the measures of M and TO respectively. 
Refer to Figure c. 



(1) 



(2) 



HT ^ b , NK ^ X 

_) - K . (___ 



KB ^ y 

) , State the 



If MH ^ a 
then a • ( 
theorem which Justifies your answer. 
Could m ^ 3 , HT^ 17 , ITC^^ , KS^^ll ? 
Explain * 




In |he diagram P is the 
center of the circle, ft 
is a point in the ex- 
terior of the circl#' and 
A and^ B are on the 
circle, QB is a secant- 
segment J Off Is an external 
sicant^sepnent and OA" is 
a tangent -se^nent. 

We want to discover the relation between ^eorem 12-14 
and Theorem JS-IS by noting relations in the. diagr^i, 

(a) In what position does ^ appear to have its 
greatest length? 

(b) In what, position does the external secant- segment 
appear We shortest^ 

(c) If ^B takes on a sequence of positions on the olrQle, 
changing from position QPB to position , the 
length, of ^ appears to ^ « The leng^ of 
the external secant=sepiient appears to ^ * 

The length of the secant-se^ent appears to decrease 
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and appreaQh the length of the 



OA" 



length of the external seewt-segment apperf«s to 
Inorease and approach the length of 
(d) Since ^ • QA ^ QB» • ftA' , etc, for all positions 
\ of B« and A» , when B" beeomee A" and A' 
' becomes A" we would expect QB • ftA to equal 

(ft ) • (Q ) * ThuB the situation in TOieorem 12-15 
iB what we might eall the limiting case of the 
situation in TOieoi*em 12-14, * 

CE and are 
tangent to a olrele at 

D, and F 
respeatively . 

?Provei CB + EF ^ CE . 




Use .the data as It appears In the dlagrOTiSp 




BA ^ 20 
CE ^ 16^ 
mk m 6 

Figure (a) 





Figure tb) 



BA ^ 9 
A? - 7 
PC - 8 

Figure (o) 
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7. 



(a) Use Plpwe (a) and compute DA 

(b) Use Figure (b) and compute AT 
(g) Use Figure (o) and compute PD 

In the figure DC ^ 8 j 
OR ^ 6 , RB ^ 7 . 
Find BA . 



Secants OA and ^Cl 
the circle at Aj and 1 
as shown in this figure. If 
AB ^ 8 , BC ^ 4 ^ ED ^ 13 
find DC , 




8, In this figure 



is t^gent 



to the circle at A and sec^t 
BW intersects the cirole K 
and W . If AB - 6 and 
WK ^ 5 * how long is M ? 




Given a circle with Intersecting 
chords as showi and with x < w 
If AB ^ 19 , find X and w , 




10* Given a eirola with a chord of length 15 whose distanoe 
from the center is 8^ find the radius of the circle. 



EKLC 



11. In the figure, Is a tangent- 
ae©n©nt to the eircle at D and 
AC Is a s#c ant -segment whleh 
contains the center of the circle* 
If Cp ^ 12 and CB ^ 4 , find 
the radlu& of the circle. 

12. If two tangent^ segments to a circle form an equilateral 
triangle with the chord having the points of tangenoy as 
Its endpolnts, find the measure of eaeh arc of the chord 

13. If a coiranon tangent of two clrclee meets the line of 
centers at a point between the centers It Is called a 
ooimnon Internal tangent , if It does not meet the line 
of centers at a point between the centers It Is called 
^ con^^on external tangent . 




In the figure AB Is a cormnon Internal tangent and CD 
is a coinmon external tangent, 

(a) In tke fjpgure^ above ^ how many common tangents are 
possible? Specify how many of each kind, 

(b) If the circles were externally tangent, how many 
tangents of each kind? 

(c) If the circles were intersecting at two points? 

(d) If the circles were internally tangent? 

(e) If thdi^ciroles were concentric? 



Wo 




12»5 
14. 



Given i Thm ildei of quadrilateral 
CDRS are tai^ent to a clrole as 
In the fi^re. 



Prove I 



SR + CD ^ SO + RD 




15 » AB and BC are tangent to 
a circle with center 0 at 
A and C ^ reepeetively^ 
and m ^ABC equals 120 , 

Prove that AB + BC * OB , 




16, 



17* 



The rkdii of two circles have 
lengths 22 and 8 
respectively, and the 
distance between their 
centers is 50 # Find the 
length of the common external 
tajigent - segment , 

( Hint I Draw a perpendicular 
from Q to IF * ) 

Two circles have a corranon external tangent -segment 36 
inches long. Their radii are 6 inches and 21 Inches 
reepeotively. Find the distance between their oenters* 
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In. the aoGomp^ying diagTMi 

B and 



and 



a elrele with center A at 
ieoond elrcla with center A* 
and its Interior 



an d £^ 

at BV and G' reepeetively. 



g Are tangent tQ 
C reEpeetively. /A 
lies ^ in the union of ^GPB , 
are tangent to ciVole A> 




(m) Are PA and PA* dlstlnat? Explain. 

(b) If minor are BC has a degree meaiure of 130 j 

what Is the degree measure of minor arc B'C ? 

Justify your answer* 

Show that it is not poselble for the 
lengths of the se^ents of two ^ . 
intersecting chords to be four 
conseautlve integers. 




Consider circle C ^ C(x^y): (x 
and lines such that 



1)2 + (y + 3>^- 64} 



(a) 

(c) 

(e) 
(f) 



£^ C(x,y)i y ^ 5) and ^» - [(x,y)i x ^ y ^ 12) 

P , the Intersection of 



Find the coordinates of 
A and £ ^ . 

Find the coordinates of T , a point oi '-nterseotlon' 
of ^ with the circle, (There is only one point In 
this casej ^ is tangent to C , ) 

Find the coordinates of R and S* p two points of 
intersection of ^ • (a secant) with the circle. 
Find FT and square It, 
Find PR and PS» and tj^ir product. 
Did you expect ^^^iMb^ PR • PS* to be equal? 




2^ 
21. 



22. 



Prove :^ Thm conunon internal 
fangents of two olrolei meet 
the line of o enters at the 
iame point* 

( Hint I Use an indirect 
# proof * J 



Standing on the bridge of a 
latge ahlp on the oceanj the 
oaptain asked a young offliMr 
to determine the distanoe to 
the horiEon. The young officer 
took a 'pencil and paper and in 
a few momenta came up with an 
answer. On the paper he, had 
written the fomula 



d - li/K 



miles , 





Show that this formula le approximately correct if h is 
the height in feet of *the obeerver above the water and if 
d is the distance in miles to the horizon. (Asiume tht 
diameter of the earth to be ^8,000 miles.) 



Review Problems 

(Chapter 12^ Sections 1-5) 

1, Consider the problems below with reference to the four 
i sets C ^ , Lg " and • 

C * {(x,y)i + y^ - 1003 I 



h = 


C(x,y) 


% X 


= -10) J 




t(x,y) 


i y 


« 6} J 


H - 


C(x,y) 


■ y 


= f^^ It 


(a) 


0, 18 


a 


1 


1 


cent«" 


at 


the point 



i 



with radius 



X 



and 



(o) 

(a) 



A(6, 8), B(7j -7)* and 10) are three 

points In the xy-plant. For eaoh paint 
determine i^hather It is on the alrole, ir> the 
interior of the elrole or In the exterior of the 
clrele* Show your computations, 
.Find the Interiiction of ] 

Find the . interieotion of ] 



Find the InterseGtion of 



^d 
and 
and 



C 
C 
C 



Consider ^ Bphere S with radius' 10 and an xy^-coorddrfiate 
syitam which has its origin at the c^n^er of * 

(a) Write an equation 

— of S * ^ * ' 

(b) Give th^ Goordlnatea 
* of the points of 

intersection of S 
with 

(1) the X-axis 

(2) the y-axis 

(3) t^e g-'axls 

(c) Give the InterseGtlon 
of S with the 
3cy»plane, that Is, 
with [(x,y,E)i 1 - 0} * 

(d) Give 'the interseotion of 
S with the xg-plane. 

Give the intersection ^©f ^ with th4 yz-plane« 
Given the points A(3,-4^5y^) ^ B(3j-5*7) $ 

9*6,1) , ^ each point determl^p whether It Is 
(l) in S , (2) in the Interior of S ^o» (3) In 
the exterior ,of S . o 

Write an aquation of a circle in the xy-plan^ which 
has Its center at (3j-2) ^^d^ Its radius equal to k 
Write an equation ot a ^here with center at ^ 
(2j-l,3) and with radius equal to 3 , 




From tm presentation In Seatlons through 12^5, we 

'have several situations In which two angles, two segments 
or two arcs are aonfiruenCS 

(a^ OlVe 6 oondltlons under whleh ^ 2 segments related 
to a cirele are oongruent. 

Give 3' clrcumstanoes under which an angle related 
to ft^pj^role is a ri^t angle. » 
Give h conditions under which two angles related 
to a circle are eongruent. 

Give 4 conditions under which 2 arcs have 
the B&m& degree measure* 



(b) 

(d) 
(a) 



How ig* the ^egree measure of the arc in which an 
' angle is inecrlbed related to the degree measure of 
the arc which it interoepts? 
(b) . Explain how the relation between the measure of a 
central angle and the degree measure of its 
associated arc might be coneidered a epacial case 
of the relation between the meltaure of an angle foraiad 
Uy two chords wzilch Intersect in the interior of a 
circle and the degree measure of its associated arcs. 

For the circle centered at 0 * 



Is a 
is a 
is a 
is a 
is a 
is a 
Is a 




/BOA .is an 
^COD is a ^ 



Given: In the figure, the 
circle with denter 0 has 
diameter AB . IF | | oH , 
m £A ^ 55 . 

Find and mAF , 




8, Given I aB is a diameter 
of the clrale with Genter 
J bisects .^AXB . 

Prove: ^ AB , 

( Hint ; Find m £kXY .) 




Indlaate whether each of the following statements is true . 
or false, 

(a) V If a point is the midpoint of two chords of a olrole, 

then the point is the center 6f the circle, 

(b) If the measure of one arc\of a circle is twice the 
measure of a second arc, then the chord ^of the first 
arc is less than twice as long as the chord of the 
second arc, » . 

(q) a line which bisects two chords of a olrcle Is 

perpendicular to each of the^ chords, 
(d) If the vertices of a qukdrl lateral are on a circle, 

'then each two of ^ts opposite angles are supplementary 
.(e) If each of two circles Is tangent to a third circle^ 

then the two circles are tangent to each other, 
(f ) A circle cannot contain, three collinear points. ^ 
(^) If a line bisects "a chord of a olrcle, then it 

bisects the minor arc of ^that chord, 
(h) If PR is a diameter of a circle and Q Is any 
point In the interior of the circle not on 7r , 
'then ^PQR Is obtuse, 
(l) A tangent to a circle at the midpoint of an arc i^^^ 

' parallel to the chord of that arc. 
(j) It is possible for two tangents to the same circle 
to be perpendicular W each other. 





J 



11, Glveni Two circles tangent 
at P ^wlth common tangent 




12, A hole 4o inches in diameter is cut in a sheet of 
, plywood, and a globe 50 inches in diameter is s^t in 

this hole. How far below the surf ace of the board will ^ 

the globe sink? 

13* A wheel le broken so that only a portion of, the rim 

remains. In order to find the diameter of the wheel the 
following measurements are made: three points C/ Aj and 

are taken on the rim so that chord AB ^ chord TO" * 
^e chords AB and AC ar% each 15 inches long^ 'and 
the chord W is 24 Inches long* ^ Find the diameter of 
th6 wheel. ^ 

l4, MOTieter AD of a circle with center C contalr^s a point 
B which lies between A and C * Prove that is 
the shortest aepnent Joining B to the circle and Bd 
Is the ion'gest. 




is. 



16. 



Given i Clrele with center C , 
W 1^*, ^^'l |*PQ^, and 

tamgent to the circle at H , 

Provei IT® - m , 

(Notai The clrole may be 
conBldered to* represent the 
earth* with *PQ*^ the earth » a 
axle J /WfN the angle of 
elevation of the Nogth Star> 
and mJB the latitude of a 
point H i) 

Assume that the earth is a sphere 
of radius 4,000 miles. A 
: straight tuwiel TO 200 miles 
long conneots two points A and 
B on the surface, and a. vent 1- ^ 
latlon shaft CD is constructed 
^at the center of the tunnel. 
What is the length, in miles ^ of 
this shaft? 

17* Desqribp the sets Indicated below* 



p p 

+ 2- < 9) . 



(a) 


T ^ 


(b) 


M ^ 


(o) 


N ^ 


(d) 


R ^ 


(a) 


The 




and 


(f) 


The 




and 


(S)' 


The 




and 





z = 3) 



2 2 2 

Intersection of A ^ K{x$yp^)i x + y + z" = 1) 

B - ((x,y,E)^ |x| - 1) , 

Interseatlon of D ^ [(x,y,z)i x + + e = l6) 

P - [(x,y,2)t x^ + y^ + 2^^^ 8] * 

2 2 2 

Intersections of T ■= ((x,y,z)^ + y + z = 25) 
U A t(x,y,z)- + y^ = 9) . 
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18. In the figure *AP* le 
tangent to the elt^cle 
at A , A P ^ PX ^ XY . 

^y^'lf PJ ^ 1 ^ QZ ^ 8 



find AX . 



19* Given; AB ^ ^ ® arid ' 
are 120^ area on a circle 
and P'^li a ^Int on S , 

Prove I PA -h PB ^ PC , 

( fanj i . ConBlder a parallel 
to ?S through A Inter- 
seGtlng ^ TO In R the 
circle in ft . ) ^ 

# 

20 # Prove that if two circles 
InterBect, the conmon 
secant bisects both conmion 

' tangent = segments . 
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12-6. Thm Clrcumferencg of a Circle i t,he Number j; , 

It makes sense to ask of eomeone who made a trip .how far ' 
he went. If he traveled In a straight line the answer would be 
the distance between his starting point and arrival point* If 
he traveled in a curved path the answer would not be so easy to 
give. If the path were a circular arc, the degree measure of 
the arc, is not a iatisfactory* way of describing its length. 
Can you see that 1.^ Is possible for two arcs to have the same 
degree measure ^^d^ have different lengths? Can you also see 
that it is possible for two arcs to have different degree 
measures and have the same length? 




. We are going to try to say what we mean by the length of 
circular arcs and to derive ways of finding such lengths. The 
subject is discussed more thoroughly in a branch of mathe^ 
matics Imown as "'calculus," where all kinds of curved paths 
are discussed. We first proceed informally, referring to the 
physical world. We Imagine that we have made a complete circuit 
around a circular path and inquire how far we have gone. We 



12-6 • 

call this distance the Glroumf«rence of the oiTGle and denote 

It by C , It seems reasonable to suppose that if we want to 

measure C approximately, we can do it by Inscribing a 

regular polygon with a large number of sides and then measuring 

the perlmetar of the polygon, Th^Lt is, the perimeter p ought 

to be a good apprpximation to C when n , the number of sides ^ 

IS large* Puttliig it another way, if we decide how close we 

.want p'^ to be to C , we ought to be able to get p to be 

this close to C merely by making n large .enough. We 

describe this situation in symbols by writing p » C , and 

, we say that p has C as a limit, 

# 

We cannot prove/this, however j and the= reason why we ' 
cannot prove it is rather unexpected. The reason is that so 
Ar, we have no mathematical deflnltioh of what Is meant by 
the circumference Of a circle, (We cannot get the eircum= * 
farence merely by adding the lengths of certain sepients, the 
way we dddto get the perimeter of a polygon^ because a circle 
does not contain any segments. Every arc' of a circle, no matter 
how short, is curved at least slightly,) But the remedy IS" 
easyj we take the ajatement 

as our definition' of C , thus: ^ 

DEFINITION , The c ire inference of a circle Is the/" 
limit of the perimeters of the' inscribed regular 
polygons. 

We would now like to go on to define the numbd^t j tt ^ as , 
the quotient of the circumference of 4 circle dlvid^^by its 

diameter. But to make sure that this definition make'^^pense, 

C ^ \" 

we first need to Imow that the number ^ is the same \:|r all 

circles^ regardless of their size. Thus we need to prov^ the 

following I 

- \ ^- 

THEO^M 12=17. The quotient of the circumference divided bf^-.' 

— Q ' V 

the diameter^ is the same for all circles. ^ 
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L2-6 

Proof I We use similar trianglee. Given a circle wl^h 
center Q and radius r , and another circle, with center i» 
and ^radius r' , we Inscrltie a regular n-gon in each of them. 
(The same value of n must be used In each circle. 0 




In the*flgure we show only one side, of each n-gon, with the 
associated isosceles triangle. Let e and e' be their 
lengths as ^hown. Now /kQ3 S' ^A'Q^B' ^ because each of these 
angles 'has measure , *nierefore, slncte the adjacea^ sides 

are proportional i ^ 

by the S.A^S, Similarity Theorem. Therefore (e^r) g (eSr') 

or .(nejr) - (ne'^r') * But ne is the perimeter of the first 
P 

n-^on, and ne ' is ^he perimeter of the second. .We can write, 
(PjI*) g (pSr') i Now let C and C be the respective 

circumferences of the two circles. Then p— and , 
pf - _^ (jt ^ by definition of circumference of a circle. It is 
plausl^e that (C^r) p (C » ^r' ) , By alter^a^iori we caji write 
this^ (C,C») I (r,r«) . It follows that (C,C'0 |^(2r,2r») 

The last proportionality shows the constant of proportionality 

c > 
to be 2r ' ^" designated by tr . We see that the 

circumference of any circle divided by its diameter is tt . 

We express the conclusion of Theorem 12-17 in the 
well-^ known formula 

C ^ 27rr . ^ ' - 



12-6 , . • r 

It can bfe provad thafe .ir is not a rational number, that 
is, it carmbt be represented by an exprasslon ^ , where 
and q are IntegerB. It oan^ however, be approximated as 
elosely ib we please by rational numbers. Some rational 
approximations to tt are 

3 > ^ 3.14 , ^ , 3a4l6 , 3,1415926535 . 

(As a ganeral rule, if there is a Ghoice, you should leave 
your answer^ to problems in terms of tt . ) 

^ C^oi'oll^ry 12^17-1 ^ The circumference of circles are 
proportional to their radii. 

s 

Problem Set 12=6 

1, Vrtiich is the closer approximation to ir ^ 3,14 or ~ l 

2, In the following problems C m clrcimference, r - radius 
and d ^ diameter of a circle. Find the indicated parts, 

(a) r - 7 . 

(b) C - 36 , 
(o) d - 15 , 

(d) r ^ 6a , 

(e) r^^ xVJ , 

3* and are the circumferences of two circles with 

^radli^ r^ and r^ respectively. Pill In the blanks with 
the appropriate multiplier. 



(a) 


If 


^1 




then 


^1 = _ 




(b) 


If 


°2 


= 50^ , 


then 




■ • % 


(c) 


If 






then 


°i - - - 




(d) 


If 


^2 


= % ' 


then 


^2 = — 


- • =1 



d ^ 

d ^ 

C ^ 

c ^ 



c ^ 

r ^ 

r a 

d ^ 
d 
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Two concentric circles have 
oentral wgles ^BOA as. . 
indrcated, 

(a) The mBA (In degrees) 
equals how many times 
mB'A' (in degrees) ? 

If OA ^ 20A' ^then you would expect the length oJ 
BA ^ equal how rmny times, the length of B'AV^? 
[LengthB of arcs will bi oonpidered more precisely 
in Section 12-8, ] 
OA 



l#ngth of m 
length of^ B»^< 
Given' T ^ [(x,y)i x^ + y" ^ 36) 



what would you expect 



to equal? 



U ^ [(x,y)i x^ + 



16) 



(a) 
(b) 



T to 



Wiat Is the ratio Of the clrcumf erenGe of 
the circiimf erenoe of U ? ^ 
What would you expect the ratio .of the lengths of 
the si^bsete of T and U which are in the imlon 
of the^^sitlve^x»axie, the positive y=axis and 
^Quadran^.^.|o^^ ? 

The moon is about 240,000^ miles from the earthy and 
its path around the earth is nearly circular. Find the 
circumference of the circle which the moon describes 
every month. . . ^ 

The earth is about 93,000,000 miles from the sun. The 
path of the earth around the sun^ls nearly circular. 
Find how far we travel every year "in orbit." What is 
our speed in this orbit in miles per hour? 

A certain tall person takes steps a yard long* He walks 
around a Glrcular pond close to the edge taking 628 
steps, 1/^mt Is the approximate radius of the pond? 
(Use 3.1^ as an approximation for w .) 
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9- A reguiar polygbn Is Ins^srlbed In a circle, then anothi 
with one m6vm aide, than the flrst/Ci lnac^*ibed^ so on 
endlea'sly, each time Increasing the number of sides by one* 

(a) What is the limit of/ the length oY the" apothem? 

(b) What is the limit of \the length of a side?* 

(c) What is the limit of the meaBure of an angle? 

(d) wtiat is the limit of the perimeter of the polygon,? ' 



10. 



The figure representos\^rt of a regular polygon of which 
TO and W are^ sides, and R is the cepiter of the 
qrrole In which the poli^gon is inscribed. Copy and 
complete the table i . ^ v 



Numbpr 
of sides 


m /ARB 
or 

m /mc 


m /AHR 
or 

m^/CBR ' 




3 




( 




4 






f - — — 


5 








6 










45 








40 ' 


70 


l4o 


12 








15 


i - -L- 






. 18 








20 








S4 


















11. 



The sides a regular hexagon are each 2 imlts long. 
If It Is InBcrlbed in a circle, find the radius of the 
circle and. the apothem of the hexagon. 
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12-7 
12, 

13. 



The side of a square IB 12 inches^ \^at le the, 
clrcumf^ence^ It* inscribed ^Ircl^? . Of its oircum- 
scribed cirolef 



14. 

15* 



(a) One circle hae a radius of 10 feet, second 
cirola^has n radius one foot longer »■ How muqh. 
longer is ^^the circiimference of; the second circle 

* , ' than *that of the first? \ ' ■ , ^ 

(b) How ntuch loiter Is the oirQiunference of a circle 
whose radius is 1001 feet than that of a circle' 

" whose radius Is one foot shorter? 

^ regular octagon with sides 1 unit long is inscribed 
in a circle. Find the r^diui of the circle. ^ 

In the figure > square *XY2W' is 
inscribed in a circle with center 
0 , and square ABCD 'is circum-^ 
scribed about this cir%ie. The 
iagonals of both squares lie P 
n "^C^ and *BD^. Given fhat ^ 
a square PQRS is formed when 



r 



the midpoints P, Q, R 
of 



and 



1^ f W , cZ ^ and TO are 
Joinedj is the perimeter of this 
square equal to, greater than^ 
or less than the circumference 
of^ the circle? Let = 1 and Justify your 
answei: by computation, ^ 




12-7, Area of a Circle, 

In Chapter 11 we considered areas of polygonal-regions, 
defined in termB of a basic region, the triangular-region, 
which is the union of a triangle and its interior. In talking 
about areas associated with a circle^?^ make a similar basic 
definition. 
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12=7 ' .. . 

D EFINIT ION. A gi^*cular- reg Lqn .In the^ uriicn oV a 
circle and itc interior. 

In opeaking of "the area ot' a 1 Uu u^u 1 ar-reH Ion" wo I'ound 
it convonlent to auDvovXato thla p[ipa.i^: to "ti.a area or a 
triangle." Similarly; we usually bay "tao area or a oirc.e" afc 
^ an abbreviation or '-the area of a o irau lar- region . " 

We now get a rormnia ror the arna ot a ^Mi*ole, Wo already 
have a rormiila t'or the aroa oi' an Ina-nMhoii iN-r'.lai' i.-r^ w. 
thin Ui 

A.. : =^ip 
no- 
where a Is the aroriiofu arui o ^ s ta^t^ oo^^^i-.o ^?- 



\ 



4 




I 



\\ 



J 
{ 
i 
I 
I 
I 

.L 



V 

n 



111 th 1 a a 1 t ua t h^i ? noi-t* .o'.^ i ;iroo ^l^.;i^M I lo.; 1 n \ .O 



O . j 



t^aeh deporulin^- on o , Mi.^ oiniip'- ^ ^o' :MOt'. . " i'iu';U' 
and ? A^. . 1\> K:f^t .r!\u'imjl.i i\m' t.:iM ai'j-a a' :i _^M'r' lo, lu-hd 
Ic^ riiui .no, whal Mnins aaoMMtOO:- h,iv-^ j:; li [..' ■oiiuo^ 

1 artJ,o . 

(i) WhHl MMpp'^no . \.:. .ilway.i :ol,'titly loso 

t'hon tlio ai'oji A .^\" {\\, • Irri.o iM-.Moor la^o^f .irc olvwayo a.*M!io 



' ' ' . 

' i^il triu ciirrurpnoe botwtMM; A arui A 1 v»m^' niiin'll. wiun\ 

n 

U^'Verj^. large, rtu^aii^e whrh h In vt^v/ Uu'K^e tht^ ihilygoiial^ 
M xpe ' t t ! la t J 



r: 

a*^ way ^kI \ ;^ .via 



■I ra r 



( •) What happ^Mi ^ t ■ i 
4 tj^iil s V it'aa laaui V , > ai 
a U' t ' a ^ 1 aa a I a^ a .a ^ ■ r ■ : i ; : 



i 1 ;• a 1 way! 
air w/at I a Uin^ 
^ ri' i * ^ a^ ■ t Wi M Ml 
I h w a , Wi'^ ' ^ X I H 



Wa, ; t a. a 



iL ua? 



I . ) i I; 



t lar A [ III M 



u • t a ■ a 



iiih i a 1 aw, 1 i i 1 a \^ H. : , \ \ j. 



Tnua tno i'oinnula that, you have known for yearn finally 
uecomes a tlieorom: 



C cn^Ql lai^y I? - IH-I , Tiie areas of two circle: 
proportional to the sqiiaros of'tholr radii. 



are 



Pr obj ern Sot ^ 

l-Mnh t.i tlr^ nearest tenth the clrnumf eronce- and .area of a 
olr-o.Le wl%fi radius 



(a) ' 
(i) ii 



lO vO 



■ Ind t^xoot. ! y ^ { In ternio of ir), the e ti^cunU'e renee nnd area 
d' a 1 r. ' [ r» w 1 th raii !,io; 



(«) 



I'M nd 1 ti'^ r 1 re i i!t\f 0 reTu 



(a) 

CO 



o ' nj 
O/j 

t [ a Oi -a 



(O / 

(a) 

.\ a flre.le whoro arcHi .1. ; 

(O 

■(d) 

lO J.:'^ 



[ i) i- 1 nd \ I A/ . i t 'OO V > t olb ' fOf t 

of t ii ! e ! eon w:i:^htM^ It If. 
il lanua tM' 1 'I tMMit. 1 tnot.c^ 
:nid t III- 0 1 uiiud.rO'' ol' l.ixi^ 
\\ ^ \ 1 ; ■ . ' i M 1 M sue 1 <'M'o . 

(t) U^Mitd t hi^ arioi 4'*' ciionei^'i'l 
\ {' le t ^ r 1 r* M f ' wi M ' 
n . d^^ ^ ■ . > ! b ' ^ ' [ d r 1 > ' ■ 





12^7 
6. 



Tlie radius of the larger of two circles is three times the 
radius of tiie smaller. Find the ratio of the area of the 
first to that of the second, 

7* The circumference of a circle an4 the .perimeter of a 
square ai^e each equal to 20 inches. Which has the 
greater area? How much greater Is it? 

8. Given a square whose side is 10 inches, what is the* 
area bett^en its circiunscribed and inscribed circles? ■ 

9p An equilateral triangle is inscribed in a circle. Xf the 
side of the triangle Is 12 inches^ what is the radius 
of the circle? The circumference? 



10* l^e -cross inside the circle 

is divisible into 5 squares, 
Find the area-^which is inside 
the circle "^nd 'outside the 
cross* , ' 



11. (^iven: Two concentric circles 
AC is a chord of the larger 
and is tangent to the. smaller 
at B . 

prove: The area of tlie x'lng \ 
( annu lu s ) Is 7r ( BC ) » 



12. in a sphere wiiose radius is 

I'O inches, sections are made 
by planes 3 inches and 3 
i n c h e s f r o m ^ t l ie center, v/h 1 c h 
section will be the larger? 

Prove tliat-your answer is 
correct , 





7 



In^he figure I ABCD is' 
a square in which ' 1, F, G 
are midpoints of AD , AC ^ 
and CB , respeotively , 
AP and PC are circular 
arcs with centers E and 
a respectively. If the 
side of the square is s , . 
find the area of the shaded 
portion p * ' 




In the figure, semicircles 
are drawi with each side 
of right triangle ABC as 
diameter. Areas of each 
region in the figure are 
indicated by lower=case 
letters . 



'Prove: 



r + 




A special archery target, with which a <LOvice can be 
expected to hit the bulls^eye as often as any ring, pis 
constructed in the following way, Rays OM^ and PN^ 
are parallel. A circle with center 0 and radius r , 
equal to the distance between the rays, is drawn inter- 
secting OM at Q . ^ J[ W . Then a circle with center 
0 and radius OA ^ or ^ is drawh intersecting 

in R . This process is repeated by drawing perpen- 
diculars at R and at S , and circles with radii OB 
and OC . Note that we arbitrarily stop at four 
concentric circles. 



in terms of r 



(a) Find , r^ , 

(b) Show that the areas of the inner circle 'and the 
three "'rin^Sj'^ represented by a, b, c, and d 
are equal » 
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An iBosoeles trapezoid whose bases are 2 inches and 
6 inches is Glrcumscribed about a clrola. Find the area 
of the portion of the trapezoid which lies outside the 
circle. 

8. Lengths of Arcs . Areas of Sectors . 

Just-as we define the circumference of a circle ae the 
t of the perimeters of Inscribed regular polygonB^ Jo we 
define tlie length of a circular arc as a suitable limit. 




8^ !^ ' 



12^8 



n 



n 



If Ab is an arc of a circle with Genter Q , we take 
- 1 points P , p on AB so tnat each of the 

angles £AQP^ , £^1^2 ' * * * ' ^^n - 1^^ measure 



1 



rriAB 



n 



DEFINITION. The length of arc AB is 



the limit of 



AP 



1 



+ P 



B as we take 



n larger 



and larger. 

Notation, We sometimes write " ^AB" to mean "the length 
of AB 

^ It is convenient, in discussing lengths of arcs, to 
consider an entire circle as an arc whose degree measure- is 
360 . The Circumference ' of a circle can then be considered to 
be simply the length of an arc whose degree measure is 360 . 

We now have two types of measure for circular arcs, their 
degree measure and their length. There is a simple connection 
between these m&asm^es^j In the case of congruent circles, 
namely, that the lengths of arcs on congruent circles are 
proportional to their degree measures. It is possible to prove 
this fact^ but the proof is very difficult. We prefer ta state 
it as a postulate* 



Postulate 31 . The lengths of arcs in congruent 
circles are proportional to their degree measures. 




B 



Q 



A 
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If we t^ke A>B» to be a semicircle, then mA'B' ^ l86 ^ 
and ^ ^ TTi^ , ' ♦ , 

Then we may write {im.irv) g (mAB,l80) , • ^ 



Clearly the constant- of proportionality is "j^q * 

■ V n 

THEOREM 12=19 . An arc of degree measure q contained in a>^^£'^ 
circle whose radius is r has- lengtl-i.^ L , wher^e 'S^ft* 



L ^ 



- w 

iBo 



This result follows from the proportional ity, 
(L,Trr) p (q,l80) . 

A sector of a circle is a region boui%ed by two radii and 
an arc, like this: 



More preGlsely: 



DEFINITIONS , ir AB is an arc of a circle with 
center Q and radius r , then the union of all 
se^ents ^ where P is any point of AB , 
is a sector, 

AB iB the arc of the sector and r Is the radius 



of the sector. 



The' following theorem is proved Just like Theorem ly-lB, 



THEOREM 12-20 . T^ie area of a sector Is half the product of 
its radius and the length of its arc. 
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^ Combined with Theorem 12-19, we get 



THEOREM 12-21 , The area of a sector ^of radius r and arc 



measure q 1^ 



q . 





Problem Set 12-8 

The radius of the circle with 
center A Is 20 , The 
radius of the circle with = 
center B Is 10 . 
mCD ^ 60 . mSp = 6o , 
Is the length of CD 
greater than, equal to, 
or less than^, the length 

of If ? ' 

Which has the greater degr^ee measure: an arc of one inch 
on the equator of the earth or an arc of one inch on a 
half dollar? 

Are the degree measures of congruent arcs equal? Are 
the lengths of congruent arcs equal? 

Suppose AB on one circle has a larger degree measure 
than/ CD on another circle. . Does this information permit 
you ^ to concludt that the length of AB is greater than 
the '"iength of CD ? Suppose that you were also told that 
the length of AB is equal to the length of CD , Which 
circle has the greater radius? 



The radius of a circle it 

of 



15 inches. What is the length 



of an arc of ^6o° '? 



90° 7 



The radius of a circle is 
sector with an arc of; 90^ 



of 72^ 1 . of 36^ ? 
What is tl^e area of a. 



of 



1° ? 



of 6o ' ? ' of 54^ 



What is the area of a Bector whose arc has degree measure 



90 



and arc length Stt ? 
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VCiat Is the length of AB In the circle with center 0 
if m £A0B ^ 60 and the area of the sector AOB is Bw 

If the length of a 6o^ arc is one centimeter, find the 
radius of the arc* ^Also find the length of the chord of 
the arc . ' 



B sector has area tt 



What i 



In a circle of Kadlus ^ 
the measure of its arc? 

^ / b ^ _ 

Given ^ ((x,/, z)i x" + + ^ 25) 

and P ^ [ (x,y, z) r z ^ 3) , 

(a) Describe the intersection of S and P . 

(b) Compare the circumference of the circle of Inter- 
section of S and P and the circumference of a 
great circle of S . 

(c) Compare the area of the circle of intersection of 
S arid P and the area of a great circle of S , 

(d) Compare the arcs of the circles in Parts (b) and (c) 
such that all points of the arcs satisfy the 
conditions that x > 0 and y > 0 J 

2 2- 

Find the area of the sector of the circle x"+ y ^ 1^0 
which has the positive x-axis and the line Y - as » 
partial boundries and which satisfies the condition that 
x >. 0 ^ y > 0 . 

A segment of a c^r^le is the 
region bounded by a chord and 
an arc of the circle. The 
area of a segment is found by 
subtracting the area of the 
triangle foimed by the chord 
and the radii to its endpoints 
from the area of the sector* 
In the figure., m £APB ^ 90 . 
If 




?B ^ 6 , then 
Area of sector 



PAB 



Area of ti^iangle PAB ^ 
Area of segment - 97r - I8 



9ir 



6^ ^ IE 



or approximately 10.26 



12-8. 



14, 



15. 



Find the area' of the segment* Ifi 

(a) m £apB ^ 6o i r' ^ 12 , 

(b) m ^APB ^ 120 i r ^ 6 , ^ " 

(c) m £kFB ^ 45 ■ r ^ 8 , 

If a wheel of radius 10 inches rotates through an 
angle of 36^ ^ 



I. 



(a) how many inches does a point on the rim of the 
. wheel move? 

(b) how many Inches does a point on a spoke 5 inches 
from the center move? 

A continuous belt runs around two wheels of radii 6 
inches and 30 inches. The centers of the wheels are 
48 Inches apart. Find the length of the belt. 




^ 6 



16, In this figure ABCD is a square whose side is 8 Inches 
V/ith the midpoints of the sides of the square as centers, 
arcs are drawn tangent to the diagonals. ^Flnd the area 
enclosed by the four arcs, 
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12^9. Insorlbed and Clroumsci^lbed Circles , 

• DEFINITIONS , A circle is Inscribed in a trlEuiglei or 
^ the triangle Is circumsci^lbad about trie circle , if 
each side of the triangle is tangent to the circle. 

A circle is circumscr ibed about a triangle , or tiie 
triangle is Inscribed in the circle ^ if each vertex 
of the triangle lies on ttie circle. 




In these flg-ures, A ABC le Inscribed In circle .and 
AA*B*C* ds circumscribed about circle . Circle C,-, is In-^ 
soribed in AA'B'C* and circle C^ is circumscribed about 
^ABC. 

..The problem finding a circle circumscribed about a 
given' triangle can be stated in a slightly dirrarent way. If 
A, B, C are three^ points, it is natural to Inquire if there In 
a circle wliich contains all three points, and if "&o, how m.any 
such circles there are. We Imow that no circle lias ttiree 
col linear points, so we ouglit to restrict, our attention to 
three points which are noncollinear . Can you see any difference 
between the problem of a Lraumsarlbl n^*; a circle about a i';lven 
triangle and tiiat of patising a circle thru\ir;h eut'h or thrue 
given noncollLnear polntu? 



If we want to clrciunscribe a circle about a given tr-^iangle 



ti'ie perpendicular bisectors oT AB ^ W and TO * Will these 
peiT^endlcularo meet in one point? In fact, they do, as is 
proved in Corolleiry 8-28-1. Since 0 is the only point that 
has the property that OA ^ OB ^- OC and oince OA is the 
only radius that we can use fur our clrale we therefore conclude 
tliat there is exactly one circle ttiat circumscribes A ABC . 
And thua we have piKived 

TliEQREM 12-22 . ^ A triangle has one and only one circumscribed 
-circle. The center ut' this elroLe in trio intersection 
of the perpendicular bisectors of the sides of tlie 
triangle. -^^^ / 

( 

We now turn to c Ire lei! Inucivlbed in ti'lan>Ueu. We look 
for a uirclu whleii has t:iie thi'eu si dun as tangents. The 
segment from its center 0' to a point oV ^contact is perpen- 
dicu Lar to tlils nide. Why? Then the Len^^lh of this segment 
Is the dlstanoe froiii 0' to the Bides. Why? ^ilmilarLy, the 
Lengths of the perperull cu L ar .:e^';mentg trom 0' to the other sides 



ABC, we would first have to locate Its 
center 0 . W| start witli the require- 
ments that OA ^ OB ^ DC * Wliere do 




we look for 0 if OA and OB are 



to be equal? If OB and^ DC are to /.»L___ / \ 
be equal? If OC and OA are to be \ / 
equal? By Theorem 8=^28 we taow that qs/=---^"^~^~~^~^ \ / 

the set of ail points equally \ . ^ 

distant from two points is^ the _ 
perpendicular bisector of a line 

segment Joining the given points. We are therefore led ^to find 




would be the distances to those aides. Our problem then la to 
find a point equally distant from the sides of a triangle. By 
Theorem 8-29 we know that tne set of all pointG equally distant 
'-rrom t'he oldes of an^angle 1^ its mldray. Rarthermore^ by ^ 
Corollary S^-29^1, we Imovi that the midrays of the angles oT a 
triangle meet_ in one point. We may th^efore find the center^ - 
of an inscribed circle by .f inkling waere the three angle 
bisectors of the triangle me^ , The radius of the circle is 
*th^ distance from this point to a 'side,. Moreover the- circle is 
unique because its centet'-and radius are unique. We have thus 
proved 

THEOREM 12-23 , A triangle has one, an^ only one inscribed 

circle. The center' of this circle is .the iritersectlon of 
the midrays of the angles of the triangle. 

Problem Set 12-9 

1. Investigate v^^hether the centei' ot' the circumscribed circle 
about a given triangle is in the interior, on, or in the 
exterior of tuo. triangle. Consider three eases: a 
triangje wnone auglos ai^e acute, a triangle with a right 
angle, and a trlniigle with an obtiuie angle. After making 
drau.ingo foi' each case state what soeins to be true in each 
case, Tluui prove eacli Ld:al:e!!ionl: . 

. Mind tiio riMil.M' >d' the ImMM'tb^nl .Mi'cb' a isivoii 

triangle In Iwc Intcrioi' ^.n" t;ie tu'langU^? Write ai^ 
ar^':umer\,t to nu]^port: your annwer. 

* 

A. 'riic tK?iiteP o [' { iu^ 0 1 iH'nnuuU* I bod rc lo oT :\ coiM;a In 
\ 

JuM.ang 1 c\^L on one ^U.ilo and 12 ini'hes i'r^)m eacii 

void ox. I'Miid t.ho UMir;tb of Lho iiuulLin t.o tho longost side, 

•K 2:ni ;rcU\'[i^ Ih' f 1 I'cunis .m' UuHi about a j^; 1 von roc t-aiir; 1 o 

2ai\ a cUhMo t*o UuumM hoh hi ;! f';lvon OuH' tan?'; 1 o ? rrovo 
yom^ arumors , 

S, 2an a 1 1 o lu' 1 ii;i*M' i ;'>*d In a i^;lvon I'honiluur.* Vi\)'^o your 
aiuiwor , I 'an a o I'O ^' .U'c annUM ' 1 be n 1 a 1 "f^ voii 

rhoiidnni V 



12-9 . . ^ 

Prove that an equilateral trlarfogle has GonGentric 
inscribed clrcumaorlbad oiroles« , ' ^ 

7. Prove thatj if. a trl^gle has conoen^tale Inseribed and 
Qircumsorlbed eiroles, tt^n It Is eq\Slateral, 

8, Prolfe thrt a can be circumscrlfed by a 
circle if a pair. of opposite angles are supplementary, 
( llint I , Use the indireot\?nethod, ) 

9* Can a circle be circumscribed about a given isosceles 
, trapezoid? Prove your answer* Can a elrcle be inscribed 
in a given isosceles trapezoid? 

dO* The radius of the inscribed circle of a right triangle is 
2 §hches long, ^he point of contact on the hypotenuse 
, divides it into two segmenta whose lengths have the ratio 
3:2 . Find the length of th% hypotenuse, 

11, Consider tflangle XYZ with vertices X(0,0) ^ Y(8,0) ^ 
Z(5>3) . 

(a) Find the midpoint and the slop^of ^ ^ amd write 
an equation of the line Qontalning this point and 
having as Its slope the negative reciprocal of the 
«lope- of ^XY** I^at is, write an equation of the 
perpendicular bisector of W . 

(b) Similarly, obtain an equation of the pe^endicular 
bisector of ^ * 

(c) Find the point of Intersection, C , of the 
respective perpendicular blsectorB of W and ^ , 

(d) Obtain an equation ^ the perpendicular bisector of 
W . Do the coordinates of C obtained in (c), 
satiafy this equation? Are the three perper^dicular 
blseotors of tr*iangle XYZ concurrent In the point 
C ? (If yo'u have not found this to be the casei you 
should check your work, ) ^, 

(e) Show that C Is equidistant from the vertices of 
triangle XYZ . What Is the. distance' OX ? 

(f ) Write an equation of the circle having C as center 
gmd containing X, Y, Z . "nils is sometimes called 
the ''clrcumclrcle,/ and C is the "clroumcenter, " w 
of the triangle. 



/ 



12. Consider, again, the triangle XYZ with vertices X(0,0) , 
^^8,0) , Z(5,3) , . 

(a) Write an equation of tfte line containing the midpoint, 
of W and the opposite vertex Z . ^is line: 
Gontalns the median to ^ . 

(b) Write an equation of the line oontaining the median 
to Xf . 

(c) Write an equation of the line containing 'the median 
to ^ , ^ , 

(d) Express the three equations of Parts (a), (b), and (c) 

above in parametric form. For the parameter k take 

1 2 

the value ^ , or ^ , and find the coordinates of , 
*the trlseotlon points of each median which is common 
to all three mediane. This point Is sometimes called 
the "centrold" of the triangle* 

13. Consider, agairi* the triangle XYZ with vertices X(0,0) , 
' Y(8,0) , Z(5,3) . 

(a) Write an equation of the line which contains Z and 
is perpendicular to , This line contains the 
altitud to 1^ . ^ ^ i 

(b) Write equations for the lines which contain the 
altitudes to Xf and W ^ respectively, 

(c) Find the coordinates^* of the point 0 which is eommoh 
to -all three of the lines containing the altitudes * 
This point Is sometimes called the "orthocenter" of 
the triangle. Is the orthocenter of triangle XYZ 
in the interior or the exterior of the triangle? 
Sketch a triangle for which the opposite is trugp 

(d) It is perhaps surprising to learn that the circum- 
center^^the controldj and the orthocenter, of rfny i 
triangle are collinear* Use the results 'of Problems 
11, 12, and' 13 to verify that this is the case for 

\ triangle XYZ , 
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12-10* Swimary . ' ^ 

|tie/f OQ^ 9JP thi perpindlcuiar from t^t aentar of a ciPQl©^ 
to a Wtrto is the key to understanding many relations between " ^ 
circles tttt tmgenta and between circles and chords. Similarly 
the foot of the perpendicular from the oenter of a sphere to a 
„_.^mne-Jielps to explain the relations betw^an a s^ re -^d a 
Jl^angent plane and the Intersection of a sphere and a plane. 

' . We saw some interesting relations between the measures of 
certain angles related to a circle and the measures of 
Intercepted are $,j ^he^e relations are easily rememb'ered by 
noting that 'if the vertex of the angieUs an interior pcplnt of 
the circle we use one-half of thevtpum of two arc ir^asuresj if 
on the circle, one=half of an arc measure; if an exterior point, 
one-half the difference between two arc measures. 

We defined the circumference of a circle, the length of Bn 
arc, the area of a circle, and the area of a sector as limits 
pf certain measures related to regular polygons. This enabled 
us to make plausible the formulas used for measurijig circum- 
ferences, are lengt}%s, ^eas of circles and areas of sectors. 

X 

Review Rroblems 

(Chapter 12) ^ ' ^ \ 

1* If C Is the circumference of a olrdle and r is Its 

radliis, what 1b the value of ^ ? 

r 

2, Define ^ (a) the area oj5 a circle. 

(b) the length^ of an arc of a ^rcle. 

3* If the circumference of a clr^cle is. 12 iHchfi, the 
length of Its radius will lie between what two 
consecutive integers? ' - 

^\ If the diameter of two clroies ^ and /C' are d and 2d 

respectively an^ C makes 10 revolutions in going a 

distance K , how many revolutions will make In ' 
going the same distance? 

5* vniat is the radius of a circle If Its' clrcumf erence Is 
equal to Its area-? 




12-10 ^ ' ' ■ '■■I ' M- , ■ 

6* If the radius of -Gne circfe iff 10 timee the radius of r 
another^ give the ratio of 

(a) their diimeterf, 

(b) their Giroumferenoep, ' ^ 
(o) their areas,, ^ / 

- •-r-v7-. If a regular 4iexagon .-Is . 1 in a circle of radius 

^/ , 5 # what is the length of ^each side? ^What is the length 

= . ■ ~ t . 

of the arc of each side't 

8, Show that the area of a circle is given ^by the formula 

12 

A ^ ^d J where d is the diameter of the circle* 

9. (a) If both a square^ arid a re^lar octagon are inscribed 

in the same ciro'lej which has the greater apothem? 
the greater perinteter? 
(b) Ahswer the same questions for circiim^Gribed figures, 

10. Prom what formula relating to regular polygons is the 
formula for the area of a circle derived? 

' \ ^ " ' 

11. A wheel has a SO inch diameter. How many revolutions 
vfill it make In going 100 feet? 

12. angle of a sector is 10^ and Its radius is 12. 
inches. Find the area of the sector and the length of 
its arc, 

13. . Prove that the area of an equilateral triangle circum- 
scribed about a circle Is four times the area of an 
equilateral tripjngle ihscrlbed in the circle. 

l4. In the figure, ^EP^ is tangent 
to the circle at D and OA 
bisects £bCD , If mAB ^ 88 
and mCD ^ 62 , find the 
measure of each arc and each 
ahgle Indicated in the figure. 




15* TOie ^distance between th6 
centars of two circles 
havirig radii of 7 and 
9 IB 20 . Find the 
length of the connnon 
Internal tangent - pedant * 

l6.: / 5iven Inecrlbed quadrilateral 
/ ABOD ^ wlth dlagonali inter^ 
SQcting at p * 

Prove: ^ ; v 

(a) AAPD ^ ^BPC , 

(b) |p * PC ^ PD • PB , 

* 17. Given the bircle C « [(x,y)j + ^ l6] , 

(a) Are points A(4^0) ^ B(0>4) on the circle? . 
Find the slope of *AB*t 

(b) Find the midpoint of 11 . 

^ (fc)'^ Write an equation of the line containing the 
midpoint of TO and perpendloular to *AB^ , 

(d) Does the line of Part (a) contain the origin? 
What theorem does tihls Illustrate? . ■ ^ 

(e) Find the point of intersection of the perpendioular 

bisector of AB with C . This pol^t. is the ^ ^ 

of M , ^ 

l8. Given: In the figure^ F 
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Chapters 10-12 

^ Write (+) If the statement is true and to) If It is .false. 
Be able to explain why you mark, each statement true or farse, ' 

; 1. .' There can be a region whleh Is oompletely eurrounded by a 
polygonal^reglon and which does not contain a point of the 
polygonal = region* 

2, If a polygon JlB equilateral^ it must be a regular polygon,' 

3* No polygon can be a convex set, but some polygons 
enclose a convex set, ' 

4. Each interior ^gle of a regular pentagon has measure 72 , 

5. Every polygonal^reglon ,is either a triangular-reglon or 
th# union of two or more coplanar triangular-regions. 

6. Tt\% sum of the measures of the face angles of a' 
polyhedral ^ angle can equal 36o . 

7. The number of the diagonals from a given vertex of a 
convex polygon Is «qual to the number of sides of the 
polygon, Q 

8. An exterlpr bix^^ of a regular polygon Is congruent to 
the central- f the polygon, 

9. The sum of the measures of the interior angles of a 
convex polygon of n sides is (n ^2)l8o . 

10, The sum of the measures of the exterior angles of a 
convex polygon^ considering one at each vertex. Is 
equal to the sum of the measures of four right angles, 

11, If a line intersects a circle In one pointy it Intersects 
the circle In two points, 

12, It is possible for two triangles to be congruent and to 
be the boundaries of triangular regions with different 
areas , 

13, The area of a right triangular region is one-half the 
product of the length of the hypotenuse and the length 
of the shorter leg, 

913 . 



14, Thm area of the intVwor of a parallalpgram Is thii product* 
of the lar^ths of &^ twC^ oonsaputl^a iidas. 

" is* If A (0,0) BnA B(0,€) are tHe andpolnts of a dlamater 
of a oiroA, then 0(3,3) is a point on the olrola. 

l6». If two parallelograms have congment altitudes, the areas 
^ of their interiors are proportional to the lengths of 
their bases, ' 

17. If a plajie interseete a sphere in at least two points, 
the intarsection Is a line. 

l8» if a sphere imd a oirole'have the same aenter and if they 
intersect, then the Interseotion is a clrele, ^ 

19* If a line Is ^tangent to a circle, it Is perpendicular -to 
the plane of the circle. >^ * , 

20. A line which is perpendicular to ahd bisects a chord of 
a plrcle contains the center of the circle, — 

21. Thm set ((x,y,E)i x + y + s « 9) is a 'sphere with 
center at the origin and with a radius equal to 9 . 

22. If C ^ [(xjy)r f y^ ^ 25} , thOTvthe'line " 
I(3C,y)ry,^ 53 is i^gent to 0 , 

23* ^e distahce betweei the point A(l,2,3) and the poittt 
B(0,-4,-l) la * . 

24, Any quadrilateral can be inscribed In some circle,- - 

25, If thff lateral edge of a prism is congruent to the 
altitude of the -prism, the prism is a right prism. 

26, Any two great circles of a sphere Intersect, 

27, Two tangent circles are externally tangent only if their 
centers lie on opposite sides of each conmon tar^ent line, 

28, Thm point of tangency of two tangent circles is collinear 
with the centers of the two circles, 

29, The areas of two similar polygons are proportional to the 
squares of the lengths of any two corresponding sides, 

30 p The apothem of a regular hexagon of side s is equal to 
the altitude of an equilateral triangle of side s . 

014 



31. Thm i^adlua of a elrole Is congruant to the median dife the ^ " 
hypotenuse of a right triangle, inscribed in the ' cirale. 

32* In a eirele of radius 12 , anf Inscribed angle of 135® 
l^teroepta an arc of measure 9^ . . 

33* A line can intersect a sphere in exactly one point, 

. . J./f. * ^. . .Two pljyje s It arigent^ to Jbhe,. a toe : spht r.e. mu s t . inMr i tc t. . . ^ . _ 

35* If two ahords interaect within a circle^ the ditferance \ V 
ih the lengths of the segments of one chord is equal to 
the difference in the lengths of the segments of the oth#r, 

36, If the lateral edge of a parallelepiped Whose base is a 
square is congruent to a side of the square base, then- 
I the parallelepiped is a cube* ' 

^ 37* If a line Intersects the exterior 6f a sphere, then it ' ^ 
must intersect the sphere-, ^- 

38* Concentric circles have concurrent diameters* ^ 

39*^'% sphere has radius 5 * If a plane 3 units from the. 
center intersect the sphepe. in a cire^le^ the radius of 
-this circle is 4 , . ' . ^ 

^0', The plane C(3^,yi2)^ z ^ 7) Intersects the sphere 

2 2 2 
[(x,y^E)i X" + y + z ^ 16] in a circle, 

41, ^Polrtt <S^3) lies on the circle [(K,y)i + y^ ^ 5) , 

f' 

42, I^e product of a secant-segment and its external secant- 
se©n^t is constant for any given circle and exterior 
point . . 

43, A pyramid is a regular pyramid if the foot of the perpen^ / 
dlcular from its vertex is one of the vertices of the 

base , , ^ 

a 

44* / The fomula A ^ ^ap is the formula for the lateral area 

of any pyramid, / . 

45. w ^ 3*14159 * 
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46. The degree measure of a minor arc le the i&ne as the 
mgasure of the ^central angle v^loK intereepts It, 

47. All arcs with the same degree meaBure have the same length 
if they are all of the same elrcle, 

48. Every oirole formi with its interior a polygonal- region. 

49. The measu^ of a tangent-chord angle is one-half the 
measure of its intercepted are. ' , 

o 

50* An arc vrtiose degree measure is 120 has length ^ 

if the length of its radius is one,. v 

2 2 ' ' 
" 51 • Line y - 2pc intersects the circle x + y~ - 100 in 

^ ^ the points with coordinates (2 y3 $ 4 and 

52. (x,- 2)^ + (y + 5)? ^25 Is a Circle with center at 

53. If the measure of the radius of a circle Is one^ its 
clreiamf erence is 2w and its area is r . 

54. The median of an isosceles triangle is- parallel to"^ttre< 
base , 

55* If two chords of a circle bisect each other, then each 
nmst be a diameter of the circle. 

56. The quadrilateral with vertices (0,0) , (4^0)., (4^4) , 
(0,4) is a square. 

57 • In a sphere the planes of great circles are parallel. 

58. A imit- square must have a measure of one Inch for each 
side , 

59* Angles insoribed In the same arc are congruent. 

60. The area of a circle Is smaller than^ the area of any 
regular polygon in which ^the circle is insoribed, 

61* The area of a trapezoldal-regiOn is the product of the 
lengths oC its altitude and its median, 

62. A rectan^lar prism whose bases are square s^ and each of 
whose lateral edges is twice as long ae the side of the 
base, has a total surface area which is ten times the 
area of a base, 
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63. *^ If two trlajigles have bases of ^tha same length and 

altltudei of the s^e length, they have the same area 
and are similar pol^^ons, * 

64. If a circle Is Inscribed in a parallelogrM, then the ^ 
parallelogram must be equilateraL* . ' 

65* If the' degree measure of one arc of a circle Is twice, 
the degree measure of a second arc, then the chord 
associated with the first arc is twice as long as the 
chord associated with the second arc , 

66, If a set of -points is a quadrilateral, then the points 
are bo^lanar. ■ 

67* It is possible for the InetAter, the clrcumcenter/ and 
the orthooenter of a triangle to be the center of the. 
same circle, 

68, fhe square of the length of a tangent -segment from a- 
given exterior point is equal to the product of the' 
lengths of any secant-- segment from that point and the 
length of its external segment. 

69* The points of a circle are said to be collinear. 

70. If the circumference of a circle is 12w , then the 
area is l44Tr , C 

71. Tlie area of a sector of radius r vrtiose arc has a degree 
measure q is • ttt 

72. ^ The point which is equally distant from all three sides 

of a triangle, is the intersection of the midrays of the 
angles of, the triangre, ' . , 

73. The circumference of a circle is the limit of .the 
perimetdrs of the circumscribed regular polygons, 

74. If two parallelogr^s have the length : of the base and 
altitude of one proportional to the lengths of the base 
and altitude of the other, the parallelograms are 

; similar, 

75. A quadrilateral whose vertices have xy-coordinates (0,0) , 
(3,0) > (4,2) , (1,2) is a parallelogrMi, 

• 42 J 



76* All blsectore of the interior angles of a regular polygon 
Interieat in a jingle point. 

J7\ The perpendicular biseotorB of the sides of . a triangle 
are ooncurrent . . " ' 

78. A triangle hai one md only^ne elrdumscribed clrele. ^ 

, 79. The center of a olrole eireimscrlbad about a right 
triangle is not In the Interior of the triangle. 



80* . ^e least niimber of faces a polyhedron can have is three, 
- If the perimeter of a regular hexagon is .p , then the 



radius of the inscribed circle is "V^gP , 

82* There are only five types of regular' polyhedrons, 

83, The point (4^-3) is a point of a circle whose center 
is the point (0,0) and whose radius is 4 , 

84. The radii of two circles are 3 and 5 j the radius of 
a circle whose area is equal to the sum of the areas of 
these circles is i/ST / ' ' 

85* The face angles of a trihedral angle may-have measurea 
120 , 2,5 , and 90 . 

86, A regular polyhedron having as many faces as there are 
months in the year is called a dodecahedron, 

87* If AB ^ CD , then (^) ^ (rt) * 

88* The addition of directed line segments is oonmiutative. 
89* Vector addition is coranutative, 

90, The vector [6^3] determines a upique directed line 
segment , * * 

91, nie vector ,[6,3] is. the additive ^inverse of [-6,»3] , 

92, If aV^ * then |a| cannot equal Ib'l , 

§3. If a 4- b - b + a , we can conclude = a' .% h - , 

g4* ^^e' scalar product of two vectors is corranutative , 

95* The scaTLar product of two vectors is not zero If the 
vectors are pei^endicular. 



96. The origin of (JC%) is A . 

97. The temlnus of (a7%) is B . 

98. If (aTb) + (C^D) m {K^) and (OTd) + (ffTB) - (cTy) 
then (ff^) i (gTy) , ^ * ' > * 

99. *If (57%) ^ (ff^) then A ^ C . 

100, If (A7B) is not equivalent to (C^)^ than the vectors 
they represent cannot be equal. 



Appendix V V 
/ HOW TO DRAW, PlOf URBS OF SPACl FIQUM^ 

Simple Drawing * n 

A course In mechanical drawing Is concernjpd with precise 
representation of physical objects seen from different posltlorfs' 
In s*pace» In geometry we are concerned with drawing only to the 
extent that we use sketches to help us ^/niathemat leal thinking* 
There Is no one correct way to draw pictures In geometry^ but 
there are aome techniques helpful enough to be In rather general 
use* Here^ for example ^ Is technically 
correct drawing of an ordinary pyramid, 
for a person can argue that he Is looking 
at the pyramid from directly above. But 
careful ruler drawing Is not as helpful 
as this very crude free--hand sketch. The 
first drawing does not suggest 3-spacej 
the second one does . 

The first part of this discussion offers suggestions for 
simple ways to draw 3-sptfae figures. The seoond part introduces 
the more elaborate technique of drawing from perspective. The 
difference between the two approaches is suggested by these two 
drawings of a rectangular box. 







In the^ first drawing the base Is shown by an easy--to-draw paral- 
lelogram. In the second drawing, the front base edge and the 
back base edge are garallejLj but the back base edge is drawn 
shorter under the belief that the shorter length will suggest 



"more remote". 
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No master how a rectangular box Is drawn, some bacrificeB 
must be made. All angles of a reotangular solid are right angles, 
but in each of the drawings shown on the previous page two- ' 
thirds of the angles do not come cloge ta*lndlcatihg nimety 
degrees when measured with a protractor. We are willing' ta'^glve 
up the drawing of right angles that look* like right angles in 
order that we make the figure as a whole more suggestive. 

You already know that a plane is generally pictured by a 
parallelogram. 



, It seems reasonable to 
draw a horizontal plane in either^ 



of the ways shown, and to draw a vertical plane like this 



7^ 




If we want to indicate two parallel planes, however, we can not 
be effective If we Just draw any two "horizontal" planes. Notice 
how the drawing to the right below improves upon the one ltd the 
left. Perhaps you prefer still another Kind 'of drawing^. 





^ Various devices are used to indicate that one part of a 
figure passes behind another part. Sometimes a hidden part is 
simply opitted, sometimes it is indicated by dotted lines. Thus 
a line piercing a plane may be. drawn in either of the two ways ^ 




Tv/0 interseoting planes are illustrated by each of these 
drawings . 






■.The DGGond V?^ better than the iMa^^^i: beeaune uhe ILae oi' LaterBec^ 
tlon is Bhown and paatn concea Led rroii) v Luw are doLted. Tlio 
third and fourth arav/liu?:^^ are better yet becaune the line of 
interseution la vLaiLii iy ta ed Ln with plane (j' a^ well aa planeQ 
by the use of paraliGl llneB in se drawing, 
Here is a drawing which has the advantage 
of simplicity and the dloadvantage of 
suggesting one plane and orie hal,f plane. 

In any case a line of Interseetlon la a part Leu Larly Inipurtant 
part of a figure, - 

Suppooe- that we wish to draw two I nu^MMieet uu:; planen eaeli 
perpeiidiculaL^ to a tliLrd plane. An etdaadn vt* promdui-e ahown 
by this ni.<a>-hy--t ep (if ve I opiiuait , 







< 
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Notice how the LasL: two plaiua> diMwn are but 11 on the I liu' o t 
interaee ta cai . A eonipLela> drawlnr; niiowln^^; all the hidden M nea \i\ 
Jual ta.H> lavolvtHl i.o handle pU-niaai ly, The ptt'tuLM^ br L^hv \\\ 
much niore nuKra'-^t \ ve , 




A dlmo, from different angles, looks like this: 




Neither the first nor the last in a good picture of a circle in 
3-spaco, Eithur oC Lhe ouher$ is Batisfactory , The thinner oval 
is perhapn better to use to i^epreeent the base of a cone. 




Certainly nobody shouLd expect im Ua. Interpret the fU^^ure shown 
below as a coiu^. a 



A few add i t i ona I dL-awli 




Ingu , w L th vt:id.a 1 descript Lons , an 



'hov/u , 



A 1 hu' pa I'o 1 Let to a p bine 



A t'yLLndei^ cut. by a plant > 
^LVxLIei l-o base. 



A pyramid out by a plane 
parallel to the base. 




It is important to remember that a drawing is not an end in 
itself bu^ simply an aid to our understanding of the geometrical 
situation, V/e should choose the kind of picture tha%^^^w*Tl serve 
us be s t f o this pu r' po s e , an d o n e p e r s o n ' s c h o i c e may b e 
different from another. 



Perspc^c ti ve , 

The rays a , ,b ^ a , d , e y f in the left-hand figure 
.below suggest cop la nar llnt-S intei^suotlng at V j thy co^^reB-^ 
ponding rays in the right-hand figure Buggest parallel lines in a 
three--dimensionai drawing. Think of a railroad track and tele- 
phone poles as you look at the rLglit-hand figure. 




The LvLght-hand figure, uuggenlu; (unn.jiLn piMnclpleL3 which are use- 
ful In making persptHd. I vt^ dpawlngo, 

(l) A set of paL'alLeL Linen which i^ecede fr'oni the viewer 
are drawri as cuncurt^ent L'ayu; for examplu, rays a ^ b ^ c ^ d , e ^ f . 
The point, on the cirawlng whert^ tlie rays mtn;t In known as^ thn 
va n I nl 1 1 1 ig y)o I n t " , 



(2^) Congruent segments are drawn smaller when they are 
fLirther from the viewer, (Find examples in the drawing, 

(3) Parallel lines which are perpendicular to the line of 
sight of the viewer are shown a|^ parallel lines in the drawing, 
(Find examples in the drawing,) 

A person-does not need much artistic ability^ to make use of these 
three principles, ^ , 

t'he steps to follow in sketching rectangular solid are 
shqAn below. . ' > 



ITraw the front face as a 
rectangle, 

Select a vanishing point and. 
drav^ segments from it to the 
vertices. Omit ^segments that 
cannot be seen* 



' Draw edges parallel to those ^ 
of the front face. Finally erase 
lines of perspective. 



/ 

/ 



Under thlB .tochnlqiie a Bii-agle horizontal plane can be drawn 
as the top face of the solid shown above , \ ^ 



A single vertical piano can be rt:preBented by the front faae or 
the right ^hand face of the up lid. 




-After this brief account of two approaches to the dra-^^a^ng of 
figures in S-spaca v/e should once again recognise the fact that 
there is no one correct way to picture geometric Ideas. Hov/ever^ 
the more "real" we want our| picture to appear ^ the more attention^ 
v/e should pay to perspective. Such an artist as Leonardo da Vinci 
paid great attention to perspeotlve. Most of us^find this done 
for us when we use ordirtary Gameras, 

See some books on drawing or lool: up "perspective" .n an 
encyclopedia if you are interested in a detailed treatment. 
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Appendix VII 
SURFACE AREA AND VOLUI^ 

In trod uc t ion ^ ' 

In your study of informal seometry you learned formulas I'or 
finding surface areas and volumes of familiar figures. You may 
recall that sohere of, radius r has volume 4 '^r^'^^ ^'^^^ i^i^ 
stance J and that its surface area is given by ^irr^. This 
course in geometry that you have Just completed covered formally 
most of the other topics that you m_et in infor-'mal geometry.j 
and' you may wonder why topics, of surface area and volume w^re 
omitted. The reason has to do with a branch of higher mathema^ 
tics known as "integral calculus," Until the intesrel calculus 
was invented^ in the seventeenth centuryj the study of area ■" 
and volume was sketchy. There were no satisfactory definitions 
of area and volume and no systematic ways of finding them. 
The subject consisted of the discovery and study of formulas 
for the areas and volumes of individual figures. Moreover 
the derivation of thgse formulas, in pre -calculus geom.etryj 
are almost without exception either very long and difflault 
to follow, or logically unsound,' It seemed unfair to inflict 
this kind of study on the high school student when (a) there 
are parts of geometry from which he could profit m_ore and 
(b) he will see a suitable development of this subject when 
(and if) he stiudies^ calculus, 

Surface Area , 

We shall discuss surface area in an informal way, m_ore',as 

though. we were talking about physical objects than mathamatical 

" i 

ones. V 
V 

It is easy to find the surface area of solids such as 
prisms and pyramids, because tlieir surf aces are composed of'* 
plane figures, namely polygons. Th^re are a few other types 
of solidSj whose surf aces. are not made up of plane figures, 
whose surface area can be found by finding an equi va len t plane 
figure. 
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The cylinder a^d the cone are such figures, if you imaging 
slitting a cylinder and unrolling its surface onto a plan^, 
what/flgure do you think Is obtained? 




Znr 



Can you see that It is a reotangle whose altitude is the al-^ 
titude of the cylinder and whose base Is the circumference of 
the base of the cylinders If g is the radius of the base of 
a cylinder and h is its height, then the surface ^area of the 
cylinder (called its lateral surface) is equal to the area 
of the rectangle obtained by unrolling the cylinder. Thus,, 
its lateral surface Is STrrh, " ^ 

Cones can be treated in a similar way. If a cone is slit 
properly^ it can be unrolled to lie flat. 





Can you see that the unrolled cone i| a sector* of,^^ circle? 
This prpcedure- reduces the problem^of finding the surface area 
of a cone to that of finding the area of a sector, 

■ ' ' % \ 



This latter problem has already been solved (Theorem 12^'20)1 
All we need to know in any given case is the radius of the 
circla and the length of the intercepted arc; In the case 
of a sector obtained by unrolling a cone, the radius of the 
sector is the slant height of the cone and the length of the 
intercepted arc is the circumference of the base of the Gone 
Thei-^efore, the formula for the lateral surfaGe of a cone is 



ference of its base. Another important surface for whiah 

o 

there is an area formula is the sphere. The Tormula is- ^mr"^ , 
where r is the radius of the sphei^e * 

It is natural to try to ^fferive this formula by slitting 
th% sphere and unrolling It onto some plane figure. However, 
it has been proved in higher mathematics that it Is impossible 
to flatten out the sphere in this way, (Can you see any con- 
nection between this statement and the fact that maps of large 
portions of the earth have to distort the shapes of the regions 
which they depictv) 

There is a simple experiment which you can oarform to test 

2 ' ' ' ' 

the formula ^irr for the surface area of a sphere. Wind a 

string a round a s p h e re , in a s p i ra 1 , un til an e n t: i re h emi s p h e re 

is covered j and measure the length of the string required. Then 




its slant height and C is the circum- 



wind a string (of the same diameter) in a planar spiral until 

It Just covers the Inside of a circle of the same radius as 

the given sphere^ and measure the length of the string required. 

If your work Is accurate the length of string required to cover 

the hemisphere will be twice the length required to cover the 

circle. Since the area of the circle is ttt , a hemisphere 

2 

Should have surf ace area 27rr-^ and the whole sphere should 

2 

have surface area ^irr , 

A more sophisticated .^approach to deriving the formula for 
the surface area of a sphere Is to approximate the surface 
of a sphere by revolving suitable chords around a diameter^ as 
shown below. 




This makes It possible to find the surface of a spherej ap- 
proximately, in terms of surfaces of portions of cones. A 
limiting process then yields the form.ula ^Trr^ for the 
surface area of a sphere. 

Pogsible Definitions of Volume . 

It is a strange fact that mathematicians discovered for- 
mulas for the volume of many figures long before they knew 
what volume was, or at least before they had % formal defini- ^ 
tion of volume. One way of understanding this Is to observe 
that they had some general notions as to what should be true 
about volumes, whlch^ in the case of some of the simpler fig- 
ures^ were sufficient to lead to definite formulas. 
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Let us draw up a list of some requirements that ire 
reasonable to impose on any possible definition of volume* 

1, It is reasonable to expect that the volume of a solid . fi 

•■5 I 

should be a non-negative real number. 

2* It is reasonable to expect that if a solid is partitioned 
. ifito. several parts and that if each of the solids involved 
has a volumej then the volume of the original solid should 
equal the sum of the volumes of the parts. 

3, It is reasonable to^ ejcpect that congruent solids shpuld have 
equal volumes, _ / 

^. It is an important fact about volume (which may or may not 
seem reasonable) that if solid S is similar to" sal4d 
and if the proportionality factor is k, then the vdlume 
of solid is k times the volume of solid , S* For 

Instance, consider two cubes ^ S and S', such that the 
edge of is twice as long as the edge of S» Then S 

Is similar to and the proportionality factor is 2* 



I 



i 



"1 
1 . 




i 





Notice that 
congruent to 
volume of S* 



* can be partitioned into eight cubes each 
I* Is it. not reasonable to expect that the 
should be 2"^ times the volume of S? 



It is reasonable to require that the volume of a rectangu- 
lar parallelepiped should be the product of its ^altitude 
by the area of -its base. 



4 J : 
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Ca vallerl^ 5 Prlnolple , 

'Even though we have not- been able to define "volume"^ 
there are some situations in=Whlch we can reasonably say that 
two solids have the same volume. We are going now to lllua^ 
trate one important case of this sort. It will help us under- 
stand the case in question if we first think of a phyaical 
model* We can make an approximate model of a square pyramid 
by forming a stack of thin cardSj cut to the proper slze^ like 
this: 




The figure on the left represents the exact pyramid^ and the 
figure on the right is the approximate model made from cards. 

Now, suppose we drill a narrow hole In the models from the 
top to some point of the basej and insert a thin rod so that 
it goes through every card in the model. This enables us to 
tilt the rod in any way we want, keeping its bottom en& .fixed 
on the base. Such tilting changes the shape of the model, 
but not its volume. The reason .is that its volume is simply 
the total volume of the cards; and this total volume does not 
change as the aards slide along each other, 

J 

The same principle applies more generally. Suppose we 
have two .solids with bases in a plane which we shall think of 
as horizontal. If all horlEontal cross-sections of the two 
3olj.ds at the same level have the same area^ then the two solids 
have the same volume. To see this, observe that if we make a 
card model of each of the solids, then each card in the first 
model has exactly the same volume as the corresponding card 
in the second model. 



Thepfefore, ■ the volumes 'of the two rnodels ought to be the 
same. The approximation gi^n by the models is as close as 
we please, if only the qards are thin enough. Therefore, the 
volumes /-^^^ "^^^^ 




of the two solids that we started with ought to be the same. 

The p-rinGlple involved here is called Ca va lieri ' s Princ iple 
We have not proved it; we have merely been explaining why it is 
i-easonable. Let us state it explicitly. 



Cavalleri^ s Principle : Given two solias and a plane, 



Ifj for every plane which intersects the solids and 
is parallel to the given plane, the two Intersec^^^jns 
have equal "areas^ then the two solias have equ/l^ 
vo 1 ume s * -i- ' 



C a V a 1 i e r i ' s Principle c a n be u sea as a key t o t h e c a 1 c u 1 a - 
tion of vcrlumeSj as we shall see in the next seat ion. 

Prisms and Pyramids , 

The formula for the volume of a rectangular parallelepiped 
alao applies to genernl parallelepipeds. 



This can be seen by ijsing Cavallerl's Principle to compare the 
vcalume of a parallelepiped with that- of the appropriate rec^ 
tangular parallelepiped, . ^ ^ ' 




2 2 

The volume of nny prism is the pr^oduct of its altitude and 
Che area of its base. 




The V o 1 u in e o f n p y r u mid L o 1 v c n b y ^- 1 ih w 1 1 e i ' e h is its 
alti tilde nnd B is ti^e nven of its bnoo. Noticn the occur= 

rence of the, factor 4 ^ this formula. Porhaps it reminds 

1 1 
you of the factor wlilch occurs iu the formula 75- lib for 

the area of a t.rian|i;le. The no factors urn indeed analogous^ and 

we now try to show iiow.^ Ihi the deivlvntlon of the formula fo>r 

'AM) 



the area^of a triangle qf altitude . h arrtrbiae b . an " 
auxliiary parallelogram was Introduced , ^^Iso having altitude , 
h and base and wi|H.ch could be dissected Into two triangles,' 

each congruent to the original one. Since the parallelogram 
was known to have area hb, the formula ^ hb was readily,, de- 
duced. In the case of a triangular pyramid with altitude h 
and base area B, the auxiliary figure is a triangular prism 
with the same base and altitude^ and which can be dissected,, 
into ttiree triangular pyramids^ each having the same valume as 
the given one. Since t^ie prism hn 3 volume hB, the formula 
^ hiB 1 s readily d e d u c eci . 

Th.e fomiula I'or" the volume ol* any pyramid ^ not necessarily 
triangular, is also ^ hB, It can be derived by dl a sec ting the 
given pyramid Into triangular pyramids and observing that the 
volume of the original figure is the sum of the voliomes of the 
aujcillary pyramids. 
Cylinders . Cones a nd Sphere s . 

One way of finding tne volume of a cy.Lnaer is to iritroduGo 
a s u i t a b 1 e p r La m a n d u s e C a v a 1 i e r 1 * s p r i n c L p 1 e / 




Ont way of flnralng the volume of a cone is to introduoe 
a suitable pyramid and use Cavallerl's PrinGlple* 




artai of all horizontal crois- sections are equal 
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By referring to a pyramid havir>^ the same altitude h as our 
cona, and equal crosg-eeotlonal area at oorrespondlng levels, 
we can infer that the volume of the cone is ^ hB^ where B 
Is the area of its base* 

Another Important solid for which there is a volume formula 
is the interior*of a sphere. The volum^^f such a region' Is 
^ 7rr ^ where r Is the radius of the BphevWT'-^et us see If , 
we jcan find some Justlf laatlon for this statement\ 

If planes are drawn through the center of the aphere, the 
sphere is p^artitioned into solids which are very mich like 
pyramids. These solids have curved bases, so the iTormula we 
have for the volume of a pyramid ought not be usea for finding = 
their volumes. However ^ If enough planes are drawn, the base 
of any one of these solids Is almost flat, its altitude is 
almost equal to the radius of the sphere, so It is not unreason- 
able to believe that It's volume Is given by 

where B is the surface area of Its base. TOierefore, the total 
volume of the sphere appears to be the B\m of all these volumes. 

A little algebraic manipulation shows that their sum Is ir 

5 

times the svm of all the areas B. Thus, the volume of the ^ 
sphere appears to be jrS, where S is the surface area of the 
sphere . 




Appendix VIII 
HOW ERATOSTHEiraS FffiASimiD TJffi EARTH 

flfht olreumferenae of the earth, at the equator, is about 
i4o,000 kilometers, or about 24,900 miles. Christopher Colum- 
bus sppeara to have thought that the earth was mugh smaller 
than this. At any rate, the West Indies got the'lr name, be- 
cause when Columbus reaahed them, he thought that he was 
already In India* Hla margin of error) therefore, was 
somewhat greater than the width of the Pacific Goean, 

In the third century B.C, however, the circumference of 
the earth was measured, by a Greek mathematician, with an 
error of only one or two per cent* The man was Eratosthenes, 
and his method was as follows: 




3 . , 



It WIS obtferv^d that at Aasuan on the, Nil©, at noon 'on ' ' 
the Summer Solstloej the sun was exactly overhead, Thtt iS| 
at noon of this particular day, a vertical pole oait no^;^ 
shadow at all, and the bottom of a deep well was ^completfely 
lit up. ■ ^ 

In the figure, C la the center of the tarth*- At noon on 

■ - * 

the Summer Solstice, In Alexandria, Eratosthenes measured the 
angle marked a on the figure, that is, the angle between a 
yertloal pole and the line of Its shadow. He found that this 
angle was about 7^12 ^, or about i of a complete circumfer- 
ence. 

Now, the sunig rays, observed on earth, are very close to 
being parallel. Assuming that they are actually parallel. It 
follows when the lines and Lg in tfie figure are out by 

a transversal, alternate Interior, angles are congruent. 
Therefore, ^a S Therefore, the distance from Asauan to 

Alexandria must be about i of the circumference of the earth 

i 

The distance from Assuan to Alexandria was known to be 
about b,000 Greek stadia, (A stadium was an ancient unit of 
distance,) Eratosthenes concluded that the circumference 
of the earth must be about 260,000 stadia. Converting to 
miles, according to what ancient sources tell us about what 
Er'a tosthenes meant by a stadium, we get 24,o62 miles. 

Thus, Eratosthenes^ error was well under two per cent, 
Later^ he changed his estimate to an even closer one, , 232,000 " 
stadia, but nobody seems to know on what basis he made the 
change. On the basis of the evidence, some historians believe 
that he was not only very clever and very careful, but also 
very lucky. 
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Appendix IX • , . . 

* \ RIOID MOTION 

aeneral Msa of a Rigid Motion . 

"In Chiptere b and 12 we have defined congruence In 
s number of different ways/deallrig with varioui klnds^of ^ 
flgurei. The complete list looks like thisi ^ 

(1) W If the two segmertta have the same length, 
,that is,' if AB ^ CD, 

(2) LA LB if the two angles have the same measure, 
that is, if m L A ^ m 4 B, 

(3) ^ABC s A DEP If, under the correspondence 

ABC*^ ^DEF, every two corresponding aides are congruent 

and every two corresponding angles are congruent, 

(4) Two circles are congruent if they have the same 
radius , 

(b) Two circular arcs A? and ^ are oongruent If 
the ciroles that contain them are congruent and the two 
arcs have the same degree meaaure. 

The Intuitive idea of congruence is the same In all 
five of these oases. In each case, two cardboard figures 
are congruent if one of them can be moved so as to coincide 
with the other. 

At the beginning of our study of congruence, the 
scheme used ir Chapters 5 and 12 is the easiest and 
probably the v. It is a pity, however, to have five different 
special ways o: describing the same basic idea in five special 
cases. And, in a way, it is a pity for this basic idea to.be 
limited to these five special cases. 



Pop. example, as a matter of oonmion sense, it la plain that two^ 
squares, eajsh of "edge' 1, must be congruent in soma valid sansei 





I - ^1 

The same ought to be true for parallelograms. If oorrespondlng 
sides and angles are congruent, like this: 

b c b' 







It is plain, hQwever, that none of our five special definitions 
of CQngruence applies to either of these eases. 

,.In this appendix, we shall explain the idea of rigid 

This Idea Is defined In exactly the same way, regard- 
lesd^^fethe type of figure to which we happen to be applying It* 
We S'Mll show that for segments, angles, triangles, circles 
and arcs It means exactly the same ihing as congruence. Finally, 
we will show that the squares and parallelograms in the figures 
above can be made to coincide by rigid motion. Thus, first, 
the idea of dongruence will be unified, and second, the range 
^ of its application will be extended. 

Before w- give the general definition of a rigid motion, 
let us look at some simple examples. Consider two opposite 
sides of a rectangle, like this: 

P Q 



Q' 



4: 



The vertlaal sides ire dotted, beoause we will not be 'espeQlilly 
oonoarned with them. For each point q, ,,,, of the tpp 

edge let us drop a perpendicular to the bottom edge; and let 
^ the foot of the perpendicular be P» ^ Qt ... . irnder this 
procedure/ to eaeh point of the top edge, there Gorrespohda 
ejceotly one point of the bottom edge. And conversely, 
to each point of the bottom edge there corresponds exaetly 
one point of the top edge. We can't write down all of the 
matching pairs #pt, ^.^^q,^ because there are 

Infinitely many of them. We oan, however^ give a general rule, 
explaining what Is to correspond to what; and In fact^ thlp 
Is what we have done. Usually, we will write-down a typical 
pair 

P'^^P' , 

and^ explain the rule by which the pairs are to be formed. 

Notice that the idea of a one-to-one correspondence is 
exactly the same in this case as it was when we were using it 
for triangles in Chapter 5. The only difference is that If we 
are matching up the vertices of two triangles, ,we can write 
down all of the matching pairs, because there are only three 
of them* (ABC^t-^DEP means that A# — p^D, B^i— and c< — >F. ) 
At present, we are talking about exactly the same sort of 
things, only there are too many of them to write down. 

It is very easy to check that if*" p and Q are any 
two points of the top edge, and P« and Q» are the oorres- 
ponding points of the bottom edge, then 

PQ ^ P*Q» . 

This is true because the se^nents PQ and pTqT opposite 
sides of a rectangle. We express this fact by saying that the 
correspondence P^^-=^p» preserves distances > 

The correspondence that we have Just set .up is our first 
'and simplest example of a rigid motion . To be exact: 

Definition : Given two figures P and F», a rigid 
motion between P and P» is a one-to-one correspondence 

? < > p^ 

between the points of P and the points of p"^ preserving 
distances. 
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If the GOrrtipendenoe P*=#P» la a rigid motion between 
F md F» , than we shall write 

Thli ndt^tion la Itke the notation rAABC ^ AA'B'C' for 
congruencea between trlarigles. We can read P s p' ai "P 
.la isometric to P»." ("laometrle" meana "equal m#asura.") 



Problem Set IX^I 

1* Consider triangles ^^ABC and ^A'B'CS a^^d suppose 
that A ABC ^ AA'B'C. 

Let P be the set consisting of the vertices of the 
first triangle^ and^let' P' be the set eonslstlng of 
the vertices of the second triangle * Show that there Is 
a rigid motion 

P F' , 

2. Let P be the set consisting of the vertlaes of a siquare 
of edge 1^ and let be the set consisting of the 
vertices of another sqOare of edge 1^ as In the figure 

at the beginning of thls*Appendlx? .Show that there Is 
a rigid motion 

F ^ F'. ' 
(Firsts you have to explain what corresponds to what ^ 
and second you have to verify that distances are pre- 
served,) 

3. Do the same for the vertices of the two parallelograms in 
the figure at the start of this Appendix, 

^* Show that if P consists of three collinear points, and 
P» consists of three non-colllnear points, then there 
is no rigid motion between F and F'* (What you will 
have to do Is to assume that such a rigid motion exists, 
and then show that this assumption leads to a contradic- 
tion. ) 

5. Show that there is never a rigid motion between two 
segments of different lengths* 

6, Show that there Is never a rigid motion between a line 
and an angle* (Hinti Apply Problem 4,) 
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7# Show that given any two rtys, there is a rigid motion be- 
tween th0m, (Hlnti Use th© Point Plotting Theorem.) 

8, Show that there la never a rigid motion between two elroles 
of different radius. 



Rigid Motion of Segmenta , 

Theorem IX^l . If AB = CD> then there is a rigid motion 

AB ^ 

Proofs First, we need to set up a GorrespdndenQe p < ^ pt 
between Ap* and OT. Then^ we need to check that distances ^ 
are preserved, ■ ' . ^ 

By the Ruler Postulate^ the points of the line ^ can 
be given coordinates in such a way that A haa coordinate 
zero and B the .positive ^coordinate AB* 

A FOB 

0 ^ y AS 

' ( 

In the figure^ we have shown typical points P, Q with 
their coordinates x and y. 

In the same way, the points of CD can be given coordin^ 
a tes t 

C ^ f 9' S 

0 * ^ Ai 

i Notice that D has the coordinate AB_, because CD ^ AB. 

It is now plain what rule we should use to se^up the 
Gorrespondenoa vv> - 

?< — ^P» - 
betwe^^ le points of AB and the points of The rule 

Is that P corresponds ^ p» if p and p« have the same 

coordinate . (In particular, A^«^^C because A and C have 

coordinate zero_j and B< — ^D because B and D have coor^ 
dlnate AB.) \^ ^ 
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Zt le easy to sea that thle eorreapondenoe Is a rigid 
motion. If — and Q^— »Q> , and the coordlna^ei are 
X and is in the figure^ then PQ = P'QS ' btcauee 

Pft :^ |y - x| ^ p»Q» . . =' ; 

We therefore have a ri^d%iotion \ ^ 

and the theorem Is proved. 

' Notice that thli ri|^d motion between the two segments Is 
completely described if we explain how the end-points ate to 
be maiicned up. We therefore will call it the rl^id fffbtyon 
induced by the oorreipondence ^ .-.^^ 

Theorem 1X^2 . If there Is a rigid moiion AB m OT between 
two segments, then AB - CD. 

The proof is easy, (This theorem was Problem 5 In Che 
previous Problem Set,) - 

Problem Set 1X^2 \ 

1, Show that there Is another rigid motion between the con- 
gruent segments AB and CDj induced by the coprespon- 
dence ■ * 

2, Show that there are two rigid motions between a segment 
and itself. (One of these> of course, if the identity 
correspondence P < — , under which every point corres 
ponds to itself; this is a rigid motion because PQ - P^ 
for every P and Q, ) 

Rigid Motion of Rays , Angles and Triangles , 

Theorem Given any two rays AB and CD, there Is 

a rigid motion 

AB ^ CD. 

The proof of this theorem is quite similar to that of 
Theorem IX-l/ and the details are left to the reader* 



Thtorem 1X^4 , if £ ABC £dEF, then there Is a rigid 
motion - 

between these two angleri ' 
Proof I We know that there are rlgtd motions 

^ m m ED 

and *^ • 

betweep th^ rays which* form the sides of the two angles. 





0 ' 

Let us agr^e that, two point^m p and P* (or Q and Q» ) are 
to oorrespond to one another if they correspond under one of 
these tWo rigid motions. This gives us a one-to-one corres- 
pondenGe between the two dVigles. What we need to show is that 
this Gorrespondence preserves distances, ' -| 

Suppose that we have given two points Pj Q of : ABC 
and the Gorrespondlng points P> ^ Q» of DEP. If P and 
Q are on the seme side of^ ABCj then obviously 

piQI m PQ, 

because distances are preserved on each of the rays that form 
4ABC, Suppose^ then^ that P and Q are on different sides 
of LABC> so that P» and Q< are on different sides of 
LmWi like this: 



By the S.A.S. Postulatei wt hav© \ 

Therefore PQ - P'QS which was to be proved* 

jJtxtj we need to prove the analogous theorem for trlanglei^ 

Theorem IX-. If 

then there Is a rigid motion 

under which A, B and C correspond to AS B' , and 

Proofi Plrst^ we shall set up a one-^o=one correspondence 
between the points of ^ ABC and the points of AA'B'CS We 
have given a one-to-one correspondence 

mC'* — ^A'B'C 

for the vtrtloee. By Theorem VIII-1 this gives us the In- 
duced rigid motions 



in^ 



between the sides of the triangles. These three rigid motions^ 
taken togetherj give us a one-to-one correspondence p ^ > p» 
between the points of the^ two trignales. We need to show that 
this correspondence preserves distances, 

If P and^Q are on the same side of the triangle, then 
we know already xhat 

Suppose, then, that P and Q are on different sides, say, 
^ and Wm like this: 
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We know that 

AP ^ A»P«j 

beoaua^ IB ^ A»B» is a rigid motion. ^For the iama reason^ 

AQ = A'Q' , 

and Lk m L k^ \ because A ABC ar A A«B,»C» * By the S.A.S, 
Postulate J ^ 

APAQ S ^p^A«Q« . 

Therefore, ' « 

^ piQl , 

which was to ^be proved* / 

Notice that while the figure does not show the case / 
P^ ^ B, the proof takes care of this case* The proof^is more 
important than /the figure, anyway. 



Problem Set 1X^3 

1, Let 

ABC — ^A'B'C 

be a rigid motion^ and auppose that A, Bj and Q 
are colllnear. Show that if B is between A and C, 
then B* is between A* and C', ^ 

2, Given a rigid motion 

Let A and B be points of P, and suppose that P 
contains the segment^ IS. Show that P' contains the 
segmehts A 'B* . 

3, Given a rigid motion 

F ^ P * . 

^how.that I'f F is convex^ then so also is P^, 

4, .Given a rigid motion P'j^ P* . Show that if P is a ray^ 

then so also is P* , 

5, Show that there is no rigid motion between a segment and 
a circular' arc (no matter. how short both of them may be). 
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Rigid Motion of Cicoles and Arcs . 

Theorem 1X^6 . Let\ C anfi C' be elrcles of the same radlue 
r.^Then, there la a rigti motion 

C ^ C . 

- = = t 

between C and C » , 




Proof * Let the centers of ^ttae circles * be P and P» , 
Let AB be a diameter of the flrat^ circle, *%nd. let A «B» 
be a dltmeter of the sfecond, /Let ^ and Hg be the 
half-planee determined by the line- AB; and l et ^H '^ and . 
H'g be the half-planes determined by the line A»B' . 

We can now set up our one-to-one correspondence — **QS 
In the following way: (1) Let A» and B* correspond to 
A ^and B, respectively, (2) If ; is a point of 
lying In H^, let Q'^ be the point of C*, lying In 
H' ^, such that 



(3) If Is a point of C, lying in Hp, let: 

the point of C^, lying in H'g^ such that 



be 



We .need to cheGk that this correspondance preserves Is- 
tanoes. 





Thus, for every two points^ R of C, v/e must have 

If Q and R ore the id-polnts of a diameter^ then so are 
Q'' and ^nd Q'R« ^ cm - 2r, Otherwise, we always 

have AQP^^ AQ»P'HS so that Q'R* QR , ( Proof There 
a re t wo/l: a s e s to a on s id a r ^ see o rd 1 n g a s B is In t hi e In t e r 1 o r 
or the( exterior of £QPR.) 

You should prove the following two theorems for youraalf. 
They are not hard, once we have gone this far* 

Theorem Let C and C' be airolea with the same 

radius, as in Ttifc^orein IX-ii* 



\ 

s 



Let £XPB and ZX»P'B' 'be congruent central angles of C 
and C ' . respectively. 




Then a rigid motion C ^ C' can be chosen in auch a way 
that B^—^B* , X^^—^X: , and BX « B'^' . 

Theorem IX^d . Given any two congruerit arcs^ there Is a rigid 
motion between them. Th* proof is left to . the reader. 

Re i' lections. 

The definition of rigid motion given In Section VIII-1 is 
0 perfeutly good mathematical derinltion, but we might 
claim that from an intuitive viewpoint it does not convey any 
idea of "motion". We will devote this section to showing how 
a plane figure can be "moved" into coincidence with any 
1 3 ome t r 1 c f 1 gu re in t hi e s a me plane, 

T ti r o ugh o u t this sect I n n n 11 f 1 gu re s will be c o n 3 1 d e red 
as lying in a fixed plane* 

Def I ni t iotjs . A une=to = onu correspondence between two 
figures is a re flea tlon if thetH:^ la a line auch that for 

any pair of oorrespgnd Ing points P and P* , either (l) P ^ P 
anu lies on L or (2) L is the perpendicular bisector of 

L is called the axis of reflection , and each figure is said to 
be the ref lec tlo n, or the image , of ttie other figure In 



In the pictures below are shown some exampleg' of^ rteflec- 
tions of simple figures. 





Theorem IX-9 > A refleatlon is a rigid motion. 

Proof: We must show that if P a.nd 0 are any two points, 
and P' and Q» their images in a line then FQ - P'Q' , 

There are four cases to consider* 





^ L 




Case 



Case (3) 



Case (4) 



Case 1, * P and Q are on the same side of L, Let PP^ 
Intersect L at A and QQ ' interseGt L at B. By the 
Qeflnltlon of refleGtion PP^ i L and PA ^ P'A, and 
QQT J_ l and QB - Q'B. Hence A PAB = AP'AB, and >B - P'l 
£ PBA « LP'BA. By subtraction, L PBQ - £.PBQ'. We then have 
(byS.A.S.) A PBQ AP'BQS ^^nd so PQ - P'Q'. 

Case 2, The proof is the same, except thiat in proving 
£ PBQ ^ £PBQ' we add angle measurau instead of subtracting. 

Cane 3. Q is on L. Then Q - and PQ - P»Q' 

since Q is on the perpendicular biseutor of PP^, The case 
P on L a n d Q n o t o n L 1 a J u s i the same. 




Case ^, P and Q both on L, Since P - P« and Q = Q» 
we cei-^tainly have PQ ^ P'Q', 

Starting wlt^h a figure F we can reflect it in some line 
to get a figure F-j^, can be reflected in some line to get 

a figure F^^ alid so an. If we end up with a figure F' 

after n such steps we shall say that F has been carried 
ir]_tQ P' by a cha in of n reflections, 

Corollaj^y IX-9_-l . A chain of reflections carrying F into 
F* detei-^mines a rigid motion between F and F'. 

Coming back to our opening discussion in this 'section^ a 
reflection can be thought of as a physical motion, obtained 
by rotating the whole plane through loo'^ about the axis of 
reflectionp The above corollary says that a certain type of 
rigid^motion, namely, those obtainable as a cnaln of reflect 
1 1 on s , c a n h e give n in a physical i n t e r p re t a t io n * What we 
shall now show is that every rigid motion if of this type. 

The proof will be given in^ two^ s ta ges , the first stage in= 
volving only a very simple figure^ For convenience we will 
use the notation F | F' if P and F' are reflections of 
each other in some axis. 

Theorem. 1X^10 , Let A, B, C, AS C' be six points such 

^lat AB - A'BS AC - A»CS BC - B'C». Then there is a 
chiain of at most three reflections that carries A, B, C into 
A' , BS C' . 



Proof: 



C 



Step 1. 




B 



A' 



A 
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Let 



be the perpendicular bisector AA and let 3, 




and Cg be the refleations of and C in 

; , Bg , Cg I A S B » , C ^ , 

Step 2* 



Then 




Let L^^ be the perpendicular biseotor of BB.^) * Since 



AB ^ A*B' and since by Theorem A'] 



ABoj it follows 



that AB ^ AB,j . Therefore A lies on and is its own 

image in the reflection in L. Thus^ the image of 
A, Bg, Cg in is A, B, C^. 

Step 3« 




By argument;:!, similar to the one above^ we aee that AC = AC 
and BC ^ i ^ Hence, ^Ab' Is the perpendicular biseator of 



CC 



, and the image A, C. in AB is A, B, C. 



1 



We thus have, 

A, B, C I A, B, C-^ 

as was desired. 



Any one or two of the threi steps may be unnecesaary if the 
patr of points we are working on (A in step 1, p in step 2, 
C in step 3) happen to coinGlde, 

We are now ready for the final stage of the proof. 

Theorem IX^ll. Any rigid motion Is the result of a chain 
of at most bhree reflections. 



Proof: We are given a rigid motion p , Let 

A^ C be three non^collinear points in F, and A' 
the correspond ing points in F' , 



(if all points of F are collinear a separate, but simpler, 
proof is needed. The. details of this are left to the student.) 



By Theorem IX^IO, we can pass from A*, B', C 



to 



A^ B, C 'by a chain of at most three reflections. By corollary 

IX-9=1^ this chain determines. a rigid motion P« ^ , and 

by the constrjjo tion of the reflections we have A'' - A, 
B'' ^ B and C'' = Schematically the situation is some^ 

thing like this: 




We shall show that for every point P of we have 

^ P. This will show that P'» aoincides with P, and 
that the given rigid m.otion F ^ P' is identlaal with the 
one determinfe^ by the chain of reflections. 

let us consider, then, any point P of F, its correspond^ 
ing point in F« determined by the rigid motion p « F*, 

and the point P^' In P»» deter^mined from P^ by the 
chain of reflections. We recall that A" A, B" ^ B, 
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A 

Since all our relationships are rigid motions, we have 
AP-' m A'P« ^ AP. Slnillarly^ BP*' ^ BP and CP'* - CP, From 
the first two of these, and AB - AB, we get that 

AABP = AABP", and so LBAP^ £BAP-' , If P and p" 
are on the same side of AB then by the Angle Conetruction 
Theorem A? ^ AP'*, and since AP - AP" it follow^ frdm the^' 
Point Plottlhg Theorem that P ^ P** , whicf^ Is what we wanted 
to pro j 

Suppose then that p and P" lie on opposite sides of 




Since PA - p-'A and PB - P'^B it follows that A and B 
lie on the perpendicular bisector of PP" , Since PC ^ P''C, 
C .also lies on this line, contrary to the choice of A, B, and 
C as non=c4llinear , Hence, this case does not arise, and we 
are left witii P ^ p" , thus proving the theorem. 
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Problem Set IX^b 

In each of the following construct, with any Instruments 
you find convenient, the image of the given figure in the 
line L. 





i'lnd a ohaln of three or fewer reflectlops that will carry 
3CD Into A'B'C'D' . 




A' 



a. Carry A ABC through the chain of four reflections 
the axes L^, Lg, L^j Lj^. 





b. Find a shorter chain that will give the same rigid 
motion , 



4^: 
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Definitions : A figure is aymmetric if it is its own image 
in some axis. Such an axis Is called an axis of symmetry of the 
figure. 

4. Show that an isosceles triangle is symmetric. What is the 
axis? 

0* A figure may have more than one axis of symmetry. How many 
do each of the following figures have? 

a, A rhombus* 

A rectangle. 

G. A square. 

* An equilateral triangle* 

e* A circle* ^ 

The rigid motion defined by a chain of two reflections in 

parallel axes has the property that if P <— ^ F' then 

FF'" has a fixed length ( twice the distance between the 

axes) and direction (perpendicular to the axes). Prove 

this. Such a motion is called a trans la tion . 
y ^ ^ — — 

7* The rigid motion defined by a chain of two reflectilons in 
axes which, intersect at Q has the property that if 

— then LPQP^ has a fixed measure (twiGe the 
measure of the acute angle between^ the axes). Prove this. 

d. Show how by using the results of Problems o and 7 the 
Fundamental Theorem IX- 11 can be restated in the following 
form: 

Any rigid motion in a plane is either a reflection, a trans^ 
lation^ a rotation^ a translation followed by a reflectionj 
or a rotation followed by a reflection. ^ 

! 

\ 



\ 



»96l 



Appendix X 
TRIGONOMETRY 



Trigonom etric Functions . 

The el'&fTientary stugy of t:rif|onometry is based on the 
following theorem. 

Theorem If an acute angle of one right triangle is 

congruent to an acute angle of another right triangle, tnen 
the two triangles are, similar. 

Proof: In A ^BC and A A'B'C let L C and Lz^ 
te right angles and let m a ^ m ^ A', Then A abc^-Aa'B'C 
by A*A. Similarity Theorem 7-o. 

. We apply this theorem as follows: Let r be any 
number between 0 and 90, and let A ABC be a right 
triangle^ with m £ C ^ 90 and Mt A ^ r. For convenience 

AB ^ c AC - b, BC - a . 

o o o 

(The ^Pythagorean Theorem then tells ue that c" ^ a^ + b^ . ) 




If we c o ns i j e r a n o t h e r s u c h t r i a n g Ke L /\ * B ' C ' with 
m ^ C ' ^ 90 n n m ^ A ' - r , we get t h r^ e c o r r e s p on ding 
numbers a', b', c', which would generally be dif feren^t^f rom 
a^ b, However^ we have (a, c) ^ (sS g')* By alternation 

we can t li e n write ( a , a ' ) ^ ( c ^ c ' ) and its o on s t an t o f 

a ^~ 

pro p o r t i o n a 1 i t y i s |- , ^ 

T h u s , t h e n u m b e r ^ d o e s n o t d e p e n d o n the p a r t i c u 1 a r 
triangle we use, only on the measure r of the acute" 

angle. The value of this number is called the sine of v^' , 
written sin r'"^ for short. The reason Uve specify that v;e are 
using degree measure is that in more advanced asnects of 
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trigonometry a different measut-^e of angle, radian measure, 
is commoru g 

Let us see what , we can say 



aoout sin 30' 



We know from 



Theorem 11^9 that in this case 
if c = 1, then a ^ i. Hence, 
Sin 30^ = f . J. ^ ^ 

It is evident that the number 
= can be treated in the same way as 

Tha number - is oallad the cosine 

o — -" 

of r', written oos r^. Prom the 




Phythagorean Theorem, we see that if a ^ ^ and c ^ 1, then 



^3 
2' 



Hence, cos 30'^ 



Of the four other possible quotients of the three sides 
of the triangle^ we shall use only one., This is called 

Lhe tangent of r", ^written tan r°. We see that 
tan 30^ ^ ' ,(This use of the word "tangent'' has only an 
unimportant nistorical aonnection with its use with relation 
Lo a line and a Gircle.) 

These three quantities are called trigonometric functions . 



Problem Set X-1 



1. In each uf the following give the required Information 
in term^s of the indicated lengths of the sides. 

a. sin A - ?, cos A ^ ?, tan A ^ ?. 




b. rsin r" - ?, cos P ^ ?, tan P 
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Find: sin bo'^, coe 00^^ tan qO^, 
Find: sin ^d^, gob 4-^°, tan 45°, 

By making careful drawings with ruler and protractor 
determine by measuring 

a, sin 20°, cos 90°^ tan 20" ; 

sin b3^j cos 53^, tan 53°. 



Trigonometric Tables and AppllGatlons 



feat frc3m the base 



*^ Although the trlgonometriG funotlons can be computed 
exactly for a few angles^ ^such as 30^^ oO^ "and 45°^ in- 
most caseSj we have , to be content with approxim.ate values. 
These can be worked out ,by various advanced methods and 
at the end of this Appendix^ we give a table of the values 
□f the three triganometric functions correGt to three decimal 
places, 

Having a "trig table", and device for measuring angles^ 
such as a surveyor's transit (or strings and a protractor) one 
ce n s o 1 ve va r ± o u s p ra c 1 1 o a 1 p ro b 1 ems . 

Example X-1 , From a point 100 
of a flag pole the angle between tne 
norisontal and a line to the top 
of the pole is found to be 23^, 
Let X be the height of the 

poleV Then ' ^^23" 100^ 

^ ^.tan 23^ ^ . 42>, 

Herice, x - n2.'j feet. An angle like the one used in this 
example Is frequently called the anf^le of elevation of the 
object . 

Example X-^2 . In n alrnle of raclJu;! ci cm* a chord 
AB has length 10 cm. What Is tne measure of an angle 
inscribed In the major arc AB? We have AC ^ ti. 




AC 



1 

2 
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'J. Hence, sin (/AC^ ^ B " 



m L ACQ = 39 , 

m{min6r arc AB) - m Z_ACB - 
2(m L ACQ) ^ 78". 

Hence, m LAPB ^ irri(arG AB) ^ 

39'^^ to the ne^ras t degree , 




1. 



Problem Set X-2 . 

.0 



From the table findi sin 17^'^ cos 4^6^, tan 82^ 



nin oO'' , 



cos 33^" 

one founn In Prnhiem 3 of Set X-]*^ 

966 . ^1 , 



Does the last value agree with the 



Prom the table find x to the nearest degree in each 
Df the following cases: 

' cos X ^ ,731, sin ^ , 390, ^ tan x ^ . 300 



sin X ^ , ^13/ tan x - 2, 



cos X ^ 



An Isosceles triangle has a base of 



A hiker a limbs for a half mile up a slope whose inclina 
tion is How much altitude does he gain? 

When a six-foot pole casts a four-foot shadow, what is 
the angle of elevation of the sun? 

^inches and an 

opposite angle of 30^. Find: 

The altitude of the triangle. 

The lengths of the altltud#s to the equal sides, 
,.c* The angles these altitudes make with the base* 
d. The polrit of interseotlon of the altitudes, 
A regular decagon (10 sides) is inscribed. in a 



circle of radius 12, Find the length of a side^ the 
apothem, and the area of the decagon. 

Given, m.i A ^ 26''^, m£CBD - 42^, 
BC ^ bO; find AD and AB, 




Rela tions 'A mo^i g tjie Trigonometric Func t ions , 
Theorem X^S , For any acute LA^ sin A < 1, cos A 

proofs In the right triangle A ABC of Section X-1, 
a < G and b < c. Dividing each of these inequalities by 
c gives 1 

1 < 1. |< 1, 

which is what we wanted to prove. 



Theorem For any acutt angle A, ^ 

QOi A " A)^ + (cos A)^ ^ 1 

Proof J 

G 



aln A 
QOB A 



^ tan Ai 



(iln A)2 + (cos A)f^ T + ^ 

0 G 



Theorem X-^, If A ind B are eomplementary acute 

angles^ then aln A = ^os B, cob A = sin B, and 

tan A ^ 1 ^ / 

tan B 



r 




Proof: In the notation of the figure ^ we have 



sin A = — - Qos B, 



cos A = ^ - sin B, 
tan A ^ 

y ^ tan B 



Problem Set X^3 

Do the following problems .without using the tables 

If sin A - ^ wha%ls the value of co,s A? What 
the^value of tan A? (Use Theorem X-3,) 



2. With rular and compass eonstru'et 4Aj if •possible. In 
asQh of the following. You are allowed to use the 
results of earlier parts to simplify later on s, 

a, eos A = .8. 




Solution; Take AC any Gonvenlent segment and oonstruGt 
GQ J_ AC, With center A and radius ^ construct an arc 
Intersecting CQ at B. Then cos< iBAC)^^ ,8, 

b, coS A - 



'c, cos A = 
d, sin A - 



f , 



sin A ^ .7, 



tan A - ^, 



tan A = 



4Uj 
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Table of Trigonometric Ratios 

















Tan- 


1 






gent 


Angls 


b me 


CoslJie 


gent 


0 


0.000 


1.000 


^ 0 . 000 










1 


.018 


1 .000 


.018 


46 


0.719 


0.695 


1 .036 


2 


*035' 


0.999 


.035 




.731 


.682 


1.072 


3 


.052 


.999 


.052 


48 


.743 


.669 


1.111 


4 


,070 


.998 


.070 


49 


.755 


.656 


1.150 


5 


,087 


.996 


.088 


50 


.766 


.643 


1.192 


6 


.105 


.99S 


• .105 


51 


.777 


.629 


1.235 


7 


.122 ^ 


.993 


.123 


52 


.788 


.616 


1.280 


8 


.139 


.990 


.141 


53 


.799 


.602 


1.327 


9 


.156 


.988 


.158"% 


54 ■ 


.809 


.588 


1.376 


10 


.174 


.985 


.176 


55 


.819 


.574 


1.428 


11 


.191 


.982 


.194 


56 


'.829 


.559 


1.483 


12 


.208 


.978 


.213 


57 


.839 ■ 


.545 


1.540 


13 


.225 


.974 


.231 ■ 


' 5& 


-.848 


.530 


1.600 


14 


.242 


.970 


.249 


59 


.857 


.515 


1.664 


15 


*259 


.966 


.268 


60 


.866 


.500 


1.732 


16 


^ .276 


■ .961 


.287 


61 


.875 


.485 


1.804 


17 


.292 


.956 


.306 


62 


.883 


.470 


1.881 


i8 


.309 


.951 


^.325 


63 


.891 


.454 


1.963 


19 


.326 


.946 


.344 


64 


.899 


.438 


2.050 


20 


,342 


.§40 


,364 


65 


.906 


.423 


2. 145 


21 


.358 


.934 


.384 


66 


.914 


.407 


2.246 


22 


*375 


.927 


. .404 


67 


.921 


.391 


2.356 


M 


.391 


.921 


• ■'^25^ 


68 


.927 


.375 


2.475 


2U 


.407 


.914 


^ .44/ 


69 


.934 


.358 


2.605 


25 


,423 


^ ^ ^ 

.906 


y .466 


70 ^ 


.940 


.342 


2.747 


26 


.438 


.899 


'.488 


71 


.946 


.326 


2.904 


27 


.454 


.891 


.510 


72 


.951 


.309 


3.078 


28 


.470 


.883 


.532 


73 i 


' .956 


.292 


3.271 


29 


.485 


.875 


.554 


74 


.961 


.276 


3.487 


30 


.500 


.866 


.577 


75*. 


.966 


. .259 


3.732 


31 


.515 


.857 


.601 


•76 


.97'0 


.242 


4.011 


32 


.530 


.848, 


.625 


77 


.974 


.225 


4.331 


33 


.545 


.83f 


.649 


78 


.978 


.208 


4.705 


34 


.559 


.Sag 


.675 


79 


.982 


.191 


5.145 








. f WW 


fin 

QU 


■ .yo5 




D.Df J- 


36 


.588 


.809 


.727 


81 


.988 


t -156 


6.314 




.602 


.799 


J- .754 


8S 


.990 


1 ^139 


7.115 


11 


.616 


.788 


.781 


^ 83 


.993 




8.144 


39 


.629 


.777 


.810 


84 


.995 


\ .105 


9.514 


40 


-.643 


.766 


.839 


85 


.996 


Y087 


11.43 


41 * 


.658 


.755 


.869 


86 


.998 


/.O70 


14.30 


42 


_ .669 


.743 


.900 


■ 87 ■ 


.999 


i .052 


19.08 


43 


.68s 


.731 


.933 


88 


.999 


* .035 


28.64 


44 


.695 


.719 


.966 


89 


1 .000 


.018 


57.29 


45 


.707 


.707 


1.000 


90 


1.000 


000 
1' . 
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Solutions bo Appendix 
Probl em Set X-1 



a. 
b. 
c. 



3 4 3 

g. 5. 

it 5 

13 ' ir- 
I' 1- 



5 

IT' 

3 

5' 



a. — 



2 



• TIj T't "^j ~~ 



2 
a. 

b. 



1 
1 

.34, 

.do. 



1. 



.9^, .36. 
,.60, /1. 33. 



b. 



12 



PriOblem Set X-g/ 

"I 

43*, 23°, 17°, 24°, 63°, 71°. 



sin 17 



i-r 



52 do 



X = .292 • 2640 = 771 f 



tan x = -|=1.5, X = 56°. 
m L k » m LB = m L 0 m 75° 

a. 



H « tan-C. AD = 3.732 • 3= II.196. 
CE 



b. ^ - sin B. CE = .966-6 = 5.79c 

c. m L^G^m 90° - m Z.B = 15°. 



,d. tan 15". DP » .268'3 * .8o4. e 

■ _ e 



ERIC 



7. 



8ln 18°^ -J^, 

b - 3,71, Zh-m 7.42 

cos 18° - ^ , 

a = 11.41. 



area = i • 10 ■ 7.42 • 11. 4i = 423. 

2^ - <: W . 

tan 42° = CD = 45.0. 

tan 26° - ,*AC - 92:2, AB « 42.2 . 

sin 26° a H, AD = 103 . 




Problem Set X-3 



(aln A)^ + (oos A)- - 1, -j + (cos A)^ = 1, 



cos A = 



tan A = 



sin A 

cos ~k 



1 

1 



2 



2, (o) is impQselble, ^ 

(d) A here is congruent to of part (a), 



■(g) A here is^jferie complement of the A of part (f) 



4r 
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Appendix XI 

4 

VECTORS IN SPACE 

In Chapter 10 our work dealt sfltjfy with veetors In a plane. 
However^ all that we did there can^e extended to space, and 
In this appendix, we summarize^ without proof, the exten- 
slons of our results to three dimenilona, (Definitions, nota- 
tions, and theoreme which are not repeated here are the ^ame 
m two and three dimensions,) 

Definitions . A vector In space is an ordered triple 
of real number^s [a, b, c]. The numbers a, b, o 
are called the components of the vector* 

Definition , The ordered triple [0, 0_, 0] is called 
the zero vector . 

Definition , If [a, b, c] and h is a saalar, 

th^vector [ha, hb^ he] is called the product of 
the vector ^ and the scalar _h. 

Definition , If if ^ [a, b, c], the vector 
[-a, -b, -c] is called the opposite of u. 

Definition , If ^ ^ [a^ b, c] the numberVa- + b^ + c^ 
Is called the magnitude or length of iT^ 

Definition , Two vectors are equal if and only if 
they have the same components. 

Definition , If TT ^ [a, b, c] and [d, e, f], 

the vector [a + d, b + e, c + f] is called the 

B\m of ^ and "v", - ^ 

Properties I'-ll hold equally well for vectors In a plane and ^ 
vectors in space, 
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Def Inltlon t Three vtotori AB, CDj IF ar^ said to 
be GOplaTiar If there exlats a plane to whieh AB, , Gl, 
-^F are all parallel. 

■Thedrem XI^l , If u", v", if are three non-Eero and non- 
coplanar vectors, and If z la any vector, then there exlet 
ecalars p> r such that 

r _ _ _ 

Tj^egggm XI-2 . If v, w are three non-Eero and non^ 

CQplanar vectors, and If p^, r^, pg, q^, r^ are icalars 

Buoh that 

p£? + + m + qg'v' + 
then ^ p^ ^ Pgi ^1 ^ Qg* ^1 ^a* • 



Definition . If ^= [Oj c] and [d,.e, f], 

the number ad + be + of la called the scalar product 
of and 'y. 

The properties of the aoalar product are the same In two 
and three dimenaiona, • 



Theorem XI-3 # Two non-zero vectors are perpendioular if 
and only if their scalar product is zero. 

ThejD^fm XI-4 , If u and v are non=zero vectorSi the 
absolute value of their scalar product is equal to 

(a) The length of it multiplied by the length of ' 
the projection of^'"'^ on or, equally well, 

(b) The length of ^ multiplied by the length of the 
projection of u on 
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APPLICATIONS OF 010^^17110 THEORY 

i 

/ 

to the 

USE OF STRAIGHTEDQE AND ^COMPASSES 

in ' 

DRAWING PICTURES OF PLANE FlCUraS 



In your study of Informal gsomets^ In prevloue mathematlds 
oourses you may have learned how to" use a itralghtedge and 
compasses in drawing plotures of plane geometrie figures. The 
pictures below suggest some of the basic operations in the use 

.of these tools. The conments give some Indloition of the 
related theory for the plane whlch^may be applied to "prove the 

. accuracy-- of the^ picture. 

1. Given a ray AB and a segment TO p to draw the point E 
on AB such that ^ ^ CD , 



C D A E B 

(The Point Plotting Theorem) 

Given two distinct points^ to draw the line which contains 
them. » " 



(Postulate 3) 

3, Given two distinct point # A and B j to draw the circle 
with center A and radius AB * 




X 



Given a eegmant and a point j to draw the oircle with 
center at the point and radius equal to the meaiure of 
the segment, ^ 




(Definition of Circle) 
5. Given a ray AB and a segment CD ^ to draw the point B 



on AB such that - 3 



CD 



4= 



C DA B 

(Point Plotting Theorem) 
To draw the midpoint of a given segment . 




(An application of the Triangle Congruence Postulates) 
7, To draw the perpendicular bisector of a given segment. 




8. To draw the bisector of a given ^gle. 




(An application of the S,S.5, Congruence Postulate) 

To draw a line\perpendlcular to a given line at a given 
point on it , 



H = 



(An application of the S.S.S. dongruence Postulate) 

10. Given a line and a point np^t on it, to draw the foot of 
the perpendicular from the point to the line. 



11, 



(An application of the S.S.S. Congruence Postulate) 

Given a line and a point not on it^ to dmm tt\_e line which 
is perpendicular to the given line and contains the given 



point , 



Given an angle ^ABC , a ray Dl and a point Q not on 
Dl , draw the ray DF iueh that P and G are on the 
BBmm ei4e of and ^FDE ^ABC . 




(An application of the S,S*S* Congruence Postulate) 



Given three segments PF' 



such that the sum 



of the lengths of ever^ pair of them exoeeds the length 
of the third segment ^ draw a triangle A ABC such that 



AB * PP» , BC ^ 



AC ^ RR' 




(Some algebra involving coordinates and equations may be 
used to show that the circles with centers at A and B . 
with AB ^ PP' and radii Qft' ^ and RR^ / respectively, 
intersect in two pointy, one on each side of *AB*^. ) 

Given two sepients and an angle, to draw a triangle having 
two sides and an included angle congruent to the given 
segment^ and angle. 





(An application involving some of the Incidence postulates 
and (12) above. ) 
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01 van a line £ a. pdlnt p not on It^ to draw the llna 
through the given point and parallel to the given line. 




i 



(An application Involving (12) above ,4^ 



Problem Set XII ,^ 

The following are exercliee in the use of straightedge and 
Gompaseesi 

1, Qiven a circle with cinter M and chord RS not contain- 
ing M , to draw a chord AB, through M and perpendiGular 
to rS . ^ * ' * 

The chord AB ______ the chord 11 . 

The chord TO Is a ■ of the circle. 

2. Given a circle and a radius which Joins its center to a^ 
point P on it, to draw a line perpendicular to the 
radius at p . 

3* Given a circle wltta center P and chord not contain^ 

\ ing P to draw the chord aC perpendicular to aB , 
and also to draw the chord , 

The chord W the point P * 

Given a circle with center p and chord TO not 
containing P , to draw the perpendiGular bisector of. CD * 

This bisector contains . the, point . * 



/ 



5* Given a circle with center R and chords MA and * 
to draw the Intersection of the perpendicular biSB^tors 
of MA and AC * 

This intersection is . ' 

6. Given three noncolllnear points A^ Bj C, to draw a 
circle which contains A, B, and, C * 

liow many distinct circles contain these three points? 

, -~ " -J 

7, Given a triangle ABC , to draw the triangle whose ^ 
vertices are the midpoints of A ABC . 

8* Given a convex quadrilateral ABCD to draw the 

.quadrilateral A»B*C»D» where AS B», CS D» are the 
midpoints of AB , W , CD > Dff- , respectively. 

9. Given a line segment AB , to draw the point C orf^f^SB , 
such that AC = 2'* CB 



980 




10, fliven two distlnot poUnts A and B , to draw a point C 
Buch that AC - • AB . 

11, Given two distinct points A and B , to draw an angle 
•£CBA subh that m £CBA'^ 60 . 

12, Given two distinct points A and B , to draw a ^sular/^ 



iguiar^ 



hexagort AM DBF ' 

13. Crlven three noncolllnear points^ to draw's parallelogram 
having the given points as three of its vertices, 

Given a triangle^ to draw Its medians. The medians 
intersect in the centrpid of the triangle. 

15. ' Given a triangle, to draw its angle blseGtors.v These 

angle bisectors Intersect in the ir^canter of the triangl#, 

16. Given* a trlanglej to draw its altitudes**- These altitudes 
intersect in the orthocenter of the triangle. 

17* Given a triangle^ to draw the perpendicular bisectors of 
its sides. These bleectors Intersect in the GlrDumcenter 
of the triangle t 

18, Given a triangle^ to draw its Inclrcle, 

19, Given a triangle ABC , to draw a triangle DBF similar 
h 2 

to ABC with constant of proportionality ^ , 

20, Given three noncolllnear points^ to draw an equilateral 
triangle containing the three points. 
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The Meaning and use of Symbols 



\ 

Oer 



^ A = B can read a^ "A equals B" , "A equal to . 
B", "A equal B" (as ift J*Let A ^ B"), and posalbly 
other, ways "appaars* However^ we should not use the 
symbol, ^ J In such ^orms as "A and B are j Its 
„ proper use is batwaen^ two ^expreeslons . If two expresslona 
, are connectf^ by it Is to ba understood that^ these 

two expressions are ngflies of the same mathematical ob- 
Ject, In our case either a real number or a point set', 

"Not equal to", a' ^ B means .that A and B do not 
repreeant -t^ie sa^e object , *Thtf same variations and 
cautions apply to the use of as to the uae of ^ . . 

[bi property). The set of. all elements a each of which 

i 

has the stat'ed property. (The "set-builder" notation), ' 
Algebraic . « 

+ * - + These familiar algebraic sjmibols for operat- # 
Ing with real numbers need no comment. The basic 
postulates -about them are presented In Appendix II, 

^ y ^ ^ y Like ^ , these can be read In various ways In 

sentences J and A < B =may stand for the underlined* part - 
of "If' A la less than B " , "Let A be less thgn B " , 
" a less than B implies" ^ etc. Similarly for the 
other three symbols, read "greater than", "less than or 
equal to" J "greater than or equal to". These inequali- 
ties apply only to real numbers. Their properties are 
mentioned briefly In Section 3-Sj and in more detail in 
Section 3=3. 

|a| "Absolute value of A", Discussed In Sections 3-2 atid 

a-3. 

(x^ y) The coordinates of * a point, (an ordered pair of real 
numbers); also used as the name of the point, 

I Proportionality. "(a, b, c) ^ (d, e, f)" Is read "a, b, c" 
^ are proportional to "d, e, f " , 

^-^^ ' 983 ^ 



Geometry. . ^ , * 

Point Sets. A single letter may stand for any suitable 

des^crlbed poliit set. Thus^ we may speak of a_ point P, 
a ^In^ m, a halfplane )4- $ a circle C, a^^ngle x, 
a *aegmtnt etc. % 

W The line Gontalnlng the two joints A and B, 

^ The sepnent havlrig A and B as endpolnts, 

AB. The ray with A as Itfs endpolnt and containing point B. 

LABC The angle having B as vertex and BA ^ and EC as sides. 

AABC The triangle having A, B, C as vertldes. 



4 

£ABC . Is a right angle, 



4A-BC-D. The dihedral angle having line BC as edge and 
with faces containing A and fi* 

(AjBj Directed segment whose origin im A and whoee 
terminua is B. Read "directed^ segment AB*\ 

IT The vector read "u vector" or ^' the vector u' 

[a,b] The vector whose components are a and b. Note 
that a and b form an ordered pair and In general 
[aib] is hot the Same as [b,a]. 

|u| The magnitude, or length, of u 

Pft The vector whose components are the same as those of 

directed sekment (PjQ). Read "PQ vector" or "the 

veGtor , . 

, 0 The zero ^vectorj ^that is the vector whose components 
are both yero, ^ ^ 

"u* v The scalar product of ^the vectors u and v. Head 
"u dot v". 



m 



~^*^l%'**^n polyhed'f^J^., angle whose vertex la V and 



whoie edges are VQ^r " 

AB* " An arc of a clreae with endpolnts A and B. Read 
"arc AB". ' 

AXB ^, The arc of a alrcle with endpoints A an^. B and 
containing the poiht X. Read "arc Affi" . . , 

niAXB The degree measure of the arc whose endpolnts are A- 
and B and which Includes the point X. ' 

tf The greek letter pl^ used here and many other places 
to denote the qUotlent of the circumference of a 
circle divided by Its diameter. The number Tf is the 
■same for all circles* 

X ' ' - ■ ■ 

Real Numbers , ' » 

AB The positive number which Is the distance between the 
_two points A _ and and_altp_the__ltngih aS ._th.e.. . 

segment AB. 

m LkBC. The real number between 0 and l8o which is 
the degree measure of L ABC* 

PQCrelatlve to,. (A, A'}) The measure of the segment PQ 
with respect to' the unlt^palr [A^ A^i}* 

m The sl©pe af se|ment^ AB. 

^ The slope of ray m"* ^ ; 

The slope of line AB. 

Reflations * 6 . 

S t > b. a -is matched with b, ? 



Congruence, A S B Is read ''A Is congruent td B" , 
but with the same possible variations and^ restrla'tlon^ 
a| /A - B. In the text A and B may be segments, 
angies, or triangles* ^ 




X ' Perpandlcular. A £ B li read "A Is ptrpendlaular 

'to*;B*j but wltihjth# same comment as for a end 

B may be either two^ llnesi or subsets of llnei^ (rays or 
* sepnents) . ^ . 

^ . ^~ ' ' . . . ■ ' ' ' . > ^ ' \ 

F ^ pi p le Isomttrtc to F« . (Apperidlx o)', 

II • ^Parallelism. We read "p || q" as "line p Is parallel 
to line q", , ; . \^ 

' Slmllaj^lty. ^ We read " A ABC ^ A DEF" as' "triangle 
ABC Is similar to triangle DEp" . 

^ Equivalena^ for directed se^ents (A,"B) * (C^ D) Is 

re^d "dlreGted se^ent (A^ B). is equivalent to directed 
segment (C, D)" . ^ 
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The Greek Alphabet 



A o( alpha ' 

B ^ ' beta 

$ delta 

E £ epBllon 

Z i gata 

H ^ eta 

e> ^ theta 

1 c lota 

K K kappa * 

y\ lambda 



a 
b 

d 



e 

z 

e 
th 
'1 

k 

1 ' 

m 



(a) 
(b) 

(s) 

(d) 
(e) 
(z) 
(a) 



(e) 
(k) 

(1) 
(m) 



■ N 

Si 

0 o 
P ^ 

X X 



nu 
^1 

omlcron 

pl 

. rh o 

tau 

upsllon 
phi 
Chi . 

psi ^ 
omega . 



n (n) 

X. (ks) 

.o (o)- 

■ P (P) ■ 

. rh (r) ^ 

8 (S) 

t (t) 

u (u, oo) 

ph (f) 

ch (k, K) 

ps. (ps) 

o (o) 
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_ : LIST OP CliAPa^p AND POSTULA^S 
CHAPTIR Coordinates 1^ a Pl-ane. 



CHAPTER g.r Perpendicularity, Parallelism, and 

Coordinates in^Space ^ - ' 

POgTULATE 24. There is a unique plane^ which contains, a given 



POSTULATE 25. 



point and 1^. perpendieular to a gf^en^llne* 

Two lines which are perpendicular to the eanie 
plane are parallel. . " >"\ 



^ CHAPTER 10* Directed Segments and Ve6Cors 

CHAPTER 11^ Polygons and Pol^yhedrons _ 

POSTULATE 26. If R Is arw given polygonal.-^^glon, there ^Is 
a correspondence whtch assoelaJrs to each 
polygojial=reglon in sp&ce a unique posltlv$^., _ 
numbed*, such that the numhfer assigned tq the 
gWen polygonal-region R Is one. ; 

POSTULATE 27* Supppse that the polygonal-region R Is the 
union of two polygonal-regions R^ and R^ 

such that the Intersection of R. and ^ R^ " , 

contained in a union of a finite numbpr of 
^ ^ ' segmenj's'. Then^ relative to a given unit -area 

the area of 



POSTULATE 



and 



is the |um of the areas of. 



28. If two tr£"angles are. coi^gruent, then the 

respective triangular-regions consisting of the 
triangles and their Interiors have the same 
aregi relative to any given unit -area. 



POSTULATE 29. 



Given a unit-pair fof* me^asurlng disj^nce, the 
area of a rectangle relative to a un^t -square 
is the product of the'measures (relative to the 
given unit^pair) of any two consecutive .sides 
of the rectangle. " - 
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CHAPTER li, Cirdlfi and Spheres 

POSTUmTE 30. If AB and ^BC are-ares^ of the eame circle 
^ having only th& point B In common^ and If 

.their union Is an arc ^ AC , then mAl^+ mM 
mAC . ' * 

POSTULATE 31. The lengths of arcs In congruent circles are 
proportional .to their degree meas4reB* 




*3 1; . 
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ilST OF TOEORStS AND COROLLARIIS 



THIORIM 8-1. 
' THIOKM S-a. 
^ THEOREM 8-3. 

raEOREM 8-5. 



THEORET^ 8-6, 



TOEOREM 8=7, 



raEOREM 8=8, 



If P i^and Q are polryts on the^same ytrtlcal 
line, then PQ * |yp - y^l . 

If T and ft are points on the same horizon- 



tal 1 



^ne J then 



PQ ^ 



Evei^ vertical line Is perpendicular to every 
horizontal line. 

If ^i^^l^^i) PgC^g^yg) are two p&lntB 
In the XV -plane, then ^ 



4m! 



If P and Q are two pqlnt^ In the same 



vert lea 1 line, .-„Shen the mJ,dpoln.t ^_E--^q£. . p g^ 

- (xp . h^j^loj^. 



M 



If p and Q are two points on the same 
horizontal line,^ then the midpoint M of 
PQ is the point 



M - /^J+fs , y. 



If P and Q are distinct points on a line' 
which Is neither vertical nor horizontal, 
then the midpoint M bf P5 is the point 



M - / "p + ^Q. 



^p -H 

— 



If P ^ (x^,y^) and Q ^ (x^.y^) are any 
two distinct points in a plane^ then the 
midpoint M of PQ Is the point 



M -r^2 +_''.l 



yg ^ y^ 



! 



4 ^ ^ '^'1 
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THEORY 8-9. 



THEOREM 8-10* 



THEOREM 8-11. 



1 



THEOOTM 8-i2. ^ 



THEOREM 8-13. 



^ THEOREM 8-147X 



-4 



L^t a be any real number. Then the set of 
all points in the xy-plane each of which has 
x-cDordinate a is a vertical*- line , 

IMt b be any feal number. The ^set of all 
points in t.^e xy-plane with y-coordinate b ^ 
is a horizontal line. 



two 



If P^(x^,y^J -and F^(K^,y^) are any 
points, then. . 

P^Pg ^ ((x,y) : X ^ lc(Xg. - x^), y ^ 

1^^ + ^{y^ ^i)^ ^ real) , 
If a, b, Cj d are real numbera^ such that b 
and| d are not both zero and if 
S - {(x,y) I x,^ a + bk; y ^ G + dk, jk^ is 
real) , then S is a line. 



1 



The slope of a non-vertical line, p li 

y^ — y^ 



- X^ 



1 J Where P^Pg 



anc 



If 



(xi.y^) 



is any, segment of p 



is the line throuah 



ilope m ^ — 

S 



(x^,y^) 



with. 



, then 
^ C{x,y) : X ^ X, 



+ kc 



is real) and 
2. P - {(x,y) 
k is real) 



y - y. + kf ' , 



X ^ x^ + k ^ y ^ y + Ion , 



THEOREM 8-15 i 
COROLLARY 8-15- 



Two non-vertical lines are parallel If and 
only if their slopes are equal. 

Three points A, B, C are collinear if and 

only if m = m , or they lie on a vertical 

line. AB BC 



1 • 
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raEOHlM 8-16. 



If P a (x^.yj^) and Q = (Xg,yg) and if PQ 
Is an ohllque line, then 

W= I (x,y) 



*2 - *i yT 



4} 



COROLLARY 8-16-2. If p is the line whlGh passes ^hrough 

^(^^$¥2) ^^^^ alope m ^ then 



THEORM 8-17. 



THporaM 8-18, 

- t 
THEOREM 8»19. 



THEORM 8-20* 



THEOMIM 8-21, 



THEOMM 8-22, 



raSOOT^ 8-23. 



COROLLARY 8-23-1. 



' u ^ 

Two non-vertleal lines are perpendleular if 
and only If the produet of their slopes is -1 

A quadrilateral is a parallelogram If esLdk 

of its sides is congruent to the side opposite 

it. \ ■ 

A quadrilateral is a parallelogram if and only 

if each angle is congruent to the angle 

" oppoilte ItT^ ' ' 

A quadrilateral is a rectangle if and only 
if it is equiangular. 

A quadrilateral is a rhombus if and only if 
it is equilateral, 

_ # 
A line ^sepment which Joins the midpoints of 

two sides of p trlangl^ is parallel to the 
third side^and its length is half the length 
of the third, side . 

Given quadrilateMrl ABCD with A m (0,0) ^ 
B ^ (a,0) , D ^ (b,i) , then^ ABCD la a 
parallelogram is and only If C ^ (a + b,c) , 

If the coordinates of^the vertices of a 
parallelogram are A ^ (0,0) , B m (a,0) , 
C ^ (a + b,c) , and D ^ (b,c) , then the 
parallelogram is a rectangle If and only if 
b - 0 . 



4 Do 
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*i -. _ ' _ * ■ 

COROLLAIY 8-S3-a* If the coordChates of the veiitiGes of a/ 
^ parallelogram ire A ^ (0,0) B = (a,0) , 
C (a + b,o) and;^ 1) sp (b^jc) where a > 0, 
the^ the .Da^al lelQRram is a rhombus if and 



only If a ^^/b^ + 



THEOREM 8-24, 



raiORME 8-25. 



THEOREM 8-26, 



raEOREM 8 -ST 



THEOREM 8-28. 



COROLLARY 



8=2S^1^ 



vJHE0REM^8-2g. 



A quadrilateral* Is a parallelogram if^and only 
^if the diagonals blifeGt each other, 

A , parallelogram is a rectangle If and only if 
the dlagonaft are congruent » ' 

A parallelogram Is a rhomtus if and only If 
the diagonals are perpendicula^r, 

A parallelpgram ^a a rhombue^=4f aiid "oTiiyrrf^ 
a diagonal bisects one of Its angl-es* 

/ 

The set of all points in a plane which are 
equidistant from two given points lia the- 
plane Is^^^he perpendicular blseator^ of the 
segment Joining tne given points* % 

The perpendicular bls'i^ors of the sides of 
a triajigle are concurrent at a point eqi\i- 
distaat from the vertices of the triangl^. 

The set of ill points in the^ Interior of an 
angle which are equidistant from the lines 
which contain the sides of the angle ig the 
interior of the mldray of the anglt. 



4:- 
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JHEoREM 5-1. 



THEOREM 9-2. 



.THEOREM 9-3, 
THtoREM 9'^. 



THEOREM 9=5, I 

tI^eorem 9=6* ^ 

THEOREM 9-7. 

THEOREM 9-8. 
;mEOREM 9-9. 



The'llnei whl^ch Gontaln the angle bisectors 
of the ahgles of ^a^trilngle are concurrent ^ 
at a point fequddlstant ^from the sides the 
triangle, - 

Thm ^lane' which is perpendlGUlar to a given 
line at a point contains every line 'Which is 
' perpendf^ular to the given line at that 
point. 

If A lirte Is perpendicular to each of two 
Intarsectlng lines at their point of inter= 
section, it is perpendicular to the plane ' 
determinad by the two. lines* " ^ . 

- There ^Is a quique llne^ which Is pirp'endlcular 
to a glv^p^lane at a given point in the plane. 

If a plane Intersf cts one of, two distinct 
parallel lines 'in a point, It intersects the 
other line in a points also. 

If aplane is parallel to one of two parallel, 
lines, it is also parallel to the other. 

If a plane Intersects^each of two distinct 
parallel planes, the Intersections are two 
distinct parallel lines , 

If a line Intersects one of two distinct ^ ..^ 
parallel planes in a single point, ,lt Intersects 
the other plane In a single point also. 

If aline Is parallel to one of two paralXel 
planes. It is parallel to the other also. 

Two planes which are perpendicular to the same 
line are parallel. ■ " 



-* . ^ ■ - 

""Theorem 9-10: ^ if a^-'li-^ is perpendicular to one of two 

' ' . .distinct parallel planes it Is perpendlcula'r 

. % - to the other also*, 



THEOREM 9-11. 

THEOREM 9-12, 
THEOREM 9-13. 

THEOREM 
THEOREM 9-15. , 
THEOREM 9-16, 

THEOREM 9-17* 

."'toEOREM 9-18 . 



THEOREM 9-19. 



If a plane is perpendicular to one or two 
distinct parallel lin^s, ^ it is perpendi'GUlar_ 
to the other lin^^^^'SvLso > s ^ . 

If two lines are parallel to- a third 
line, they are parallel to each other* 

Given a plane and a point not in the plana, 
there is a unique line which passes ' through 
t.he p^nt and is perpendicular to the plane,- 

There is a unique plane parallel to a given 
plane through a given point*-, 

If two planes are each, parallel to ^ third 
plane^t hey are parallel to each other. 

The shortest segment Joining a point to a 
plane not containing the point Is the segment, 
perpendicular to^ the given plane. 

All segments which are perpendicular to each 
of two distinct parallel planes and have their 
end points in the planes have the same length. 

/ ' 

The set of all points which are equidistant 
from the endpoints of a given segment is the 
plane which contains the midpoint of the 
segment and is perpendiGUlar to the line which 
contains the segment , 

|Any two plane angles of a dihedral angle are 
congruent . .y^ 



THEOREM' 9-20. 



^"If" a^lihe Is pe^^pendicular to/ a plane, 
then any plane containing this line Is^ 
perpendicular to the given plane. 



THEOREM 9^21. 



If two planes are perpendicular^ then any 
line in ^ne of the planes which is perpendl^ 
cular to their liije of intersection is 
perpendicular to the other plane. 



THEOREM 9=22. 



THEOREM 9-2^, 



If two planes are perpendicular, then any line 
perpendicular to one of the, planes at a point 
on their line of intersection lies in the 
other plane* 

If two Intersecting planes are each' perpendi- 
cular to a third plane, then their line of 
intersection is perpendicular to this plane. 



T?f£OREM 9-24. 



If P and 

1 ^ e 
to the X-axis, then -^^o - i-j --oi 
X. and X are the x=coordinates of 



are points on a line parallel 

where 



P P 



and 



respectively . 



1 



THEOREM 9-25. 



If 



and are points on a line parallel 



to the y=axis, then 



P P ^ 
-1-2 



y-^ and y^ are the y ^coordinates of 
Pp , respectively, L 



where 
and 



THEOREM 9-26, 



If P. and P 
to the s-axls, then 



-j^ ^2 points on a line parallel 



and 



P P 

"1-2 



1 2' 

are the E^coor^nates of 
P,-3 respectively, . 



, where 
and 



THEOREM 9-27. 



The distance between the points P^(x-j^,y^, z^) 
and 'P^CXg^ y^^ given by 



^2^1 



THEOREM 9-28, 



If Pi(^^*yiiZi) and PgCXg.yg^^g^) ' ^^'^ ^^^V 
two distinct points j then foi" ever^ value 
of k the point whose coordinates are. 



z = z 



lies on Tp-j^P^' and.^, conversely^ to every point 
on there correspjonds a unique value 

of k such that tl-iese equations give the^_^ 
coordinates of the' point . 



THEOREM 9-29. 



Evei^y plane has an equation of the form 
ax + by + cz ^ 6 % where one or more of the 
- numbers a, b^ c is different from zero; and 
^ every equation- of this form is an equation of: 
a plane. 



THEOREM 10-1, 
THEOREM 10-2. 
THEOREM 10-3, 



THEOREM 10-4, 



There is one' and only one directed segment 
which is equivalent to a given directed 
Segment and has its origin at a given point, 



Two directed segments (Pj^,Pg) and {?^,?^) 
are equivalent if and only if they have the 
same components . 

3 have coordinates (x. 



If 



and 



and (Xg,y^) , respectively, the length of 
any directed segment equivalent to (p~P~) 
Is 



n 



2 ^1^ ' ^^•'S 
coordinates of 



the 



and 'p^ 



are 



f 



and 



1 ^2 
respectively, then 



the components of the directed segment 
(P^TP^) which is. k times the directed 
segment (PTTP^). .are kCx^ - x^) and 

^iVg ^ yi) ' 
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TOEORIM 10-5 . 



The components of (P^^ifg). ^ (^S^^if) 
the sums of the corresponding -components 
of (P77P2) and fp~P^) . 



THEOREM 10=6, 



THEOREM 10-7^ 



THEOREiM 10-8 



THEOREM 10-9^ 



THEOREM 10-10. 



THEOREM 10-11, 



THEOREM 10-12. 



THEOREM 10-13. 



ari equivalent directed segments. 

If (P^,Pg) ± (ai^Qg) arri (P3,Pj^) 

then (P^,Pg) + (P^Tf^) i (%7%) + . 

If P^g and P3pi| ara parallel vectors, 
then *P^Pg and ^P^P^ a^^® parallel. 

If u and V are parallel vectors, then 
^ ^ ku 

where " • . 

k = M . * 

The sum of the vector P-j^Pq and the vector 



P^P^ is the vector P^X where X is th€ 



unique point such t 



hat 1^ - . 



If OA and OB are two non^^ero vectors 
which are not parallel and if OP is any 
vector in the plane OAB , then ther^e exist 
scalars h and k such that 

op" - hOA + kOB 

If u and v' are non-zero, non-parallel 
vectors, and if x, y, z, w are scalars^ such 
that ^ 



then 



xu + ^ ZU' ^ Wv , 
X - z and y " w , 



The midpoints of the sides of any quadrilateral 
are the^ vertices of a parallelogram. 



THEOREM 



TOEOREM 10-15, 



THEO^M 10^16. 



OTEOREM 11-^1. 



The segmer^t Joining the midpoints of two 
sides of a t^f'iangle is parallel to the thi:% 
side and the length of the segment is one ^ 
half th:^ length of the ' third sld« . 

A quadrilateral is a parallelogram If and 
only if Its dlagonala bisect each other. 

Tv/o. non-zero vectors are perpendicular if 
and only if the sum of the products of their 
respective\^cpmponents Is zf 



The sum of the measures of tHe angles^ of a 
convex polygon of n ildes is (n - 2) * 
180 . 



COROLLARY ll-l-l. 



The measure of.each angle of a regular 

polygon of n sides is 

in - 2)180 .„ .0^^ 360 

^ ^ or loO - # , * 



THEOREM 11-2, 



For any convex polygon of n sides ^ the 
sum of tY\e measures of exterior angles, 
one at each vertex of the polygonj^ls 350 



COROLLARY 11-2-1. 



The measure of each exterior angle of a 
regular polygon of n sides is , 



THEOREM 11^3. 



TOEOREM 11-4. 



COROLLARY 11-4-1. 



The area of a right triangle is one half ^ 
the product of the ^lengths of Its two legs^* 

The area or a triangle Is orife-half tlie 
product of any base and the altitude to that 
base , ^ ^ '4 

The area A of an equilateral triangle 
whose side has length s ^is given byi 

2 
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THEOREM 11-5, 



The area of a rhombus Is one half the product 
of the lengths of the diagonals. 



COROLLARY 11-5-1. 



The area A of the square whose diagonal 
has length d is given by 



THEOREM 11-6, 



THEOREM 11-7. 



The area of a parallelogram Is the product 
of any base and the altitudfe to that base, 

e area of a t r a p e s o 1 d is o n e - h a 1 f the 
product of its altitude and the sum of its 
bases* 



Ci7*lLLARY 11-7-1^ The area of a trapezoid is equal to the 

product of its altitude and the length of 
its median. , 



THEOREM 11-B, 



i 



Consider -a set of tv/o or more triangles. 

(a) If the Ibases of all the triangles are 
equalj then the areas of the triangles 
are proportional to the corresponding 
altitudes. 

(b) " If the altitudes of all €Vie triangles 

are equals then the areas -of the 
triangles are proportional to the 
corresponding bases, 

(c) If the areas of all the^t rlangles ar^ 
equal, then the bases of the triangles 
are Inversely proportional to the 
corresponding altitudes. 
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THEOREM 11-9- 



TH£:OREM 11-10, 



Gonslder a set of two or more parallelograms. 

(a) * If the bases of all the paraiaelograms 

are equal, then the areas of the parallel 
ograms are proportional to the corres-- 
ponding ^aititud^s , 

(b) If the altitudes of all the parallelogram 
are €qual, then the areas oT-the parallel 
ograms are proportional to the corres- 
ponding liases* . 

(c) If the^ a^reas^ of all the parallelograms 
are. equal, then the bases of the 

/parallelograms arp -inversely proportional 
to the^ corresponding altitude^. 

Every similarity between triangles has the 
property that the measures of the three sides 
and any altitude of the one triangle arfe 
proportional to the measures of the corres- 
ponding sides'' and the corresponding altitude 
of the other triangle. 



TOEOREM^ai-ll , 



Every similarity between triangles has the 
property that the areas of the triangles are 
proportional to the squares of the lengths 
of any pair^ of corresponding sides 



THEOREM 11^12. 



Every similarity between convex polygons 
^wlth n sides has the property that the 
Ifnfeths of the n sides and the perimeter 

' Qpe polygon are proportional to the lengths 
oP the corresponding sides and the perimeter 
of tftie other polygon* 



miOREM 11-^13. 



Every \^'^mllarity between convex polygons 
with n '^^U^des has the property th^t the areas 
of the pol^o^al -regions (consisting of the 
polygons and'-^heir interiors, reEpectively) 
are proportional to the squares of the 
lengths of any ptflr of corresponding sides. 
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THEOREM 11-14, 



THEOREM 11 -1^ 



THEOREM 11-16, 



IWEOREM 11=17. 



THEOREM 11-18, 



THEOREM 11-^19. 



THEOREM 11-20. 



The bisectors of the inttrio^* ^artgi;es of a 
regular convex polygon of n. sl.(i&a intersect 
at a point , ; = ' • " 

. * . ; .5 r. 

Every central triangle of. a re^^iji^; polygon' 
is Isosceles and is congruent ^tf^^e^ry other 
centrar triangle. 




The area of a regular polygon Is-^pt'-half the 
product of the apothem and the pelvimeter of 
the polygon p 

The sum of the measures of any two face'-v^' 
angles ^^*^trihedral angle Is greater^thaa 
the measure of the third face angle. ^ 

The sum of the Measures of all the face angles 
of an^ polyhedral angle is less than 36o . 

There are no more than five types of regular 
polyhedi^ons , ^ 

The lateral area ofia prism is equal to the 
product of the lenOTh of a lateral edge and 
the perimeter of a right-section* 



COROLLARY 11=20-1. 



raEOREM 11-21. 



The lateral area of a right prism is the 
product of the length of a latet^l a^ge and 
the perimeter of a base* 

Let a triangular pyramid be given, 

(a) Evei^ ci'oss-section of the pyramid is 
a triangle similar to the boundary of 
the base, 

(b) If the distance from the vertex of the 
pyramid to the plane containing the 
cross-section Is k and if the altitude 
of the pyramid is h , then the ai^ea of 
the cross -section and the area of the 

base are proportional to the 'numbers 

2 2 
k- and h * 
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THEOREM 12-1, 



THEOREM 12-2, 



raEOREM 12^3. 



THEOREM 12-4. 



The intersection of a sphere with a plane 
through its center is a circle whos^^ center 
and radius are the same as those^ qf the 
sphere* ^ * 

The radii of a circle or congruent circles^ 
or of a sphere or congruent spheres, are 
GQHgruent , 

-The diameters of a circle or congruent circle 
or of a sphere or congruent spheres^ are 
congruent , 



Given a line and a circle C in the same 
plane. Let P be the center of th^ circle^ 
and let F be the foot of the perpendicular 
from P to the line, ^ 

(1) Evei-^ point of ^ Is outside C if and 
only if F is outside C . 

(2) ^ is a tangent to C if and only if 
F is on C . 

(3) ^ is a secant of C if and only if 
F Is inside C , 



COROLLARY 12-4-1, 



COROLLARY 12-4-2 < 



COROLLARY 12-4-3, 



Gi"ven a circle and a coplanar line^ the line 
Is^-a-^t^ngent to the circle if and only if it 
is per^pendicular to a radius of the circle 
at its outer end* 

A diameter of a circle bisects a non-dlametar 
chord of the circle if and only if it Is peri 
pendicular tp'the chord* 

In the plane of a circlej the perpendicular 
bisector of a chord contains the center of 
the circle. 
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COROLLARY 12-^-4, 
\ 

THEOREM 12 -5* 
THEOREM 12^6. 



If a line in tha*^plane of a circle interBeats 
tne intei^ioi"^ of the circle, then it intersects 
the circle in exactly two points. 

Chords of congruent circles are cdngriient if 
and only if they are equidistant from the 
centers , 

Given a plane ?7Z and a sphere S with 
center p , Let be the foot of the 

perpendicular from P to 771 * 

1, Ever^ point of "Tri is outside S if and 
only if P Is outside S . 

2, ^71 is tangent to S If and only if P 
is on S * 

3, Tn intersects S in a cirdle with 
center P if and only if p is inside 



/ 

COROLLARY 12-6=1. 



CQROLLARY IS -6 -2, 



A plane is tangent to a sphere if and only 
if it is perpendicular to a radius at its 
outer endpoint p 

A perpendicular from the center of a sphere 
to a chord of the sphere bisects the chord* 



COROLLARY 12^6=3. 



T^OREM 12-7. 



COROLLARY 12-7-1. 



The seginent Joining the center of a sphere 
to the midpoint of a chord, i-s perpendicular 
to the chord. 

The measure of an inscribed angle is half "the 
measure of its intercepted arc. 



An angle Inscribed in a semicircle is a right 
angle. 



COROLLARY 12-7^2, Angles inscribed in the same arc are congruent 



COROLLARY 12-7-3, 



Congruent angles inscribed in congruent cir- 
cles intercept co'ngruent arcs. 



THEOREM 12^8. 



THEOREM 12-9. 



THEOREM 12-10, 



THEOREM 12=11. 



. In the same circle or in congruent oircles, 

if two chords^ not dlameterp, ai^e Gongruent, 
^ then so are the assoGiafced minor arcs. 

In the same circle or in congruent circles ^ 
if two arcs are congruent > thin so are the 
associated chords , 

The measure of a tangent -chord angle is one- 
half the measure of its 'intercepted arc. 



The measure of an angle w-hOse vertex ls| in 
the interior of a circle and whose sides 
are contained in two secants, is one -half 
the sum of the measures of the intercepted 
arcs. 



THEOREM 12^12, 



THEOREM 12-13. 



The measure of a secant-secant angle, or a 
tangent -tangent angle or a secant -tangent 
angle is one -half the difference between the 
meas^ires of the intercepted *arcs. 

The two tangent-segments to a circle from 
an external point are conginaent, and form 
congruent angles with the line Joining the 
exter^nal point to the center of the circle. 



THEOREM 12-14. 



THEOREM 12-15, 



THEOREM 12-16, 



The product of the length of a secant -segment 
from a given exterior point and the length of 
its external secant-segment is constant for 
any Recant containing the given point. 



Given a tangent -segment 
T and a secant through 
circle in polnt£ 

m • QS ^ (QT) 



R and 
2 



W to a circle at 
Q , intersecting the 
S , Then 



If two chords of a circle intersect, the 
product of the lengths of the segments of 
one is equal to the product of the lengths 
of the segments of the other. * 
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THEOREM 12-17. 



COROLLARY 12-17-1. 



raEOREM 12-18, 



COROLLARY 12-18-1, 



THEOREM 12-19, 



The quotient of the oircumf ercnce divided by 
C 

the diameter^ , Is the same for all 

circles. 

The circumference of circles are proportional 
to their radii . " 

The area of a circle of radius r Is 7rr^ , 

* 

The areas of two circles are proportional 
to the squares of their radii, 

'An arc of degree,, measure q contained in a 
6\ircle whose radius is b has length L j 
Where 



THEOREM 12-20. 



THEOREM 12^21. 



The area of a sector is half the product of 
its radius and the length of Its arc. 

The area of a sector of radius r^ ar^ arc 
measure q is ^ 

" . q . 

360 



raiOREM 12-23. 



A triangle has one and only one circumscribed 
circle. The center of this circle is the 
intersection of the perpendicular bisectors 
of the sides of the triangle, 

A triangle has one and only one inscribed 

circle. The center of this circle \b the 

intersection of the mldrays of the angles 
of the triangle. 



5 ! 
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For praGlsely defined gaoa 
thm fomal definition. For ot 
Informal definition or to tns 

A, A. similarity theorem, 413 
absolute value, 81 ex., 519 
acute angle, 182 
addition property, 

of eqiaality, 235 
* of order, §3 

of proportionality , 398 
adjacent angleg, l8l 
alWrnate interior angles, 319 
alternation property of 

proportion, 3S9' 
altitude 

of a parallelogram, 748 
. of a prism, 799 

of a pyramid, 803 

of a trapezqid, 5S3 

of a triangle, 427 
"And", 53^ 
ansle(8) , l45 

acute ^ 182 

adjacent, l8l 

alternate interior, 319 
' bliector of, I67 

o#ntral, 847 

complementary, 189 

congruent , 184 

consecutive interior, 319 

of a convex polygon, 213 

corresponding, 319 

dihedral, 215 

exterior of a polygon, 738= 
exterior of a triangle, 292 
face,= 789 
inscribed, 851 
intercepts an arc, 852 
Interior of a polygon, 738 
. intvlor of a triangle, 292 
linear pair of, 179 
meaflure of, 154 
obtuse, 18S ^ 

plane an^le ^of a dihadral 
angle, 634 x 
' polyhedral, 788 
of a quadrlleteral , 204 
reflex, 143 
right, 182 
secant- secant, 862 
secant- tangent, 862 
side Df, 145 
"straight", 144 
lupplemantary , 109 
tangent- criord, 861 



letrle terms the raference Is to 
iher terms the reference la to an 
m^^t proml n^nt discussion. 

angle (s) , (con* t , ) 

tangent-tangent, 862 
of a \riangl©, 20> 
trihedral, 789 
vertex of, 145 
vertical,' 194 
"aero'*, l44 - 
fcngle construction theorem, 16C 
antlparallel rays, 355 
apotham of regular polygon, 77S 
src(^ 

congruent, 855 
degree measure of, 849 
endpolnts .of, 848 
intercepted, 852 
length of, 900 
major, 848 
minor, 848 
of a sector, 901 
semicircle, 848 
area 

of a circle, 895 
of equllsteral triangle, 755 
lateral, of a prism 79'^^ 
of a parailalogram, 756 
of polygpnar regions , 7^4 
of a rectangle, 748 
of a regular polygon, 786 
of a rhombus, 755 ^ 
of a sector of a circle, 901 
of a square, 7^9, 756 
of a trapezioid, 758 
of triangles, 753 
area relations 

of congruent triangles, 747 
of parallelQg^rams, 76^^ 
of triangles, 767 
A.S.A. oostulate, ,252 
ax^jma, 10 . ^ 

base(s) 

of isosceles triangle, 277 
of a parallelogram, 7^8 
of a prism, 796 
of a pyraniid, 803 * 
of a trapezoid, 593 
base anglea 

of isosceles triangle, 277 
jf a trapezoid, 593 
betweenness 

for points, 11 
for rays, 165 



779 



bstwtarmess-addltion 

theorem, 240 
b0tweenness=angl©s theorem, l6 
betweenness^caordlnatea 
thebram, 109^ 
. bstwaenness-distanG© 
' theorem, 117 
blsee^tlon ^ - 

of an *an^l0, 167 
of a segment , 92 
boundary Qf a polygoMLl = ^ 
' region, 732 ^ ) 

' center 

of a circle, 819 
of sravlty, 771 ex. 
bf a regular polygon, 
of a aphere, 820 
aeritral angle of a circle, 847 
central triangle of a 

regular polygon, 779 
chess, 34 . 
chord, 821 ^ 
circle (a), 819 
area if, 895 
area of seotor 
canter of ^^^^^Si^S 
central 
! Chora of 
A clrc vmfe 

clrcumsc 
ooncentrl 
CDngruant, 
diameter of*, B21 
exterior of, 829 
great, 821 
inscribed, 905 
interior of, 829 
major arc of, 848 
minor arc of, 848 
power Df a point with 

resoect to, 871 
radius of, 819, 821 
secant of, 821 
sect ir. of, 901- 
segment of, 903 
tangent of, 830 
tangent extarnally , 
tangent internally, 
clrcular-replon, 8s^4 
clrcumf erenc© -fa circle, 888 
circumscribed circleg, 
circumscribed trlan^.l©, £05 
colllnaar, 40 

In tnat orderj vl 
common external tangent, 377 ex 
common Internal tangent, 877 ex 
eomplement, 18 9 . 




835 
835 



componants | 
, of directed segmenta ,^ 690 
of Erectors, 703 
composite condition, 533 
concentric, 82O 
conclusion, 10 
concurrent llnegi, 597 
concurrent rays, 597 

In tiiat order, 166 
concurred segments, 597 
condltlgfmls, 244 / 
congru^-nce between ^jwa. convex* 

polygons, 460 
congruence oetwetn two 

irlanglea, 228 
congruent 

angles, 184 
area, 855 
chords, €34 
circles, 822 
polygons, 405 
segments, II5 
spheres, 822 
triangles, 229 
consecutive Interior ane^les, 319 
constant of proportionality, 393 
contraposltive, 328 
property of, 329 
Gapvmpmm, 280 

FythafaOrean tneo^ii, 434 
onvex polyson(s), 211 
anBles of, 213 
consective an^^les of, 213 
diagonals of, 212 
Interior gf , .212 
convex polyhedron, 884 
cunvex set of points, 134 
coordinate jlanes, 643 
- coordinate of a point, 76 
coordinate systein, 76 
in a plane, 509 
in space, 641 
on a line, 5O5 
origin of, 76^^^) 
unit point of, 76 
Goordlnates of a point 
In a plane, 511' 
In space, 646 
coplanar, 44 

correspundence, une-to-one, 30 

between trianglea, 227 ^ - ^ 
corresponding an,^,les, 319 
counter-exaLi pie, 5 
counting numDers, 55 

* cross-section of a prism, 798 . 

• Cuoe, 7 1^7 
decagon, 210 



d©finltl©^8, 15 

dompleta form^ 24l 
f ormal^ 15 

if and only If form, 542 
in proofs / 241 
degrsa^ 154 ^ 
am^mm mtasur© of an aroi 849 
diagDnals of r a oonvax 

po^lygon, 212 ^ ! 
diameter, 821 
: 41h«aral angle (s), 215 
•dg© of, 215 
,fac© of, 215 
taeasur© of, 635 
^ v/plan@ angl© of, 634 
•^rlght, 635 
vertleal, 216* 
dlr©Qt©d i©gm©nt(s), 684 
©qual, 685 
©qulvaltnj^, 686 

prop©rtl«B of, 687 
length of, 6B5 
opposlta of, 693 
product with a number, 693 
subtraction of,' 701 ex. 
Bum of, 697 
x-oompDnent of, 690 
y-componant of, 690 
displaQemant, 683 
distanQ#, > i- 
Between a point and a 

. line, 376 
between a point and a 

plane, 628 
between two □arallel 

lines, 354 
between two points, 522, 655 
measure of, 70 , 
distance formula. 
In a plane, 522 
in space, 655 
dodecasLDn, 210 
dod©Qah©dron, 784 
"dot product", 718 
ed-,e Qf. ^ 

half^plaji©, 138 
pjlygonal-region, 734 ax, 
polyhedral an^le, 788 
polyhedron, 783 ' 
empty set, 2&. 
endpoints of an arc, 848 
equal dlrectea se^menta, 685 
equal vectora, 704 



equatlon(i) , 538 ' 

©qulvalent, 539 

Intereept form^ 571 ex* * 

parametrlQ^ 54a, 658 

of a plane, 663 
, point-slop© form, 569 

slope-latereept form, 571 bk* 

two-point form, 569, 
•qulM^ular trlansle, 277 
equilateral triangle, 277 

area jf, 755 ^ 
equivalent directed 

'ae^ents, 686 
equivalent 'equations, 539 
Ruler's theorem,^ 734 ex, 
exterior 

-of an angle, I76 

of a cli'cle, 82S 

of a sphere, 841 

of a triangle, 203 
©Kterior angle of polygon, 738 
exterior angle ^o^ triangle, 292 
external .seoant se^^nti 870 
externally tangent QirGles, 835 
face angle of a 

polydehral angle, 789 
facas 

of a polysonal-reglon, 734 bx, 

of a polyhedral an^l©, 789 

of a polyhedron, 783 
foot of a perpendicular, 2£4 
frustum jt a pyramid, 805 
geometrical applications 

of vectors, 714 . 
grad, 153 
grap^h^ 514 

great circle of a sphere, 821 
greater than, 57 a- 
halflina, 137 
half plana, 13S 

ads© of, 138 
half spaca, 139 
heAagon, 210 
aeptahedron, 784 
hexagon, 210 
hexahedron, 784 
horlsontal Unas, 510 
hypotanus©, 36^ 
hypotenusa-leg theorem, 367 
hypothesis, 10 
Icosahedran, 784 
identity aorr©spond©nce, 3j ex. 
if and only if form, 242 
if-th©n form, 17 
Inclaenca relTitlons, 35 

points and lines, 36 

points, lines, ana planes, 42*<" 



ladireot method of praof , 325 
indi^#ot reasoning^ 12 
' iniuotivd reasoning^ 5 

in the saj^ order, 370 
initial polntXsltf 
Inaarlbed anglet 551 
inseribed oireltfT^ 905 ^ 
Insoribed triangle, 905 
Intagers^ 56 

negative, 56 

pDSltlve, 55 
Interaept form of a linear 
- equation, 571 
^ inter oepted ara, 852 
Interior 

of an ingle, 175 

of a olrole, 829 

of a oonvex polygon, 212 

of a polygonal-region, 732 

of a ray, 90 

of a ae^ent, 90 

of a sphere, 84i 

of a triangle, 202 
interior angld 

of a polygon, 738 

of a triangle, 292 
internally tangent clroles, 835 
interaeot, 27 

interaectlon of aets, 24, 534 
inversely proportional, 766 
invtraion property of 

pr oport 1 on , 399 
isosoeles trapezoid, 593 
isoscelea triangle, 277 

base of, 277 j 

base an^es of, 277 

; theorem, 275 

vertex of, 277 
lateral area of a prism, 799 
lateral ed^a of a prism, ^ 797 
lateral face of a prlim,' 797 
lateral surfaee of a prism, 797 
leg of a right triangle, 366 
leg of a trapezoid, 593 
length of an arc, 900 
length o,f a se^ent^ 11 
length of a vector, 704 
leae than, 64 
limit, 888 

line (a) , 
oonaurrent, 597 
coordinate syatem on, 
horizontal, 510 
interoept form of, 571 e3 
oppoBlta sides of, 138 



lineCs), (oon't.) 

parallel, 3l6, 343 
parallel to plane, 617^ 
paraaif trio equatlona of, ^46 
perpendloular, 183 
perpendloulat' td-^a plane, 610 
* point-slope foi# of , 569 
proJaGtlon of a point, on, 428 
projeotion of a 

ee^ent on, 428 
repreaentation »©f , 35 
skew, 316 
rilope of, 556 
alopeTinterGept 

form of, 571 ex, 
transversal , 317 
two-point f jrm of , 56$ 
undefined, 33 
vertioal, 510 
linear, pair ,179 

Lobaohevsklan geometry, 340 / 
loaus, 538 

logloal equlvalenee, 329 

logloal system, 2 

ma^ltude of a veotor, 704 

major arc, 348 

measure of an angld, 154 

meaaure of an arc, 849 

meaaure of a dihedral angle, 635 

meaaure of distance, 70 

median of a tra/ezold, 5S3, 758 

median of a triangle, 28& 

midpoint of a 

se^ent. 91*^ 526, 550 
midray, 161^ > 
mil, 153 
minor arc. 848 
multiplication property 

of equality, 236 

of order, 53 
nonagon, 210 
nonahedron, 784 
non-3uolldaar4 £=aomatries^^339 
null set, 29 ex, 
numbers 

counting, 55 w 

inequality of, 57 / 

Integers, 56 

Irrational, 56 

natural, 55 
^ negative, 63 

order propertlei, 63 

positive, 63 

rational 56 

real, 56 
obtuae angle, 182 
octagon, 210 , 
octahedron, 781^ 



v - b«tw#en triangles, 22Q 

■'^'r tor pmSil numbdrsi 63 

^ QOlllnMr pQinta, 91 
arderod pair, 511 
ordsrad trlpla, 646 
orisln, 76* 510, 684 
origin and unit point 

thaoram^ 78 
^utar exid of radlua, 821^ 
pawllal linei^ 316 343 
distanoa batwaanj 354 
propartiaa of» ^7 
parallal no^tuiapta^ 339 
paral^al raya^ 555 
parallal tagmanta, 350 
parallal yaotora^ 705 ^ 
parallalapipad^ 7&7 . 1 

raotangular, 797 <\ 
parallalism^ 315 

of a lin© to . a plan© , 617 
of two planes j 617 
parallalograa, 351 
altituia of, 748 
• area of, 756 
baia of, 748 
propertias of * 603 
paramatar, 546 
pariusatric aqiiations 
in a^planSj 546 
in spk^a,, 658 
pantagon^MlO 
pantahtdronj^ 784 
parpandloalar, 183 
foot of, 394 
lines, 183 
jlanas , 635 - 
sati, 183 . 
vectors, 7i7 
parpendicularity of a lln© 

and a plana, 610 
pi, ft., Qdy ^s^^ ] 

plan© [b) f 

aoordinata s^^^stem in, 509 
©quation of, 663 
parallal to a Una, 617 
parallal to another 

plane, 617 
parpendicular, 635 
parpandioular to a line, 610 
raprasantation of, 44 
tangent, 842 
and©fin©d, 33 
plan© angle of a dihedral 

angl^i 634 
plan© separation postulate, 138 



plot, 514 
point (a) 

Itsa aoordij^ta of, 76 v. 

^tMnm 6obi^inat#i 0f y ^11^^ 
a^aa ooordim.taa of, ^646 

distanoa batwaan, 5^2, 655 

powar of with raapaot to 
a olrola, 871 

raprasantation of, 35 

undafiibad, 33 j 
jpoint. plotting tbaoraffl, 116 J 
poimt^dl^p^ ^01^ of a 

linaar\aquation, 569 
ppjnt of tmnganoy ' 

. of a oirola, 830 

of a spbara,^S42 
polygon (s; , 
* anglts of, Sl3 
: oongruanoa^.batoaan, 405 

obnaaoutiTa aidas of, SIO 

oonsaoutlv© varlaan of ^ ElO 

oonvax, 211 

regular, 297* 779 

sidas of, 209 ^ 

slailar, 403 

vartax of, 209 * 
polygonal* ragloi^ s ) , 730 

area of, 7^^/ 

boiandaiT' of^ 732 

edges of, 734 

faoas of, 734 - - - 

interior of ^, 732 

vartioes of, 734 
polyhadral anglais), 788 

a^ga of ^ iSa^ ' 

fao© of, 789 ' t 

faoa angle of, 789 ^ 

v^rtax of , 788 f 
poiyh©drott(fl) , 783 

eonvax, 784 t 

edga of, 783 

faea of, 78"^ 

regular , 784 - 

section of, 784 

vertax of, 783 
postulate (s), 10 

of Algebra, 57 

of Qongruanae, 
252 

' S^A*S., 251 

^ &.i.s., 253 

of ineldenoa, 35,' 36, 4a 

interior of an angle, 1^4 

parallal, 339 

plana "sapaMtion, 138 

proportional eegaants , 4l2 

protractor, 159 

ruler, 77 



powAr of a point with rnpeot 

to a olrol©, 871 
prlffl© niimber. 5^ . 
srijfflCliO, 796 ! 

ftltitua^ of, ;799 : 

ba8# of, 706 
oross-gfrtieto of, 798 
lataiml 'sJ*©s of, 7i9 
latvnl siige of, 797 
lateral faoa of, 797------ . . 

lateral surf ao© of, T?7 
reotansular, 796 
rls^^t, 797 

rignt-seotlon of, 798 
total area of, 79y 
triangular, 796 
prliiBfitlo lurfao©., 797 
produGt proporty of 

proportion, 399 
projtotlon, 

of a polrit^^ injo a plane, 630 
of point^ on a line, 4g8 
^ of a s^^ant on a lin©, 428 
of a set of points into a 

plane, 631 
of a vector, 720 
proof, 17 

finding of, 271 
Indirect method, 325 , 
paragraph form, 276 
two ©Qlumn form, 244, 276 
using definitions In, 24l 
writing of, 260 
properties of 

cDngruenoe, 233 
for angles, 235 
for Begmenta, 234 
for triangles, 235 
directed iegm#ntS| 687 
©quality, 233, 235 
ord«r, 63 

parallel lines, 347 

parallel planes, 627 

parallelograms, 603 

proportion, 399 

proportionality , 397 

raotangles, 603 

rkombuses, 603 

sealar products, 7ly 

similar convex polygons, 406, 

squares, 603 

trapezoids, 603 

vectors, 707 
property of the 

' eDntrapoaltlve , 325 
proportion, 399 

propertlea of, 399 
proportional, 393 



proportional se^#nta 

poatulat©, 4lt 
proportionality, 392 

properties of, 397 
protractor, Igl - 
protractor postulat©, 159 
pyrMld{i), 603 

altitude of, 803 

baae- ©f^^Ol^ . .. 

fruitim of , 805 ' 

regular, 804 

slant height of, 805 

vertex of, 803 
Pythagoreatt theorem, 433 
qiiadraatsi 513 
quadrilateral ^ s 204 

opposite sides of, 213 

opposite vertices of, 213 

sides of, 2M 

vertices of, 204 
radian, 153 
radius 

of a clrole, 819, 821 

outer end of, 821, 

of a regular polygon, 779 

of a sector of a clrole, &01 
ray(s), 84 

aatlparalltl, 355 

concurrent, 597 

coordinate of, 159 

endpolnt of, 84 

Initial, 143 i 

interior of, 90 

opposite, 85 

ordered pair of, 143 

pari^llel, 355 

slope of ,^ 556 

terainal, 143 ' 
ray-eoordlnate system, 159 
real ni^bers, 56 
reasoning, 

deductive, 10 

indirect, 12 - 

Inductlvi, 5 
rectangle, 578 

area of, 748 

pr.operties of, 603 
rectangular parallelepiped, 7^7 
rectangular prism, 756 
reflex angle, 143 
ref Bixlve property 

of congruence, 

for angles,. 235 
' for segments, 234 
for triangles, 235 

of equality, 233 

of equivalent directed 
sesments, 687 




reflexive pMperty, icon't. 

^Qf jarailel lists, 347 

of parallel planes^ 627 

of proportloimllty j 397 

of ilmlltfr gbhvex 
polysons, 4o6 
regulaj^ polygoms)^ 297 

apothom of, 779 

area of, 780 • 

center of, 77& 

eentral triangle of, 775 
^ ' radiui of, 779 

**^gular polyhedron, 784 
. rogular pyramid, 304 
. ^sultant, 7P5 ex. 
rhombus, 578 J 

area of, 755 ^ 

propertiee of, 603 
Rleaarmlan geometry, 340 
right angle, 182 
right dihedral angle, 635 
right priaffi, 797 
right seotlon of a prism, 798 
right triangle, 366 
rotation, 143 
niler postulate, 77 
S.A^A. theorem, 361 
S.A.S* poitulate, 251 
3*A.8** similarity theorem, 421 
3oalar(a), 683, 703 
scalar product, 718 

properties of, 719 
sacant, 821 

sooant^seoant angla, 862 
lecant-segmeitt , 870 

external, 870 
seotlon of polyhedron, 784 
sector of a circle, 901 

arc of, 
. . area of, <901 

radius of, 901 
se^ent{s), 86 

of^a olrcla, 903 ex. 

concurrent, 597 

congruent, 115 

directed, 584 

endpolnts of, 86 

Inte^rlor of, 90 

length of, 114 

midpoint of, 91 J 526,' 550 

parallel, 350 

slope of, 554 
■ tangent, 865 
samlclrcle, 848 ^ 
separation, 

by a line, 138 

by a plana, 139 

by a point, 133 



set(6), 19 

" colivex, 3j54 

^ alements of, 19 

empty, 26 ' ■ ^ 

,v r . equaJLlty or, 20 

inteifpectlon of, 24, 534 
null, 29 ex. ^ 
of real numbers, 55 
union of, 25, 534 
sat-buildar notation, 531 
side, 

of an angle, 145 
of a line, 138 
of a plana, 139 
of a quadrlla,teral, 204 
of a triangle, 201 
simiiiLr polygons , 403 
properties of, 406 
skew lines, 3l6 

slant height of "a pyramid, 804 
slppe, 

of a secant, '554 

of a non^vartlcal line, 556 

of a non-vertical ray, 556 
slopa-lnterc©:it form of a 

linear equation, 571 
space, 36 

coox^inata system in, 641 
sphare(a), 820 

center of, 820 

chord of, 821 

concentric, 820 

congruent, 822 

diameter of , 821^ 

exterior of, 841- 

great circle of, 821 ^ 

Interior, of, 841 
- raa%ua of, 820^^821 

saeant of, 821 

tangent to, 842 
iquarej 578 ' 

area of, 749, 756 

properties of, 603 
B,5.3, postulata, 253 
3.3. 3. similarity theorem, 420 

straight angla", 144 
subset, 22 

proper, 25 ax. 
substitution property , 233 
supplemant, 18'^ 
sujplemant tnaoram, I89 
symmetric property 

of congruence, 

* for angles, 235' 
for aegmgnts, 234 
for triangles, 235 
of equality, 233 
of equivalent direGted 
Be5ments, 687 



sppmetria property^ KdQn*t.) 

of parall#l planes, 627 
of prQpQrt±QM%%%S f 391 ^V^^ 
of similar^ MnVex 
poly solas 466 
tasgont to a oipoie, 830 
^ iM9mmon exttraal, 877 #x. 
odmmon intornal, 877 ©x* 
taiig©nt*GhQrd ansl©, 861 
tangent QirolaSj 835 
tmnQmnt plane ^ 842 
tangtnt-ieaarit angle » 862 
tanga li t - s e gm en t , 86 9 
tangtnt- tangent angld« 862 
* teraiwLl point 684^ 
termlnua* 684 
tetrahedron^ 784 
. theorem (ij ,10 
\ A. A.' similarity, 422 
apgle c5onitri4ptlon, l60 
betweenness-angl©, 166 
betweenneas-addltlon, 
for points, 240 
for rays, 240 
^ betweerniess-ooordlMLte, 109 
* betweenriess^dlstanee, 117 
hypotenuie-leg, 367 
^ Isoaeljis triangle, 275 
.'Origin and unit point, 78 
\ point-plotting, 116 
fythagoreanj 433 

uunverse of, 434 
B.k.A. 351 

3,A.-^ Similarity, 421 
B,S,3* similarity, 420 
supplement,* IQfe «^ 
triangle inequality, 378 
two-eoordinate ay stem, l53 
two-point, 108 
total area pf a prism, 7^5 
transitive property 
of Qongruanoe, 

for angles J 235 
for segments, 234 
for triangles, 235 
of equality, 234 
of equivalent directed 

segments, 687 
of order, 63 
of parallel llnas, 347 
Df parallel planes, 627 
of proportionality, 398 
' of similar oonvex | 
polygons, 406 
transversal, 317 



trapezoid, 553 * 

altitudef* of I 593 

area of, ' 75§ 

base of, 593 

base angles of, 593 

laooeles, 593 

legs of, 593 

aedian of, 593| 758 

properties of, 603 
triangle (s), 201 

altitude of, 427 

angles of, 201 , 

area of, 753.^ ^' 

olroumaorlbed, S05 ^ 

eon^uent, 229 

©qulangular, 277 

equilateral, 277 

exterior of, 203 

exterior angle of, 252 

Insoribtd, 505^ ' # 

interlo^ of, 2b2 ' 

Int^lor angle of, 292 

Isosoele*, 277 

median of, .285 

right, 366 

sldeff of, 201 

vertloes of, 201 
triangle Inequality tneorem, 378 
triangular prism, 796 
triangular- region^ 730 
trihedral angle, 78 & 
two- coordinate system 

theorem, 103 
two-point fora of a linear 

equation, 569 
tWo-point tneorem, 108 
unequal In the same order, 370 
union of sets, 25, 534 
unit, 70 
unit area, 744 
unit-pair, 70 
unit-point, 76 
unit square, 748 
veetor(s), 700, 703 
oomponents of, 703 
equal, 704 

geometrloal appliaatlons, 714 
length of, 704 
ma^ltude of, 704 
parallel, 705 
perpendlQular, 717 
product with saalar, 704 
projeetlon of, 718 
properties of* 707 
scalar product of,, 718 
subtraetlon of, 705 
sum of, 705 
zero, ^704 



■■' ' t 

vertex 

of a pQlygonal-^^slonV 73* ©x 
of a polyhedral mnsSle, 788 
ot m polyhedrDn, 783 ' ^ 

' ^of a pyramid, 803 

vertex angle of an IsoseeleB 
triangle, 277 

vertioal anslei,,l&4 

vertlaal lines, 510 

x-axiB, 510 

x-aoaponent of a dlreoted 

segment, 6^0 « 
x-eoordlnate, 5x1, 64S 
xy-plan#, 510, 643 
xz^plane, 645 
y-axis, 510 

y-eomponent of a .direct sd 

segment, 6y0 
y^ooordinate, 511, 646 
y2--plan@i 643 ■ - 

^rcogrdiijate, 646 ' 
zaro-ray, IJJ. 
zero vector, 704 
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